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ABSTRACT

Rationality of 𝑆 = ∑𝑛≥1 𝜑(𝑛)2−𝑛 forces a positive shift for which every sufficiently late
difference of scaled tails is an integer. We develop finite residue tests for a failure of this
integrality and prove their completeness and propagation laws. The tests yield a finite
denominator exclusion, but their required supply at arbitrarily large indices remains un-
proved. Rational comparison sequences explain why coefficient rank, finite data and spec-
ified analytic properties do not supply it. A first-harmonic route isolates the remaining
weighted cancellation estimate; its group-mean bound is recorded with a prime-number-
theorem input. The irrationality of 𝑆 remains open.

Organisation
The argument starts from 2𝑁𝑆 = Φ𝑁 + 𝑅𝑁 , with Φ𝑁 ∈ ℤ. A rational 𝑆 gives a shift
ℎ > 0 for which 𝑅𝑁+ℎ − 𝑅𝑁 ∈ ℤ for every sufficiently large 𝑁. Three questions organise
the record.

What finite calculation can refute that integrality? The residue test in Definition 1.2 en-
closes the tail difference in an explicit error interval. Section 5 gives the identities and the
independent Farey-window exclusion. Appendix A supplies the complete propagation,
Mersenne-residue and rank-one arguments cited in the short paper.

Which information is insufficient to supply such calculations? The short paper deter-
mines all finite-level totient relations, with a basis of 𝑘𝑒 + 1 sections in every base 𝑘 ≥ 2.
Its integral relation proof recovers the coefficients of every relation. Those are state-
ments about sequences, not their weighted infinite sums. Section 10.8 explains the dis-
tinction through carry rank; Section 12.6 constructs a rational 5/4 series retaining the
odd totients. Section 2 gives other comparisons, each limited to its stated preserved
properties.

What additional estimate would suffice? Section 3 gives the quantified conditions. Sec-
tion 12.3 separates theweighted exponential-sumestimate from the counting andgroup-
mean bounds, corresponding to the four-estimate problem in the short paper. A second
sufficient condition estimates only the average over good indices and needs no group-
mean input. Appendix B records the formal declarations; an implication proved there
does not establish its remaining hypothesis.

*Authorship and AI use. Will Cook built and directed the research infrastructure and reviewed the claims
when he could. AI agents did most of the research and drafting. Cook did not independently verify every
claim.
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1 Totient sections and tail differences
Put𝜑(0) = 0 andℕ = {0, 1, 2, …}. At base two, 𝜑(4𝑛) = 2𝜑(2𝑛) and𝜑(4𝑛+2) = 𝜑(2𝑛+1)
leave five independent sequences among the seven sections through level two. More
generally, the sections through level 𝑒 ≥ 1 have the basis 𝜑(𝑛), 𝜑(2𝑛) and 𝜑(2𝑗𝑛 + 𝑟)
with 1 ≤ 𝑗 ≤ 𝑒 and odd 0 < 𝑟 < 2𝑗, of size 2𝑒 + 1. The all-base theorem in the short
paper gives rank 𝑘𝑒 + 1 and integral coordinates. Its retained positive residues satisfy
𝑘 ∤ 𝑟; coprimality with 𝑘 is unnecessary.

The coefficient relations are finite linear identities. The series question asks whether
a particular infinite weighted sum can be rational. Put

𝑆 ∶= ∑
𝑛≥1

𝜑(𝑛)
2𝑛 = 1

2 + 1
4 + 2

8 + 2
16 + 4

32 + ⋯ = 1.3676308019850223 …

The series converges absolutely because 𝜑(𝑛) ≤ 𝑛. Erdős Problem #249 askswhether
𝑆 is irrational, which remains open. The comparisons below test proposed passages
from coefficient structure to the value of this sum. Each retains specified properties
while making the corresponding sum rational. It therefore defeats an argument using
only those properties, not every argument that might also use the arithmetic of the to-
tient.

Throughout, a cofinal condition means that a witness exists beyond each threshold.
It need not hold at every sufficiently large index. Each comparison sequence is used
only for the properties it preserves; agreement with a fixed totient prefix, for example,
imposes no multiplicativity condition on the continuation.
Remark 1.1 (Earlier coefficient results). Erdős and Graham record the irrationality ques-
tion for 𝑆 [10, p. 61]. An integer sequence is 𝑘-regular when the ℤ-module generated
by its sections 𝑛 ↦ 𝑐(𝑘𝑗𝑛 + 𝑟), 𝑗 ≥ 0 and 0 ≤ 𝑟 < 𝑘𝑗, is finitely generated. Coons proved
that 𝜑 is not 𝑘-regular for any 𝑘 ≥ 2 [2, Theorem 3.2]. Martin’s Theorem 1 implies that
the functions 𝑛 ↦ 𝜑(𝑎𝑖𝑛 + 𝑏𝑖) are linearly independent for pairwise nonproportional
affine forms with positive integer slopes [4, Theorem 1]. The exact ranks in §10.8, to-
gether with the all-base normal form in the short paper, identify the retained sections
and every relation among them. The independence itself is not claimed as new. The
CRT–Dirichlet separation method is already present in Yazdani’s Theorem 2 and proof,
which explicitly credit Shallit [30, pp. 652–653]; our evaluation matrix uses one such
separation for each column. Yazdani also proves non-automaticity of 𝜑(𝑛) mod 𝑚 for
every 𝑚 ≥ 3 in every base [30, Cor. 4]. Allouche, Shallit and Yassawi give a survey
account [31, Thm. 3, Ex. 4 and Rem. 7].

To test rationality, we remove the finite prefix, which becomes an integer after mul-
tiplication by 2𝑁 . Write 2𝑁𝑆 = Φ𝑁 + 𝑅𝑁 with Φ𝑁 ∶= ∑𝑁

𝑛=1 𝜑(𝑛)2𝑁−𝑛 ∈ ℕ and
𝑅𝑁 ∶= ∑𝑗≥0 𝜑(𝑁 + 1 + 𝑗)/2𝑗+1 ∈ [0, ∞) (LEAN SOURCE, LEAN SOURCE). If 𝑆 = 𝑎/(2𝑐𝑣)
with 𝑐 ≥ 0 and 𝑣 ≥ 1 odd, Euler’s theorem gives ℎ = 𝜑(𝑣) > 0 and 𝑁0 = 𝑐 such that
𝑅𝑁+ℎ − 𝑅𝑁 ∈ ℤ for every 𝑁 ≥ 𝑁0 (LEAN SOURCE). Indeed,

𝑅𝑁+ℎ − 𝑅𝑁 ≡ 2𝑁(2ℎ − 1)𝑆 (mod ℤ),

and the right side is integral for those choices.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L57
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L150
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L358
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Thus it suffices, for every positive shift ℎ, to find arbitrarily large 𝑁 for which 𝑅𝑁+ℎ −
𝑅𝑁 is not an integer. A finite test is obtained by truncating this difference. Throughout,
𝑎 mod 𝑚 denotes the least nonnegative residue, and an unqualified index in a sum is a
nonnegative integer. For ℎ, 𝑁, 𝐿 ∈ ℕ, write

𝐷(ℎ, 𝑁, 𝐿) ∶= ∑
𝑗<𝐿

(𝜑(𝑁+ℎ+1+𝑗) − 𝜑(𝑁+1+𝑗)) 2 𝐿−1−𝑗 ∈ ℤ,

the depth-𝐿 truncation of 2𝐿(𝑅𝑁+ℎ − 𝑅𝑁), and

𝒞(ℎ, 𝑁, 𝐿) ∶⟺ (𝑁+ℎ+𝐿+2) < 𝐷(ℎ, 𝑁, 𝐿) mod 2𝐿 < 2𝐿 − (𝑁+ℎ+𝐿+2),

a decidable condition (LEAN SOURCE, LEAN SOURCE).
The omitted tails satisfy the exact identity

2𝐿(𝑅𝑁+ℎ − 𝑅𝑁) − 𝐷(ℎ, 𝑁, 𝐿) = 𝑅𝑁+ℎ+𝐿 − 𝑅𝑁+𝐿.

Both tails are nonnegative, so their difference is bounded in absolute value by the
larger bound 𝐵 = 𝑁 + ℎ + 𝐿 + 2, not the sum of their bounds. The two strict inequalities
in 𝒞(ℎ, 𝑁, 𝐿) keep the resulting error interval away from every multiple of 2𝐿; hence
𝑅𝑁+ℎ − 𝑅𝑁 ∉ ℤ. Conversely, a fixed noninteger difference has a fixed positive distance
𝛿 from ℤ. Since 2𝐿𝛿 > 2𝐵 eventually, some depth detects it. Completeness concerns
detection of an existing difference, not existence of the differences required below (LEAN
SOURCE). The resulting quantified condition is the following.

Definition 1.2 (The quantified residue condition).

Sep ∶⟺ ∀ℎ ≥ 1 ∀𝑁0 ∃𝑁 ≥ 𝑁0 ∃𝐿, 𝒞(ℎ, 𝑁, 𝐿).

Sep ⟺ 𝑆 ∉ ℚ (LEAN SOURCE). The equivalence identifies the missing quantified
input; it supplies no certificate by itself.

One successful (ℎ, 𝑁, 𝐿) excludes reduced denominators dividing 2𝑁(2ℎ − 1). To
exclude an arbitrary rational value, its odd denominator first determines a shift and its
power of two determines a threshold; only then maywe choose the witness 𝑁, 𝐿. This is
the order in Sep. The depth must growwith 𝑁, since success requires 2(𝑁 +ℎ+𝐿+2) <
2𝐿. A large enough depth makes the interval test possible, but does not make the actual
residue lie inside it. A failed test at one depth likewise does not prove integrality. LEAN
SOURCE

1.1 Unconditional results
The finite denominator exclusion, the ranks of the totient sections and the tail-positivity
statements below require no additional arithmetic hypothesis. To distinguish their con-
clusions, note that positivity excludes a zero tail difference, whereas irrationality re-
quires a nonintegral one. The rank calculation concerns the coefficients and supplies
neither conclusion about the value by itself.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L66
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L72
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/LcmConeFlatness.lean#L316
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/LcmConeFlatness.lean#L316
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/LcmConeFlatness.lean#L412
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L79
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L79
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Theorem 1.3 (Denominator exclusion from a fixed Farey window). If 𝑆 ∈ ℚ then its
reduced denominator exceeds

𝑄0 ∶= 79 639 646 646 701 375 323 355 774 875 831 053 ≈ 7.96 × 1034.

Equivalently, 𝑆 differs from every rational number whose reduced denominator is at most 𝑄0.
The bound is sharp for this window: 𝑞 = 𝑄0 + 1 is the exact first failing denominator. It is the
denominator of the mediant of two explicit unimodular Farey neighbours.

This is obtained from a classical Stern–Brocot gap lemma (LEAN SOURCE) applied at
window 𝐾 = 240. Of the recorded bounds 4838, 222, approximately 2.49 × 1017, and 𝑄0,
this last is the largest. It is proved without assuming Sep or using the tail-residue tests.
To deduce irrationality by this argument, the analogous denominator bounds would
have to be unbounded as the window grows; this has not been proved.

Proposition 1.4 (Finite certificate computations). 𝒞 has been verified at: the 28 diagonal
instances of the least-common-multiple diagonal through 𝑡 = 64; all shifts ℎ ∈ [1, 16] simulta-
neously at (𝑁, 𝐿) = (14, 9), by decide; and eight further period examples at 𝑁 = 300. These
are historical subsets of the examples. The supplied source also proves a complete diagonal band
for 1 ≤ 𝑡 ≤ 82, with no omitted scales. This is bounded coverage, not a cofinal diagonal fam-
ily. Note the quantifier order: the simultaneous small-shift example uses one pair 𝑁, 𝐿 for every
1 ≤ ℎ ≤ 16. In symbols, it proves ∃𝑁 ∃𝐿 ∀ℎ (1 ≤ ℎ ≤ 16 ⇒ 𝒞(ℎ, 𝑁, 𝐿)). In contrast, Sep
requires arbitrarily large 𝑁 for each positive ℎ; neither the shift range nor the basepoint threshold
is bounded.

Proposition 1.5 (Positivity does not exclude an integer). Put 𝐻𝑎 = lcm(1, … , 2𝑎). For
every 𝑎 ≥ 8 and 𝐽 ≥ 0 with 𝐽 + (𝑎 + 6) < 2 ⋅ 2𝑎,

𝑅2𝐻𝑎+𝐽 − 𝑅𝐻𝑎+𝐽 > 0.

This needs no irrationality hypothesis. If this difference is an integer and 𝐾 ≥ 0 satisfies

𝐽 + 𝐾 + (𝑎 + 6) < 2 ⋅ 2𝑎, 2𝐻𝑎 + 𝐽 + 𝐾 + 2 < 2𝐾,

then

𝐷(𝐻𝑎, 𝐻𝑎 + 𝐽, 𝐾) mod 2𝐾 = 2𝐾 − (𝑅2𝐻𝑎+𝐽+𝐾 − 𝑅𝐻𝑎+𝐽+𝐾)

lies strictly between 2𝐾 − (2𝐻𝑎 + 𝐽 + 𝐾 + 2) and 2𝐾. The later tail difference is a positive
integer. Its negative, not the carry itself, is the representative near zero. Thus positivity locates
the residue near the upper endpoint; it does not establish the central-residue inequalities. Both
restrictions on 𝐾 are part of this conclusion.

For the next two propositions, a rational value 𝑆 = 𝑎/𝑣, with integers 𝑎 and 𝑣 ≥ 1,
would give the integer carry

𝑢𝑁 = 𝑣𝑅𝑁 = 2𝑁𝑎 − 𝑣Φ𝑁 , 𝑢𝑁+1 = 2𝑢𝑁 − 𝑣𝜑(𝑁 + 1), 0 ≤ 𝑢𝑁 ≤ 𝑣(𝑁 + 2).

Here 𝑣 is any positive integer clearing the denominator, so it need not be odd. The
linear bound implies 𝑢𝑁/2𝑁 → 0. The dyadic sections of 𝑢 are the sequences 𝑛 ↦ 𝑢2𝑗𝑛+𝑟.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GapFareyBound.lean#L51
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Proposition 1.6 (Rationality forces unbounded carry rank). If 𝑆 is rational then, for every
𝑒, the carry sections 𝑛 ↦ 𝑢2𝑗𝑛+𝑟 with 1 ≤ 𝑗 ≤ 𝑒 and 0 ≤ 𝑟 < 2𝑗 span a rational vector space
of dimension at least 2𝑒 − 1. The lower bound holds at every depth. It comes from the linear
independence of the 2𝑒 + 1 retained dyadic totient sections for 𝑒 ≥ 1, proved using the Chinese
remainder theorem andDirichlet’s theorem, so the full family spans an infinite-dimensional space,
the case 𝑘 = 2 of Coons’s non-regularity theorem (§10.8).

Proposition 1.7 (Periodicity modulo an integer does not bound rational rank). If 𝑆 is
rational, the same carry 𝑢 has unbounded rational section rank and one eventual period modulo
𝑣 valid for all its dyadic sections. More precisely, there are ℎ ≥ 1 and 𝑁0 such that, for every
𝑗, 𝑟 ≥ 0 and 𝑛 ≥ 𝑁0,

𝑢2𝑗(𝑛+ℎ)+𝑟 ≡ 𝑢2𝑗𝑛+𝑟 (mod 𝑣).

The rank and periodicity assertions hold together. This conditional theorem alone is not a
counterexample to a general periodicity-to-rank implication: its antecedent is not established.
The rational comparison sequence with sum 5/4 gives a counterexample to a rank upper bound
based on rationality alone; see Section 10.8.

Proposition 1.8 (Equivalent certificate conditions). Put 𝐻𝑡 = lcm(1, … , 𝑡). Several vari-
ations of Definition 1.2 are equivalent to 𝑆 ∉ ℚ. One may allow a positive multiple of each
prescribed shift, still requiring certificates beyond every basepoint threshold (Theorem 6.48). Al-
ternatively, one may use the original quantified condition or restrict to ℎ = 𝑁 = 𝐻𝑡 at arbitrarily
large 𝑡 (Theorem 6.49). Replacing the symmetric residue test by

𝑁 + 𝐿 + 2 ≤ 𝐷(ℎ, 𝑁, 𝐿) mod 2𝐿 ≤ 2𝐿 − (𝑁 + ℎ + 𝐿 + 2)

also gives equivalent quantified conditions, including its restriction to ℎ = 𝑁 = 𝐻𝑡 at arbi-
trarily large 𝑡. Finally, the counted phase-separation condition in Proposition 2.7(b) is equiva-
lent to irrationality. These equivalences change the form of the arithmetic question, not its logical
strength.

Proposition 1.9 (A rational sequence preserving size bounds, parity and aperiodicity).
There is 𝑐 ∶ ℕ → ℕ with 𝑐(𝑛) ≤ 6 and 𝑐(𝑛) ≤ 𝑛 for all 𝑛, 𝑐(𝑛) ≡ 𝜑(𝑛) (mod 2) for
every 𝑛, and 𝑐 not eventually periodic; indeed for every 𝑁, 𝐺, 𝐾 there are 𝐾 pairs of coeffi-
cients (6, 0) starting beyond 𝑁, with starting positions pairwise separated by more than 𝐺; and
∑𝑛 𝑐(𝑛)/2𝑛 = 3/2 ∈ ℚ.

These propositions separate several logical obligations. Positivity leaves an upper-
endpoint condition; a large rational carry rank is not a contradiction; and exact equiva-
lences still require a quantified certificate condition. The stated size bounds, parity and
aperiodicity also hold for a rational comparison series. Each conclusion concerns its
stated hypotheses, not all possible arithmetic information about 𝜑.

1.2 Reduced coefficients
Reductionmodulo 𝑚 restores the boundednessmissing from 𝜑. The short paper isolates
a prescribed nonzero coefficient between two long zero blocks: a hypothetical rational
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denominator forces the right tail to vanish, after which the left block makes the nonzero
centre too small. CRT creates the blocks by imposing a separate prime divisor congruent
to 1 (mod 𝑚) at each neighbour. We extend that proof in two directions. Changing the
integer base changes only the geometric tail bound. Combining dilations is subtler: one
must first ensure that their contributions cannot cancel at the chosen centre.

Proposition 1.10 (Residue series in every integer base). Let 𝑡 ≥ 2 be an integer.
(a) For every 𝑚 ≥ 3, ∑𝑛≥1(𝜑(𝑛) mod 𝑚) 𝑡−𝑛 is irrational (radix_residue_series_irra-

tional).

(b) For 𝑘 ≥ 1 and 𝑓 ∶ ℤ/2𝑘ℤ → ℚ, the series ∑𝑛≥1 𝑓 (𝜑(𝑛) mod 2𝑘) 𝑡−𝑛 is rational ex-
actly when 𝑓 is constant on the even residue classes, and its value is then (𝑡 + 1)𝑓 (1)/𝑡2 +
𝑓 (0)/(𝑡2(𝑡 − 1)) (rational_zmod_radix_observable_iff, positiveRadixValue_-
eq_of_even_constant).

Proof. For coefficients bounded by 𝐶, the right-block tail is at most 𝐶𝑡−𝐿/(𝑡 − 1) ≤ 𝐶𝑡−𝐿.
Choose 𝐿 with 𝐶𝑡−𝐿 < 1/𝑞; the rational-tail lattice forces that tail to be zero. The left-
block tail is then the isolated coefficient times 𝑡−𝐿−1, giving the same contradiction as
in the short paper. In (b), the two exceptional terms contribute (𝑡 + 1)𝑓 (1)/𝑡2 and the
constant tail contributes 𝑓 (0)/(𝑡2(𝑡 − 1)), since all totients after 𝑛 = 2 are even.

For example, in base 2 the function modulo 4 with 𝑓 (0) = 𝑓 (2) = 5, 𝑓 (1) = 7 and
𝑓 (3) = −2 gives the rational value 3 ⋅ 7/4 + 5/4 = 13/2: the class 3 never occurs. In
contrast, the indicator of the class 2 (mod 4) gives an irrational value. This classification
uses the fact that the prime centres 𝑠 − 1, with 𝑠 a unit, cover every even class modulo
2𝑘. Modulo 6 they cover only 0 and 4. The least-residue assertion needs one nonzero
accessible centre, but the same argument does not classify all rational-valued functions
for a general modulus.

Proposition 1.11 (Finitely many dilations). Let 𝑡 ≥ 2 be an integer.
(a) For every 𝑚 ≥ 3, the numbers 1 and ∑𝑛≥1(𝜑(𝑛) mod 𝑚) 𝑡−𝑑𝑛, 𝑑 = 1, 2, …, are linearly

independent over ℚ (linearIndependent_one_and_least_residue_values).

(b) Let 𝐷 be a finite set of positive integers, and for 𝑑 ∈ 𝐷 let 𝑘𝑑 ≥ 1 and 𝑓𝑑 ∶ ℤ/2𝑘𝑑ℤ → ℚ.
For every 𝑐 ∈ ℚ, the number

𝑐 + ∑
𝑑∈𝐷

∑
𝑛≥1

𝑓𝑑(𝜑(𝑛) mod 2𝑘𝑑) 𝑡−𝑑𝑛

is rational exactlywhen every 𝑓𝑑 is constant on the even residue classes (rational_mixed_-
moduli_with_constant_iff).

Proof. (a) A relation gives integers 𝑐0 and 𝑐𝑑, 𝑑 in a finite set 𝐷 of positive integers, with
some 𝑐𝑑 ≠ 0 and 𝑐0 + ∑𝑁≥1 𝑏𝑁𝑡−𝑁 = 0, where 𝑏𝑁 = ∑𝑑∈𝐷, 𝑑∣𝑁 𝑐𝑑(𝜑(𝑁/𝑑) mod 𝑚) is
bounded. Discard the 𝑑 with 𝑐𝑑 = 0 and let 𝛿 be the least remaining one. Different
dilations can contribute to the same exponent 𝑁, so isolating a prime in one summand
is not enough. Choose instead 𝑁 = 𝛿𝑝 with 𝑝 > max𝐷 prime. A contributing 𝑑 divides

https://github.com/wcook04/plectis-erdos/blob/24edbddbe2bd68e920327a701aad0b9dd0d69675/lean/ErdosProblems/Erdos249/PaperCompleteR7/RationalIntegerRadixClassification.lean#L128
https://github.com/wcook04/plectis-erdos/blob/24edbddbe2bd68e920327a701aad0b9dd0d69675/lean/ErdosProblems/Erdos249/PaperCompleteR7/RationalIntegerRadixClassification.lean#L128
https://github.com/wcook04/plectis-erdos/blob/24edbddbe2bd68e920327a701aad0b9dd0d69675/lean/ErdosProblems/Erdos249/PaperCompleteR7/RationalIntegerRadixClassification.lean#L145
https://github.com/wcook04/plectis-erdos/blob/24edbddbe2bd68e920327a701aad0b9dd0d69675/lean/ErdosProblems/Erdos249/PaperCompleteR7/IntegerRadixObservables.lean#L303
https://github.com/wcook04/plectis-erdos/blob/24edbddbe2bd68e920327a701aad0b9dd0d69675/lean/ErdosProblems/Erdos249/PaperCompleteR7/IntegerRadixObservables.lean#L303
https://github.com/wcook04/plectis-erdos/blob/24edbddbe2bd68e920327a701aad0b9dd0d69675/lean/ErdosProblems/Erdos249/FiniteDilationLinearIndependent.lean#L42
https://github.com/wcook04/plectis-erdos/blob/24edbddbe2bd68e920327a701aad0b9dd0d69675/lean/ErdosProblems/Erdos249/FiniteDilationMixedModuli.lean#L95
https://github.com/wcook04/plectis-erdos/blob/24edbddbe2bd68e920327a701aad0b9dd0d69675/lean/ErdosProblems/Erdos249/FiniteDilationMixedModuli.lean#L95
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𝛿𝑝; since 𝑝 ∤ 𝑑, it divides 𝛿. Minimality then forces 𝑑 = 𝛿. The centre now receives exactly
one active contribution, while CRT will remove all contributions at its neighbours.

Given 𝐿, choose distinct primes 𝑞𝑗 ≡ 1 (mod 𝑚), 0 < |𝑗| ≤ 𝐿, each larger than 𝐿 and
than every element of 𝐷. Impose

𝑝 ≡ −1 (mod 𝑚), 𝑝 ≡ −𝑗𝛿−1 (mod 𝑞𝑗) (0 < |𝑗| ≤ 𝐿).

The inverse exists because 𝑞𝑗 > 𝛿, and the latter residue is nonzero because 𝑞𝑗 >
|𝑗|. Together with the unit residue −1 modulo 𝑚, these congruences define a reduced
progression. CRT and Dirichlet’s theorem give a prime 𝑝 as large as needed. At the
centre, 𝑏𝛿𝑝 = 𝑐𝛿(𝑚 − 2) ≠ 0. At a neighbour 𝛿𝑝 + 𝑗, every contributing dilation 𝑑 is
coprime to 𝑞𝑗, so 𝑞𝑗 ∣ (𝛿𝑝 + 𝑗)/𝑑 and 𝑚 ∣ 𝜑((𝛿𝑝 + 𝑗)/𝑑). Hence 𝑏𝛿𝑝+𝑗 = 0. The isolated
coefficient makes ∑𝑁 𝑏𝑁𝑡−𝑁 irrational, contradicting 𝑐0 ∈ ℤ.

(b) Each 𝑓𝑑 that is constant on the even classes contributes a rational number, by
Proposition 1.10(b) in base 𝑡𝑑. Remove these contributions, lift the remaining functions
to one modulus 2𝐾, subtract their values at zero, and clear a common denominator.
None of these operations changes rationality. For the least remaining dilation 𝛿, choose
an even residue 𝑟 with 𝑓𝛿(𝑟) ≠ 𝑓𝛿(0). Use the construction in (a), now with 𝑞𝑗 ≡ 1
(mod 2𝐾) and 𝑝 ≡ 𝑟 + 1 (mod 2𝐾). The central residue is allowed because 𝑟 + 1 is odd.
Minimality again leaves just the nonzero contribution from 𝛿 at the centre, while every
neighbouring totient is zeromodulo 2𝐾 and hence contributes zero after the subtraction.
The same bounded integer-coefficient argument applies.

Remark 1.12 (Slowly growing dyadic moduli). Let 𝜅 ∶ ℕ → ℕ satisfy 2𝜅(𝑛) = 𝑜(log𝑛),
and put 𝑎𝑛 = 𝜑(𝑛) mod 2𝜅(𝑛). Then ∑𝑛≥1 𝑎𝑛2−𝑛 is rational exactly when 𝑎𝑛 = 0 for all
large 𝑛. In particular the sum is irrational when 𝜅(3𝑘) ≥ 2 for infinitely many 𝑘.
Ordinary proof; not formalised in Lean.

Proof. If 𝑎𝑛 vanishes eventually the sum is finite. Suppose instead that 𝑎𝑛 ≠ 0 infinitely
often and that the sum equals 𝑢/𝑣. Then𝑇𝑁 = ∑𝑗≥1 𝑎𝑁+𝑗2−𝑗 lies in 𝑣−1ℤ for every𝑁. For
1 ≤ 𝑗 ≤ 𝐿 let 𝑞𝑗 be a prime factor of the Fermat number 22𝑗 + 1; then 𝑞𝑗 ≡ 1 (mod 2𝑗+1),
and the 𝑞𝑗 are distinct because distinct Fermat numbers are coprime. Put 𝑄 = 𝑞1 ⋯ 𝑞𝐿,
so 𝑄 < 22𝐿+1 . These factors give a size bound as well as the needed divisibility: log𝑄 =
𝑂(2𝐿). The factor 2−𝐿 in the remaining tail will offset this growth, leaving the arbitrarily
small constant from 2𝜅(𝑛) = 𝑜(log𝑛). Given 𝑀, the Chinese remainder theorem gives
𝑁 ∈ [𝑀, 𝑀 + 𝑄) with 𝑞𝑗 ∣ 𝑁 + 𝑗 for 1 ≤ 𝑗 ≤ 𝐿. Then 2𝑗+1 ∣ 𝜑(𝑁 + 𝑗), so 2𝑗 ∣ 𝑎𝑁+𝑗: either
𝜅(𝑁+𝑗) ≤ 𝑗 and 𝑎𝑁+𝑗 = 0, or 2𝑗 divides both 𝜑(𝑁+𝑗) and themodulus. Hence 𝑇𝑁 differs
from an integer by ∑𝑗>𝐿 𝑎𝑁+𝑗2−𝑗, which is positive because 𝑎𝑛 ≠ 0 infinitely often, and
at most ∑𝑗>𝐿 2𝜅(𝑁+𝑗)−𝑗. Choose 𝜖 > 0 with 3𝜖 < 1/𝑣, then 𝑀 with 2𝜅(𝑛) ≤ 𝜖 log𝑛 for
𝑛 ≥ 𝑀, then 𝐿 ≥ 2 so large that 𝑄 ≥ 𝑀. Then 𝑁 < 𝑀 + 𝑄 ≤ 2𝑄 and log(𝑁 + 𝑗) ≤
log(2𝑄) + 𝑗 ≤ 2𝐿+1 + 𝑗, so the tail is at most 𝜖2−𝐿(2𝐿+1 + 𝐿 + 2) ≤ 3𝜖 < 1/𝑣. It is
a positive element of 𝑣−1ℤ below 1/𝑣, a contradiction. Finally 𝜑(3𝑘) = 2 ⋅ 3𝑘−1 is not
divisible by 4, so 𝑎3𝑘 ≠ 0 whenever 𝜅(3𝑘) ≥ 2.
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Remark 1.13 (Earlier results and the reduced coefficients). Proposition 1.10(a), andwith
it the first assertion of the short paper’s residue theorem, already follows from Erdős’s
Lemma 1 of [6, p. 213]: if integers 𝑎𝑘 ≥ 0 have ∑𝑘≤𝑛 𝑎𝑘 = 𝑂(𝑛), infinitely many 𝑎𝑘 ≠
0, and lim inf𝑛 #{𝑘 ≤ 𝑛 ∶ 𝑎𝑘 > 0}/𝑛 = 0, then ∑𝑘 𝑎𝑘𝑡−𝑘 is irrational for every integer
𝑡 ≥ 2. Erdős notes that this is the case 𝑏𝑘 = 0 of his Lemma 4 (stated pp. 215–216,
proved pp. 216–218). For 𝑎𝑛 = 𝜑(𝑛) mod 𝑚 the hypotheses hold: 𝑎𝑛 ≠ 0 forces 𝑛 to have
no prime factor 𝑝 ≡ 1 (mod 𝑚), and such 𝑛 have density zero because ∑𝑝≡1 (𝑚) 1/𝑝
diverges, while 𝑎𝑝 = 𝑚 − 2 for every prime 𝑝 ≡ −1 (mod 𝑚). Erdős’s Lemma 4′ (p. 218,
proof omitted there) and Theorem 3 of Kaneko, Suzuki and Tachiya [7, p. 5] give the
same conclusion; the latter paper proves Lemma 4′ as its TheoremA (pp. 2 and 18). The
same argument covers Proposition 1.10(b) and Proposition 1.11 when the values 𝑓 (𝑟) −
𝑓 (0), respectively the coefficients 𝑐𝑑, have one sign. With both signs present, Lemmas 4
and 4′ and Theorem 3 of [7] require an additional spacing condition on the negative
terms, which is not checked here; the isolated coefficient needs none. Theorem 3 of [7],
with 𝑏 = 0 and 𝑧𝑛 = log2 log 𝑥𝑛, also gives the irrational direction of Remark 1.12 once
the 𝑛 < 𝑥 with 𝑣2(𝜑(𝑛)) < log2 log 𝑥 are shown to number 𝑜(𝑥/ log log 𝑥); this record
does not write out that density estimate. Wong’s base-equals-modulus theorem [5] is
the case 𝑡 = 𝑚 of Proposition 1.10(a).

2 Rational comparison sequences
Rational series can agree with the totient series on a fixed prefix, on parity at every in-
dex, or on specified linear data. The following constructions keep these requirements
separate. Each gives a rational comparison satisfying the data named in its statement,
and thus identifies what those data alone leave undetermined. The properties in differ-
ent rows below belong to different constructions; they must not be combined into one
comparison theorem.

Construction Data kept while the value is rational

Prescribed prefix (Theo-
rem 2.4)

Any fixed totient prefix and the bound 0 ≤ 𝑐(𝑛) ≤ 𝑛.

Parity (Proposition 1.9) Parity at every index, aperiodicity and the stated size
bound.

Value 5/4 (Section 12.6) Every odd totient, changes of at most 2 at even indices,
and unbounded carry rank.

Signed interpolation
(Section 10.10)

A prefix, all odd totients, and the specified moment and
analytic data; not the full radial germ or all arithmetic
identities.

2.1 Finite data and rational continuations
We begin with a rational continuation of an arbitrary finite prefix (Theorem 2.4). Propo-
sition 1.9 instead preserves parity at every index, a linear size bound and aperiodicity.
The carry and linear descriptions in Propositions 2.11 and 2.12 impose different require-
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ments again. Their counterexamples concern the displayed descriptions only; they do
not exclude all finite-state or finite-dimensional arguments.

Two other limitations do not require a rational comparison sequence. A congruence
construction can increase the index so much that its tail error exceeds the residue it
produces (Proposition 2.9). An exact reformulation or a finite list of examples still needs
the quantified arithmetic assertion (Proposition 2.7).

The finite certificates in Proposition 1.4 and the 𝐾 = 240 Farey calculation in Theo-
rem 1.3 have bounded ranges. Theorem 2.4 excludes an inference from one such fixed
range uniformly over the whole coefficient class. It does not exclude a proof using the
arithmetic of 𝜑 at arbitrarily large horizons. Likewise, the cofinal positivity theorem
does not by itself separate the residue from the top edge: that is the additional informa-
tion identified by Proposition 1.5.

2.2 A rational sequence with any prescribed totient prefix
A finite prefix leaves the remaining coefficients free. We construct a rational contin-
uation satisfying the same linear size bound, then show why it cannot satisfy the
quantified residue condition. First we record the two tail facts needed for a general
coefficient sequence. For 𝑐 ∶ ℕ → ℕ with 𝑐(𝑛) ≤ 𝑛, write 𝑇𝑐 ∶= ∑𝑛≥1 𝑐(𝑛)/2𝑛,
𝑅𝑐

𝑁 ∶= ∑𝑗≥0 𝑐(𝑁+1+𝑗)/2 𝑗+1, 𝐷𝑐(ℎ, 𝑁, 𝐿) ∶= ∑𝑗<𝐿(𝑐(𝑁+ℎ+1+𝑗)−𝑐(𝑁+1+𝑗))2 𝐿−1−𝑗, and
let 𝒞𝑐(ℎ, 𝑁, 𝐿) and Sep𝑐 be 𝒞 and Sepwith 𝐷𝑐 in place of 𝐷. For 𝑐 = 𝜑 these are the objects
of Definition 1.2.

Lemma 2.1 (A residue certificate excludes an integral tail difference). Let 𝑐 ∶ ℕ → ℕ
satisfy 𝑐(𝑛) ≤ 𝑛 for all 𝑛. For ℎ, 𝑁, 𝐿 ∈ ℕ, 𝒞𝑐(ℎ, 𝑁, 𝐿) ⇒ 𝑅𝑐

𝑁+ℎ − 𝑅𝑐
𝑁 ∉ ℤ.

Proof. Splitting both tails after 𝐿 terms gives

2𝐿(𝑅𝑐
𝑁+ℎ − 𝑅𝑐

𝑁) − 𝐷𝑐(ℎ, 𝑁, 𝐿) = 𝑅𝑐
𝑁+ℎ+𝐿 − 𝑅𝑐

𝑁+𝐿.

Both tails on the right are nonnegative, and 𝑅𝑐
𝑀 ≤ ∑𝑗≥1(𝑀 + 𝑗)2−𝑗 = 𝑀 + 2. Their

difference therefore has absolute value at most 𝑁 + ℎ + 𝐿 + 2. The corresponding totient
bound is formalised at LEAN SOURCE andused there to prove LEAN SOURCE. If𝑅𝑐

𝑁+ℎ−𝑅𝑐
𝑁 =

𝑘 ∈ ℤ then 2𝐿𝑘 ≡ 0 (mod 2𝐿) and 𝐷𝑐 lies within 𝑁+ℎ+𝐿+2 of 2𝐿𝑘, so 𝐷𝑐 mod 2𝐿 lies
within 𝑁+ℎ+𝐿+2 of 0 or of 2𝐿, contradicting 𝒞𝑐.

Lemma 2.2 (Generic tail-period law). Let 𝑐 ∶ ℕ → ℕ satisfy 𝑐(𝑛) ≤ 𝑛 for all 𝑛. If 𝑇𝑐 =
𝑝/(2𝑒𝑚) with 𝑝 ∈ ℤ, 𝑒 ≥ 0 and 𝑚 a positive odd integer, and if ℎ ≥ 1 satisfies 𝑚 ∣ 2ℎ − 1, then
𝑅𝑐

𝑁+ℎ − 𝑅𝑐
𝑁 ∈ ℤ for every 𝑁 ≥ 𝑒.

Proof. Since 2𝑁𝑇𝑐 − 𝑅𝑐
𝑁 = ∑𝑁

𝑛=1 𝑐(𝑛)2𝑁−𝑛 is an integer,

𝑅𝑐
𝑁+ℎ − 𝑅𝑐

𝑁 ≡ 2𝑁(2ℎ − 1)𝑇𝑐 (mod ℤ).

The right side is integral because 2𝑒 ∣ 2𝑁 and 𝑚 ∣ 2ℎ − 1.

Remark 2.3. Lemmas 2.1 and 2.2 are also checked for every coefficient sequence satisfying
𝑐(𝑛) ≤ 𝑛. The formal proofs use the true-tail recurrence and the bound 0 ≤ 𝑅𝑐

𝑁 ≤

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L198
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L262
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𝑁 +2; the residue certificate keeps the full finite discrepancy. The tail-period proof uses
𝑚 ∣ 2ℎ − 1 directly, so oddness of 𝑚 is only needed when choosing a period from the
denominator. The following rational continuation and its finite-prefix consequence are
also checked.

Theorem 2.4 (A rational sequence agreeing with any finite totient prefix). Let 𝐵 ≥ 1 and
𝑃 > 𝐵 be integers. Define 𝛾 ∶ ℕ → ℕ by

𝛾(𝑛) ∶= 𝜑(𝑛) (𝑛 ≤ 𝐵), 𝛾(𝑛) ∶=
⎧{
⎨{⎩

𝑛 − 1, 𝑃 ∣ 𝑛
𝑛, 𝑃 ∤ 𝑛

(𝑛 > 𝐵).

Then:
(i) 𝛾(𝑛) ≤ 𝑛 for all 𝑛, so 𝛾 lies in the same coefficient class as 𝜑;

(ii) 𝛾(𝑛) = 𝜑(𝑛) for every 𝑛 ≤ 𝐵, and consequently 𝐷𝛾(ℎ, 𝑁, 𝐿) = 𝐷𝜑(ℎ, 𝑁, 𝐿) for every
(ℎ, 𝑁, 𝐿) with 𝑁 + ℎ + 𝐿 ≤ 𝐵;

(iii) 𝑇𝛾 = 2 − ∑𝑛≤𝐵(𝑛 − 𝜑(𝑛))/2𝑛 − 1/(2𝑃 − 1) ∈ ℚ, and the odd part of its reduced
denominator is exactly 2𝑃 − 1;

(iv) Sep𝛾 is false; indeed it fails already at ℎ = 𝑃.
Hence for every 𝐵 there is a coefficient sequence in the same class, agreeing with 𝜑 on all of [1, 𝐵],
whose quantified condition is false.

Proof. (i) is immediate; (ii) holds because 𝐷𝜑(ℎ, 𝑁, 𝐿) reads 𝜑 only at indices ≤ 𝑁+ℎ+𝐿.
For (iii), since 𝑃 > 𝐵 every multiple of 𝑃 exceeds 𝐵, so

𝑇𝛾 = ∑
𝑛≥1

𝑛
2𝑛 − ∑

𝑛≤𝐵

𝑛 − 𝜑(𝑛)
2𝑛 − ∑

𝑘≥1
2−𝑘𝑃 = 2 − ∑

𝑛≤𝐵

𝑛 − 𝜑(𝑛)
2𝑛 − 1

2𝑃 − 1
.

The first two terms have denominator dividing 2𝐵. On putting the expression over
2𝐵(2𝑃 − 1), its numerator is congruent to −2𝐵 modulo 2𝑃 − 1. Since gcd(2𝐵, 2𝑃 − 1) = 1,
no odd factor cancels. Thus the reduced denominator has odd part exactly 2𝑃 −1 and its
power-of-two part divides 2𝐵. For (iv), apply Lemma 2.2 with ℎ = 𝑃: 𝑅𝛾

𝑁+𝑃 − 𝑅𝛾
𝑁 ∈ ℤ

for every 𝑁 ≥ 𝐵, so by Lemma 2.1 no 𝒞𝛾(𝑃, 𝑁, 𝐿) holds for any 𝑁 ≥ 𝐵 and any 𝐿. Taking
𝑁0 = 𝐵 refutes the inner existential of Sep𝛾 at ℎ = 𝑃.

Corollary 2.5 (The limit of a finite-prefix argument). No proof rule uniform over all 𝑐 ∶
ℕ → ℕ with 𝑐(𝑛) ≤ 𝑛 can establish Sep from a single fixed prefix {𝑐(𝑛) ∶ 𝑛 ≤ 𝐵}: Theorem 2.4
supplies a rational countermodel with that same prefix. This does not invalidate an argument
that uses the fixed arithmetic sequence 𝜑 together with compatible information at arbitrarily large
horizons; the theorem gives a different 𝛾𝐵 for each 𝐵, not one sequence agreeing with 𝜑 at every
𝐵.

Remark 2.6 (Four distinct finite restrictions). Theorem 2.4 concerns the information in
a finite prefix. It does not identify 𝜑 with one of the comparison sequences. It also
does not exclude a proof that combines finite computation with an arithmetic theorem
applying at all larger indices. Four different restrictions must be kept separate: a bound
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on the indices inspected, a bound on the depth 𝐿, a bound on the carry states retained,
and a bound on matrix rank. The depth inequality 2(𝑁 + ℎ + 𝐿 + 2) < 2𝐿, for example,
concerns the second restriction, not all four.

Proposition 1.9 gives another rational comparison sequence, this time preserving
parity and specified aperiodicity properties. The two examples test different assump-
tions and must not be combined into a single stronger example.

2.3 Limits of specific reductions and estimates
We test several proposed deductions by retaining their assumptions and changing the
conclusion. The constructions concern specified congruences, recurrences or estimates,
so their force is limited to the corresponding deductions.

Proposition 2.7 (Three particular equivalences). (a) Certificate completeness. The
complete residue tests considered here are equivalent to the corresponding nonintegrality
assertions. Rewriting the quantified condition using one of these equivalences does not
weaken it.

(b) A selectable two-point sample. The condition is as follows. For every ℎ ≥ 1 and 𝑋0,
choose 𝑋, 𝐿 ∈ ℕ with 𝑋 ≥ max(𝑋0, 1) and 16(2𝑋 + ℎ + 𝐿 + 2) ≤ 2𝐿, a nonempty set
𝑇 ⊆ [𝑋, 2𝑋) ∩ ℕ, a set 𝑃 ⊆ 𝑇 × 𝑇 of ordered pairs, and a real number 𝛿 ≥ 0. With
𝐸𝑁 = exp(2𝜋𝑖𝐷(ℎ, 𝑁, 𝐿)/2𝐿), require

|𝐸𝑖 − 𝐸𝑗| ≥ 𝛿 ((𝑖, 𝑗) ∈ 𝑃), 2|𝑇|2
5 ≤ |𝑃|𝛿2.

This condition is equivalent to irrationality. For the converse, irrationality and the doubling
map allow 𝑇 = {𝑁, 𝑁 + 1} and 𝑃 = {(𝑁, 𝑁 + 1), (𝑁 + 1, 𝑁)} at arbitrarily large 𝑁, with
𝛿 = 9/10. The numerical requirement is then 8/5 ≤ 2(9/10)2. The freedom to select
𝑇 matters: this is not an estimate on a sample prescribed in advance, such as all prime
positions.

(c) Four integral tail differences. For 𝐻 ≥ 0 and positive integers 𝑝, 𝑞, the conjunction

𝑅2𝑘𝐻 − 𝑅𝑘𝐻 ∈ ℤ (𝑘 ∈ {1, 𝑝, 𝑞, 𝑝𝑞})

is equivalent to 𝑅2𝐻 − 𝑅𝐻 ∈ ℤ alone. The affine transport identity for 𝐻 ↦ 𝑘𝐻 preserves
integrality, so the three additional conditions add no restriction. Neither 𝑝 nor 𝑞 need be
prime.

These three equivalences explain why these particular reformulations retain the original arith-
metic question. They do not rule out useful weaker intermediate lemmas. The full-block and
fixed-margin conditions in §3 ask for additional quantitative information that the three argu-
ments above do not supply.

Remark 2.8. Second-difference certificates need not occur at a smaller depth than first-
difference certificates. At (ℎ, 𝑁) = (1, 8), the first-difference test holds at depth 8,
whereas no second-difference certificate exists at a depth at most 8 (Proposition 6.55).
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This one example refutes a uniform claim that second differences always save depth; it
does not give a uniform ordering in the opposite direction.

Separately, unbounded growth of the denominator exclusions produced by the
Farey windows would imply irrationality. The record does not establish a converse for
that specific sequence of windows, so the proposed growth condition is used only as a
sufficient condition.

Proposition 2.9 (Failure of a specified two-adic congruence construction). A certificate
requires the residue to lie farther than 𝑁 + ℎ + 𝐿 + 2 from either endpoint modulo 2𝐿. In the
specific construction below, the residue equals 2𝐾−1 modulo 2𝐾, but the defining congruence is
𝑝 ≡ 1 + 2𝐾−1 (mod 2𝐾). Hence 𝑝 ≥ 1 + 2𝐾−1. At 𝑁 = 𝑝 − 𝐾, ℎ = 𝐻, and 𝐿 = 𝐾, the
error bound is 𝑝 + 𝐻 + 2 > 2𝐾−1, so the residue does not satisfy the certificate inequalities. This
calculation defeats this construction at every depth. It does not prove a corresponding statement
for every use of the Chinese Remainder Theorem or every prescribed totient pattern.

Remark 2.10 (Two further prescribed patterns). Two related results concern particular
prescribed patterns. Under the stated size condition, the complete terminal divisibility
pattern is impossible: its last totient difference would be positive, below a modulus,
and divisible by that modulus (LEAN SOURCE). For the pattern with the last condition
removed, the penultimate difference is forced to be 2𝑚−1, with 2𝑚 < 2(2𝐻 + 𝐽 + 𝐾 + 2).

A different sufficient condition would prescribe the accumulated sum rather than
an individual difference: 𝐷(ℎ, 𝑁, 𝐿) ≡ 2𝐿−1 (mod 2𝐿) and 2𝐿−1 > 𝑁 + ℎ + 𝐿 + 2. These
two inequalities would give a certificate. They have not been supplied at the required
quantified scope. The failure of the earlier patterns does not prove that this replacement
is necessary.

Proposition 2.11 (Information lost by specific carry descriptions). (i) Fix 𝑚 ≥ 2 and
write 𝑅 = ⌊(𝑚 + 1)/2⌋. For 𝑟 = 0, … , 𝑅, let 𝑐𝑟 vanish except at 𝑐𝑟(𝑚) = 𝑅 − 𝑟 and
𝑐𝑟(𝑚 + 1) = 2𝑟. Each sequence satisfies 0 ≤ 𝑐𝑟(𝑛) ≤ 𝑛, has the same binary sum
𝑅2−𝑚, and has the same coefficients and scaled tails before position 𝑚. Its scaled tail
at position 𝑚 is 𝑟. The common history therefore does not determine that tail. A finite
set of labels that determines the tail for each member of this family must contain at least
𝑅 + 1 = ⌊(𝑚 + 1)/2⌋ + 1 elements, one for each value of 𝑟.

(ii) Reduction modulo 2𝐿 forgets the initial value after the same 𝐿 recurrence steps: two affine
binary orbits with different seeds satisfy orbit𝑢(𝐿) − orbit𝑣(𝐿) = 2𝐿(𝑢0 − 𝑣0), so the
endpoint residue mod 2𝐿 is independent of the initial carry.

(iii) Fix a precision 𝑢 ≥ 1, a finite list of nonnegative valuations 𝜈𝑗 and odd integers 𝑎𝑗, and
an initial integer 𝑒0. There are integers 𝑧𝑗 such that

𝑐𝑗 = 2𝜈𝑗(𝑎𝑗 + 2𝑢𝑧𝑗), 𝑒𝑗+1 = 2𝑒𝑗 + 𝑐𝑗, |𝑒𝑗+1| ≤ 2𝜈𝑗+𝑢−1.

At each step, choose the centred representative of 2𝑒𝑗+2𝜈𝑗𝑎𝑗 modulo 2𝜈𝑗+𝑢. The unrestricted
integers 𝑧𝑗 are essential: the assertion does not prescribe the full coefficients 𝑐𝑗.

These statements exclude decoders using only the specified common history, distinctions us-
ing only the endpoint residue, and contradictions using only the stated local symbols. They do

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L251
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not prove that the actual totient expansion cannot be studied by automata. A proposed applica-
tion must verify that it uses no additional arithmetic information that the comparison families
fail to preserve.

Proposition 2.12 (Four limits of particular linear constructions). The following four con-
structions have different limitations. They must not be read as a claim that every finite family
of totient sections is independent: the full family has the explicit relations described in the short
paper.

(i) Dyadic sections and an integer identity. The retained family of 2𝑒 + 1 dyadic sections
is linearly independent over ℚ for 𝑒 ≥ 1 (Proposition 1.6). Separately, positive integers
𝑄, 𝑣 and integers 𝐴, 𝑏 cannot satisfy

𝐴 ≠ 0, 𝑄𝑣𝐴 = 𝑏, |𝑏| < 𝑄𝑣,

because |𝐴| ≥ 1 gives |𝑏| ≥ 𝑄𝑣. This elementary incompatibility concerns the displayed
requirements; it does not exclude every argument using an adjugate matrix.

(ii) Möbius incidence. 𝑈𝑁(𝑖, 𝑗) = 𝜇((𝑖+1)/(𝑗+1)) when (𝑗+1) ∣ (𝑖+1) and 0 otherwise is
lower triangular with unit diagonal, so det𝑈𝑁 = 1 for every 𝑁. Hence multiplication
by 𝑈𝑁 is injective; the corresponding coefficient transformation cannot create a nonzero
vector in its kernel.

(iii) Adjugate reconstruction. Let 𝑤𝑖 ∈ ℚ and 𝑥𝑖 ∈ ℕ be finite families with ∑𝑖 𝑤𝑖𝜑(𝑥𝑖) =
1. Reconstructing each value from two tails and bounding them separately gives the error
bound ∑𝑖 |𝑤𝑖|(3𝑥𝑖 + 4). It is at least 3, since

1 ≤ ∑
𝑖

|𝑤𝑖|𝜑(𝑥𝑖) ≤ ∑
𝑖

|𝑤𝑖|𝑥𝑖.

Consequently this particular bound cannot be less than 1, whatever the size of the evalua-
tion matrix.

(iv) Finite combinations of shifts. The synthetic sequence in Observation 6.115 has the
prescribed differences 𝑎(𝑞−1)𝐻−1 = 𝜑(𝐻) for 2 ≤ 𝑞 < 𝑡, where 𝐻 = lcm(1, … , 𝑡). It
is of the form 𝑎𝑖 = 2𝑐𝑖 − 𝑐𝑖+1, and every finite integer combination of its shifts has the
same form with a correspondingly shifted state. Thus these linear operations alone do not
remove the compatible carry recurrence. Their uniform bounds depend on the absolute
coefficient sum, as made explicit in that observation. The construction does not assert
that 𝑎𝑖 equals the actual totient difference at other indices.

A further limitation concerns quotients of the finite sums 𝑡(𝑌, 𝑟) = ∑𝑌
𝑑=1 𝜇(𝑑)/(2𝑑 − 1)𝑟. For

𝑒 ≥ 1 and 𝑌 ≥ 4,

𝑡(𝑌, 𝑒 + 2)2

𝑡(𝑌, 2𝑒 + 2) − (𝑆 − 1
2) > 1

480.

The proof bounds each infinite sum ∑𝑑≥1 𝜇(𝑑)/(2𝑑 − 1)𝑟, 𝑟 ≥ 3, between 1429/1512 and
1, and its truncation error after 𝑌 ≥ 4 terms by 1/3584. Thus the lower bound holds for every
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stated pair 𝑒, 𝑌, not just a finite list of computed examples. These results concern the listed
matrices, estimates, and comparison sequence. The fourth item has the explicit construction
and source theorem given in Observation 6.115. A different finite-dimensional argument, or
one using further arithmetic assumptions, is not excluded. Proposition 1.7 is conditional on
rationality of 𝑆 and is not, by itself, a counterexample. The separate rational 5/4 comparison
supplies the counterexample to the generic rank bound.

Proposition 2.13 (The coefficient properties of the rational example). The rational se-
quence in Proposition 1.9 satisfies uniform boundedness, 𝑐(𝑛) ≤ 𝑛, agreement with𝜑(𝑛)modulo
2 at every index, and the stated separated-carry form of aperiodicity. Consequently, those proper-
ties alone cannot imply irrationality of a dyadic series. The example does not exclude arguments
using further totient identities, including its multiplicative relations.

2.4 Consequences of the comparisons
The residue margin and the truncation error must be controlled together. Enlarging a
congruence may enlarge both, while a finite prefix constrains no later coefficients. Pe-
riodicity modulo an integer likewise places no general upper bound on rational rank.
These comparisons leave the equivalent residue conditions intact, with their original
requirements for witnesses at unbounded indices.

These are limitations of specified arguments, not an exhaustive classification of pos-
sible methods. In particular, an averaging estimate is one possible source of the missing
information, not the only possible source. A new arithmetic identity or a propagation
theorem could also be useful. The next section describes the precise assumptions of
several approaches considered here.

3 Conditions that would imply irrationality
Below are quantitative sufficient conditions, an equivalent residue formulation, and a
proposed generic rank bound. The rank bound is false, as its rational counterexample
shows. The other arithmetic conditions remain open for the totient; the proofs establish
their stated implications. They are examples of possible approaches, not an exhaustive
list.

3.1 Cancellation on a full block
If every window residue lies close to an endpoint, its complex phase lies close to 1. A
saving in the norm of a block sum must therefore produce a certificate.

Definition 3.1 (The full-block norm condition). Write 𝑒(𝑥) ∶= exp(2𝜋𝑖𝑥) and
𝐸(ℎ, 𝑁, 𝐿) ∶= 𝑒((𝐷(ℎ, 𝑁, 𝐿) mod 2𝐿)/2𝐿). The block norm condition asserts that

∀ℎ ≥ 1 ∀𝑋0 ∃𝑋, 𝐿 ∶ max(𝑋0, 1) ≤ 𝑋, 16(2𝑋 + ℎ + 𝐿 + 2) ≤ 2𝐿, ∥ ∑
𝑁∈[𝑋, 2𝑋)

𝐸(ℎ, 𝑁, 𝐿)∥ ≤ 21
25𝑋.

It implies 𝑆 ∉ ℚ. LEAN SOURCE LEAN SOURCE

A bound on the real part also suffices: it is enough that ∑𝑁∈[𝑋,2𝑋) Re𝐸(ℎ, 𝑁, 𝐿) ≤
9

10𝑋 (LEAN SOURCE; for the implication from 21/25 to 9/10, LEAN SOURCE). Unpacked, the

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L75
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L83
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicGap.lean#L128
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L53
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required object is a constant-saving cancellation estimate for the dyadically weighted
totient-difference exponential sum

∑
𝑋≤𝑁<2𝑋

𝑒⎛⎜⎜
⎝

∑𝑗<𝐿(𝜑(𝑁+ℎ+1+𝑗) − 𝜑(𝑁+1+𝑗))2 𝐿−1−𝑗

2𝐿
⎞⎟⎟
⎠

, 𝐿 subject to the displayed size inequality.

No theorem in this record establishes this estimate with the required quantifiers.
The displayed size inequality imposes a lower bound on 𝐿; it does not require 𝐿 =
log2 𝑋 +𝑂(1). A depth of that order would be a possible regime for the estimate, not an
additional proved conclusion. A finite instance would not suffice. The norm hypothesis
requires cancellation: if all phases are 1, the norm is 𝑋 and the bound fails; a balanced
set of opposite phases has sum zero. If instead every phase is −1, the real part is −𝑋
and satisfies the real-part bound, while the norm is 𝑋 and fails the norm bound. Thus a
real-part estimate is strictlyweaker for general phase families; these examples do not dis-
tinguish the two quantified conditions for the actual totient sequence. The same depth
𝐿 must work across the whole block.

Comparison with the preceding counterexamples. The earlier counterexamples do
not establish or refute this block estimate. The following distinctions explain why those
particular arguments do not settle it.

• The parameters grow. The size condition forces the truncation depth to increase with
𝑋, so this is not a test of a fixed prefix.

• The sample is prescribed: all 𝑁 ∈ [𝑋, 2𝑋) are summed at one depth. Choosing two
favourable indices does not establish this block estimate.

• The sum uses the accumulated totient differences. It does not prescribe individual
values through a congruence construction.

• The estimate concerns the actual phases. Neither a bound on carry rank nor agree-
ment only in parity gives it.

• The proved implication uses the real-part threshold 9/10 and the constant in the size
bound 16. The stronger norm bound 21/25 implies that real-part bound. These con-
stants do not assert any distribution theorem for the totient phases.

Formal sources for these implications: LEAN SOURCE LEAN SOURCE
Remark 3.2 (The finite-prefix example does not choose a method). The finite-prefix ex-
ample does not select an analytic method. It shows only that a proof valid for every
sequence 0 ≤ 𝑐(𝑛) ≤ 𝑛 cannot deduce the required assertion from one fixed prefix. An
argument using additional identities of 𝜑, a theorem propagating a finite base case, a
Farey estimate, or a suitable exponential sum could provide information not contained
in that prefix. The earlier finite audit cannot rank all such possibilities.
Remark 3.3 (Finite certificate observations). In the historical table of 28 diagonal cer-
tificates through 𝑡 = 64, the reported depths exceed the necessary depth bound by a
small additive constant. A separate enumeration at the indices where the least common
multiple increases records a closest margin from the central interval’s boundary of ap-
proximately 0.000221 of the modulus, at 𝑡 = 100. Both are finite observations. Neither
establishes nor refutes equidistribution or the estimate at arbitrarily large scales.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicGap.lean#L44
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicGap.lean#L104
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3.2 A four-term bound for the real part
We isolate the phase of one term 𝜑(𝑚𝑝) with 𝑝 > 𝑚 prime, then group indices with the
same cofactor 𝑚. The resulting identity separates three tasks: count the excluded in-
dices, bound the group means, and estimate the remaining weighted, mean-subtracted
sum. Only the last of these remains open after the stated group-mean input. The iden-
tity itself supplies none of the estimates.

Fix ℎ, 𝑠 ≥ 1, 𝐿 ≥ 𝑠 + ℎ, 𝑋 ≥ 1 and 0 < 𝜂 < 1, and put 𝑡 = 𝐿 − 𝑠 + 1. For 𝑋 ≤ 𝑁 < 2𝑋,
let 𝑝𝑁 be the largest prime factor of 𝑁 + 𝑡 and put 𝑚𝑁 = (𝑁 + 𝑡)/𝑝𝑁 . Assign the index
𝑁 to this factorisation when

𝑚𝑁 ≤
⎢
⎢
⎣

√𝑋
2

⎥
⎥
⎦

, 𝑝𝑁 > 2⌊√𝑋⌋.

Write 𝒜 for the assigned indices and 𝒢 = {𝑁 ∈ 𝒜 ∶ 𝜑(𝑚𝑁) ≥ 𝜂𝑚𝑁}. The two
inequalities ensure 𝑝𝑁 > 𝑚𝑁 ≥ 1, so 𝜑(𝑁 + 𝑡) = 𝜑(𝑚𝑁)(𝑝𝑁 − 1).

Since ℎ < 𝑡 ≤ 𝐿, the selected term occurs in both truncated tails: it has coefficient
2−(𝑡−ℎ) in the shifted tail and −2−𝑡 in the unshifted one. Their sum is (2ℎ − 1)2−𝑡. On
the assigned indices, set

𝑧𝑁 = 𝑒⎛⎜
⎝

(2ℎ − 1)𝜑(𝑚𝑁)(𝑝𝑁 − 1)
2𝑡

⎞⎟
⎠

, 𝑤𝑁 = 𝐸(ℎ, 𝑁, 𝐿)
𝑧𝑁

.

Both factors have absolute value 1. Let ̄𝑧𝑚 be the average of 𝑧𝑁 over the assigned
indices with cofactor 𝑚, taking the average to be zero when the group is empty. The
four contributions are then defined by the identity

2𝑋−1
∑

𝑁=𝑋
𝐸(ℎ, 𝑁, 𝐿) = ∑

𝑁∈𝒢
𝑤𝑁(𝑧𝑁 − ̄𝑧𝑚𝑁

)
⏟⏟⏟⏟⏟⏟⏟⏟⏟

mean-subtracted contribution

+ ∑
𝑁∈𝒢

𝑤𝑁 ̄𝑧𝑚𝑁

⏟⏟⏟⏟⏟⏟⏟
mean contribution

+ ∑
𝑁∈𝒜∖𝒢

𝐸(ℎ, 𝑁, 𝐿)
⏟⏟⏟⏟⏟⏟⏟⏟⏟

excluded-cofactor contribution

+ ∑
𝑋≤𝑁<2𝑋

𝑁∉𝒜

𝐸(ℎ, 𝑁, 𝐿)

⏟⏟⏟⏟⏟⏟⏟⏟⏟
unassigned contribution

.

This follows by partitioning the indices and using 𝐸(ℎ, 𝑁, 𝐿) = 𝑤𝑁𝑧𝑁 . Subtracting
the group mean is exact algebra; it does not make the two factors independent. The
chosen prime need not be confined to the selected argument: with 𝑋 = 16, ℎ = 𝑠 = 1,
𝐿 = 20 and 𝑁 = 18, the argument is 𝑁 + 𝑡 = 38 = 2 ⋅ 19, which satisfies both assignment
inequalities, but the same prime also divides 𝑁 + 1 = 19. Thus the factorisation at 𝑁 + 𝑡
alone gives no separation from the other totient values in the phase.

Definition 3.4 (Four simultaneous inequalities). For every ℎ > 0 there are 𝑠 > 0 and
𝜂 ∈ (0, 1) such that for every 𝑋0 there are 𝑋, 𝐿 with max(𝑋0, 1) ≤ 𝑋, ℎ ≤ 𝐿 − 𝑠,
16(2𝑋+ℎ+𝐿+2) ≤ 2𝐿, and all four of
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Re ∑
𝑁∈𝒢

𝑤𝑁(𝑧𝑁 − ̄𝑧𝑚𝑁
) ≤ 14

25𝑋,

∥∥∥∥∥
∑

𝑁∈𝒢
𝑤𝑁 ̄𝑧𝑚𝑁

∥∥∥∥∥
≤ 1

100𝑋,

∥∥∥∥∥
∑

𝑁∈𝒜∖𝒢
𝐸(ℎ, 𝑁, 𝐿)

∥∥∥∥∥
≤ 1

100𝑋,

∥∥∥∥∥∥

∑
𝑋≤𝑁<2𝑋

𝑁∉𝒜

𝐸(ℎ, 𝑁, 𝐿)
∥∥∥∥∥∥

≤ 8
25𝑋.

It implies 𝑆 ∉ ℚ. LEAN SOURCE LEAN SOURCE

First fix ℎ, then choose 𝑠, 𝜂; these must remain fixed as the threshold 𝑋0 increases.
At each threshold all four bounds must hold for one common 𝑋, 𝐿, rather than along
unrelated sequences of blocks. Their constants add to 14/25 + 1/100 + 1/100 + 8/25 =
9/10, yielding the real-part criterion. This is sufficient for a certificate and does not
assert the stronger 21/25normcriterion. In particular, no independence of the twophase
factors follows from the grouping.

The decomposition is an exact identity, proved in Lean (LEAN SOURCE), as is the impli-
cation from the four bounds to the real-part bound (LEAN SOURCE). The reason a newesti-
mate is needed is visible within one group: ∑𝑁(𝑧𝑁 − ̄𝑧𝑚) = 0, whereas ∑𝑁 𝑤𝑁(𝑧𝑁 − ̄𝑧𝑚)
need not vanish. The residual weight varies with the same prime that determines 𝑧𝑁 .
By contrast, a uniform bound for | ̄𝑧𝑚| immediately controls the mean contribution be-
cause |𝑤𝑁 | = 1. Thus small means and weighted cancellation are different statements.
A two-point group makes this explicit:

(𝑧1, 𝑧2) = (1, −1), (𝑤1, 𝑤2) = (1, −1), ̄𝑧 = 0,
2

∑
𝑗=1

𝑤𝑗(𝑧𝑗 − ̄𝑧) = 2.

The unweighted mean vanishes while the weighted terms agree exactly. This exam-
ple explains why an implication is missing; it is not a counterexample to the estimate for
the actual totient windows. For the latter, only the real-part bound 14𝑋/25 is required,
not the earlier norm bound 𝑋/2. For 𝑋 ≥ 4 and 𝑠 = 𝐿 − ℎ, the assigned indices with
cofactor 𝑚𝑁 = 1 are exactly those for which 𝑁 + ℎ + 1 is prime. This describes one cofac-
tor group, not all assigned indices. The source proves this membership equality (LEAN
SOURCE), using 𝜑(𝑚𝑝) = 𝜑(𝑚)(𝑝 − 1) and 𝑝 > 𝑚. This special choice has 𝑠 = 𝐿 − ℎ vary-
ing with 𝐿; it illustrates the arithmetic of the groups but does not establish the condition
with 𝑠 fixed before 𝑋0.

The four inequalities have not been established together. Propositions 12.6 and 12.7
give the unassigned and excluded-cofactor bounds at minimal admissible depth. At
𝑠 = 26, 𝜂 = 1/1000, the prime-number-theorem argument discussed in Section 3.3 also
bounds the mean contribution for all large 𝑋. With that input, the missing estimate is
the real-part bound for the mean-subtracted contribution, at the same parameters and

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L569
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L577
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L514
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L549
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L423
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L423
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depth, on arbitrarily large blocks. Theorem 3.5 instead asks for one bound on 𝒢 , without
a group-mean input.

A nonzero determinant alone does not prove the needed correlation estimate. The
comparison in the linked source (LEAN SOURCE) preserves such a determinant while fix-
ing an entire row of weighted phases to 1. A successful application must distinguish
that comparison, for example by additional arithmetic information, rather than only by
column rescaling. The exact four-term identity supplies no prime-distribution estimate.

3.3 One bound on the good indices
Two counting estimates allow us to restrict the cancellation question to 𝒢 . For fixed
ℎ, 𝑠, let 𝐿(𝑋) be the least 𝐿 satisfying ℎ ≤ 𝐿 − 𝑠 and 16(2𝑋 + ℎ + 𝐿 + 2) ≤ 2𝐿, as in
Proposition 12.6. With 𝑠 = 26 and 𝜂 = 1/1000, more than 67𝑋/100 indices remain in 𝒢
for large 𝑋. A suitable saving on this set alone would therefore imply irrationality.

Theorem 3.5 (Irrationality from one bound on the good indices). (a) Suppose that for
every ℎ ≥ 1 and every 𝐴 there are 𝑋, 𝐿 with 16(2𝑋 + ℎ + 𝐿 + 2) ≤ 2𝐿 and a nonempty
finite set 𝑇 of integers in [𝐴, 2𝑋) with

∑
𝑁∈𝑇

Re𝐸(ℎ, 𝑁, 𝐿) ≤ 9
10 #𝑇.

Then 𝑆 ∉ ℚ (irrational_totient_series_of_support_gap).

(b) Take 𝑠 = 26, 𝜂 = 1/1000 and 𝐿 = 𝐿(𝑋). Suppose that for every ℎ ≥ 1 there are arbitrarily
large 𝑋 with

Re ∑
𝑁∈𝒢

𝐸(ℎ, 𝑁, 𝐿(𝑋)) ≤ 603
1000𝑋.

Then 𝑆 ∉ ℚ (irrational_totient_series_of_goodBase_gap).

Proof. (a) At a depth satisfying the size inequality, a nonempty set of indices below 2𝑋
whose average of Re𝐸(ℎ, 𝑁, 𝐿) is at most 9/10 contains an index 𝑁 with 𝒞(ℎ, 𝑁, 𝐿) (LEAN
SOURCE). The hypothesis therefore supplies, for every ℎ ≥ 1, certificates beyond every
threshold, which is Definition 1.2; that condition is equivalent to 𝑆 ∉ ℚ.

(b) For all large 𝑋, fewer than 8𝑋/25 indices in [𝑋, 2𝑋) are unassigned (Proposi-
tion 12.6), and fewer than 𝑋/100 assigned indices have 𝜑(𝑚𝑁) < 𝑚𝑁/1000, by the
Chebyshev form of Proposition 12.7 given after its proof. These two sets and 𝒢 partition
[𝑋, 2𝑋), so #𝒢 > 67𝑋/100 (eventually_card_pivotGoodBases_gt). Since 603/1000 =
(9/10)(67/100), each large 𝑋 in the hypothesis gives ∑𝑁∈𝒢 Re𝐸(ℎ, 𝑁, 𝐿(𝑋)) < 9

10#𝒢 .
For 𝑋 ≥ 𝐴 the set 𝑇 = 𝒢 is nonempty and lies in [𝐴, 2𝑋), and 𝐿(𝑋) satisfies the size
inequality, so (a) applies.

The trivial bound for the sum in (b) is #𝒢 , so the hypothesis asks for a fixed saving:
along a sequence of blocks, the average of cos(2𝜋𝐷(ℎ, 𝑁, 𝐿)/2𝐿) over 𝒢 must be at most
603𝑋/(1000 #𝒢), a number below 9/10. Equidistributed phases would make the sum

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/ResidualGaugeObstruction.lean#L94
https://github.com/wcook04/plectis-erdos/blob/24edbddbe2bd68e920327a701aad0b9dd0d69675/lean/ErdosProblems/ArgumentGraph/Results/Erdos249Endpoint.lean#L44
https://github.com/wcook04/plectis-erdos/blob/24edbddbe2bd68e920327a701aad0b9dd0d69675/lean/ErdosProblems/ArgumentGraph/Results/Erdos249Endpoint.lean#L100
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicGap.lean#L104
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicGap.lean#L104
https://github.com/wcook04/plectis-erdos/blob/24edbddbe2bd68e920327a701aad0b9dd0d69675/lean/ErdosProblems/ArgumentGraph/Results/Erdos249Endpoint.lean#L75
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𝑜(𝑋). A rational value 𝑆 = 𝑎/(2𝑐𝑣) with 𝑣 odd makes the bound fail for ℎ = 𝜑(𝑣) and all
large𝑋: every large index then has an integral tail difference, hence no certificate, and an
index at a depth satisfying the size condition and having no certificate has Re𝐸 > 9/10.
The hypothesis is sufficient and is not known to be necessary: from irrationality one
obtains nonintegral tail differences, and no argument turns them into a fixed saving on
𝒢 . It is open. No computation in this record bears on it, and the count #𝒢 > 67𝑋/100
holds only for large 𝑋.

When the first two inequalities of Definition 3.4 hold with 𝑠 = 26, 𝜂 = 1/1000 and
𝐿 = 𝐿(𝑋), they add to Re∑𝑁∈𝒢 𝐸(ℎ, 𝑁, 𝐿(𝑋)) ≤ 57

100𝑋, so the four-term condition at
these parameters implies the hypothesis of (b). At these same parameters, the recorded
argument takes the prime number theorem as an input and bounds every group mean
| ̄𝑧𝑚| on 𝒢 by 1/100 for all sufficiently large 𝑋, for each fixed ℎ (fiberMean_le_of_pri-
meNumberTheorem). Since |𝑤𝑁 | = 1, this gives | ∑𝑁∈𝒢 𝑤𝑁 ̄𝑧𝑚𝑁

| ≤ #𝒢/100 ≤ 𝑋/100, re-
gardless of the dependence of 𝑤𝑁 on the prime. It supplies the mean bound, not the
mean-subtracted cancellation. Given this mean bound, a bound 11

20𝑋 on the good-index
sum, on arbitrarily large blocks for each ℎ, yields the mean-subtracted inequality and
hence irrationality (dtw_of_fiberMean_and_centered, irrational_totient_series_-
of_primeNumberTheorem_and_goodBase_gap). Theorem 3.5(b) supersedes that route.
It assumes neither the prime number theorem nor a bound on the group means, and
asks only for 603𝑋/1000, rather than 11𝑋/20. The saving is measured against #𝒢 , not
against the full block size: since #𝒢 > 67𝑋/100, the good-index average is below 9/10.
There is no need to add the discarded indices back into the sum.

For clarity, the two sufficient estimates have different uses. The centred route con-
trols all four pieces and so bounds the sum on the whole block. The 603𝑋/1000 route
uses only the good indices and their cardinality. Bounding the discarded part trivially
would give only (603/1000 + 33/100)𝑋 = 933𝑋/1000, not 9𝑋/10; adding it back would
lose the conclusion one was trying to prove.

There is also a useful distinction between eventual and cofinal hypotheses. At 𝑠 = 26,
𝜂 = 1/1000 and the prescribed 𝐿(𝑋), fix ℎ and take the maximum of the thresholds
for the two counting bounds and the PNT-input mean bound. Any arbitrarily large se-
quence of blocks on which the centred bound holds eventually passes this maximum.
Thus it supplies common blocks for all four estimates. Merely knowing that several
different estimates each hold on some arbitrarily large blocks would not justify that in-
tersection.

3.4 A fixed separation at prime positions
Instead of averaging over a block, one may ask for a fixed gap at prime positions. The
lower bound on the prime ensures that the corresponding tail indices lie beyond the
required threshold.

Definition 3.6 (A fixed gap at prime positions). For every ℎ ≥ 1 and every 𝑁0 there is
a prime 𝑝 with max(𝑁0+ℎ+1, ℎ+5) ≤ 𝑝 and Re 𝑒(𝑅𝑝−1 − 𝑅𝑝−ℎ−1) < 9

10 , where 𝑒(𝑥) =
exp(2𝜋𝑖𝑥). Equivalently: cofinally many primes 𝑝 at which the totient tail difference
across the shift ℎ stays a fixed distance > arccos(9/10)/(2𝜋) ≈ 0.0718 from every integer.
It implies 𝑆 ∉ ℚ. LEAN SOURCE LEAN SOURCE

https://github.com/wcook04/plectis-erdos/blob/24edbddbe2bd68e920327a701aad0b9dd0d69675/lean/ErdosProblems/Erdos249/PaperCompleteR21/FiberMeanOfPrimeNumberTheorem.lean#L935
https://github.com/wcook04/plectis-erdos/blob/24edbddbe2bd68e920327a701aad0b9dd0d69675/lean/ErdosProblems/Erdos249/PaperCompleteR21/FiberMeanOfPrimeNumberTheorem.lean#L935
https://github.com/wcook04/plectis-erdos/blob/24edbddbe2bd68e920327a701aad0b9dd0d69675/lean/ErdosProblems/ArgumentGraph/Results/Erdos249.lean#L45
https://github.com/wcook04/plectis-erdos/blob/24edbddbe2bd68e920327a701aad0b9dd0d69675/lean/ErdosProblems/ArgumentGraph/Results/Erdos249Route.lean#L118
https://github.com/wcook04/plectis-erdos/blob/24edbddbe2bd68e920327a701aad0b9dd0d69675/lean/ErdosProblems/ArgumentGraph/Results/Erdos249Route.lean#L118
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/ErdosProblems/Erdos249/TotientStrictPrimeEscape.lean#L157
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/ErdosProblems/Erdos249/TotientStrictPrimeEscape.lean#L524
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This asks for more than nonintegrality. A nonintegral real number can be arbitrarily
close to an integer, whereas the displayed condition requires a fixed positive distance,
along prime positions and for each shift ℎ. For example, phases at a half-integer satisfy
the numerical gap and phases converging to an integer eventually fail it. These are illus-
trations of the hypothesis, not assertions about the totient tails. No estimate for these
tail differences at prime positions with the stated quantifiers is proved here. Certificate
completeness alone does not supply it.

3.5 Certificates with depth equal to the shift
The shift and truncation depth can be required to agree, provided the shift is allowed to
run through positive multiples of a fixed 𝑑. The propagation argument in Appendix A.1
explains why this restriction preserves the equivalence below.

Definition 3.7 (Depth equal to a shift multiple). For every 𝑑 ≥ 1 and every 𝑁 there is
𝑡 ≥ 1 with 𝒞(𝑡𝑑, 𝑁, 𝑡𝑑); unpacked,

𝑁 + 2𝑡𝑑 + 2 < 𝐷(𝑡𝑑, 𝑁, 𝑡𝑑) mod 2𝑡𝑑 < 2𝑡𝑑 − (𝑁 + 2𝑡𝑑 + 2).

It is equivalent to 𝑆 ∉ ℚ. LEAN SOURCE LEAN SOURCE

For a fixed pair (𝑑, 𝑁), a nonintegral tail difference supplies a certificate in every
sufficiently late adjacent pair of multipliers. Appendix A.1 proves this propagation and
hence the equivalence in Definition 3.7 (LEAN SOURCE). The finite examples verify the
starting hypothesis for individual pairs, not for every 𝑑, 𝑁. That universal supply of non-
integral differences is themissing arithmetic input. With these quantifiers, the condition
has the full strength of the irrationality question; it is not a mild regularity assumption.
The open problem remains unproved.
Formal sources: LEAN SOURCE

3.6 A false generic rank bound
The coefficient rank might suggest a bound on carries under rationality. The next pro-
posed assertion makes that suggestion precise; the rational comparison following it dis-
proves both versions.

Definition 3.8 (A counterfactual rank criterion). The proposed assertion is a constant 𝐶
bounding the rank for every 𝑐 ∶ ℕ → ℕ with 𝑐(𝑛) ≤ 𝑛 and 𝑇𝑐 ∈ ℚ, every integer 𝑣 > 0,
and every integer sequence 𝑢 satisfying

𝑢(𝑛 + 1) = 2𝑢(𝑛) − 𝑣𝑐(𝑛 + 1), 𝑢(𝑛)/2𝑛 ⟶ 0.

Specifically, the proposed bound is

dimℚ spanℚ{𝑛 ↦ 𝑢(2𝑗𝑛 + 𝑟) ∶ 1 ≤ 𝑗 ≤ 𝑒, 0 ≤ 𝑟 < 2𝑗} ≤ 𝐶 (𝑒 ≥ 0).

The alternative replaces 𝐶 by a function 𝑔(𝑒) growing strictly slower than 2𝑒 − 1,
with the same quantifiers. Either assertion would contradict the lower bound of Propo-
sition 1.6 under rationality of 𝑆. Both assertions are false, as the following comparison
shows.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/ErdosProblems/Erdos249/PeriodMultipleEscape.lean#L441
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/ErdosProblems/Erdos249/FullDepthRayAmplifier.lean#L406
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/ErdosProblems/Erdos249/FullDepthRayAmplifier.lean#L406
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/ErdosProblems/Erdos249/PeriodMultipleEscape.lean#L67
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Both assertions in Definition 3.8 are false. The comparison sequence with sum 5/4 in
Section 10.8 satisfies 0 ≤ 𝑐(𝑛) ≤ 𝑛 and has an integral carry with 𝑢(𝑛)/2𝑛 → 0 and rank
at least 2𝑒 −1 at every depth (Section 12.6). It therefore contradicts both proposed upper
bounds. This leaves open bounds under further hypotheses specific to the totient.

Periodicity modulo 𝑣 alone does not provide the additional rank bound.

4 Guide to the detailed statements
The remainder records the formulas and proofs behind the preceding arguments. To
use a statement, distinguish its conclusion from its input. A finite certificate excludes
a family of denominators; a cofinal supply excludes every rational value. Positivity of
a tail difference is not nonintegrality, and a conditional implication still needs its arith-
metic premise.

The following entry points answer different questions; they are not successive steps
of one proof of irrationality.

Question Where to read

Which section identities hold? Section 10.8: independent sections and integral
relations.

What does a finite computation ex-
clude?

Section 5: tail residues; Section 5.3: the denomi-
nator cutoff.

Can one nonintegral difference
yield more certificates?

Appendix A.1: propagation with growing shift
and depth.

Which data still allow a rational
value?

Section 2: comparison sequences, with their hy-
potheses kept separate.

Which estimate would suffice? Section 12.3: the four-term decomposition; The-
orem 3.5: the weaker good-index condition.

What was formally checked? Appendix B: the declaration and source-version
guide.

The detailed statements retain their source references so that a proof can be recovered
without treating a source label as another hypothesis.

5 Series identities and finite exclusions
The prefix-tail identity supports two different finite exclusions. Residue certificates test
a tail difference modulo ℤ; the Farey calculation in Section 5.3 encloses 𝑆 itself in an
interval. Möbius inversion then gives other expressions for the same value, useful only
to the extent that they permit new estimates. An identity alone does not provide a de-
nominator exclusion.

5.1 The series
We begin with the value and the prefix-tail decomposition used by all the subsequent
tests.
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Definition 5.1 (The Erdős–249 constant). Let 𝜑 denote Euler’s totient function. Define

𝑆 ∶= ∑
𝑛≥1

𝜑(𝑛)
2𝑛 = ∑

𝑛∶ℕ

𝜑(𝑛)
2𝑛 ,

the two forms coinciding because 𝜑(0) = 0; the second, ℕ-indexed form is the one
carried in the Lean source. The series converges absolutely since 𝜑(𝑛) ≤ 𝑛. The irra-
tionality of this value is the question under consideration.

Remark 5.2 (Status). No proof or disproof of 𝑆 ∉ ℚ exists anywhere in the record, for-
mal or informal. What exists is: one large unconditional finite denominator exclusion
(§5.3), several exact reformulations of 𝑆 that relocate the same open question onto differ-
ent coordinates without touching its truth value (§5.4–§5.6), and a certificate apparatus
whose cofinal quantified condition is the precise open target (Definition 1.2; only its
finite, checked instances are catalogued here, §5.7).

5.2 The tail-shift identity
Multiplying by a power of two makes the finite prefix integral and leaves a scaled tail.
The tail values themselves may grow; it is their classes modulo ℤ, rather than their
absolute sizes, that encode a possible rational period.

Proposition 5.3 (Digit-shift identity). For every 𝑁 ∶ ℕ,

2𝑁 ⋅ 𝑆 = Φ𝑁 + 𝑅𝑁 ,

where Φ𝑁 ∶= ∑𝑛≤𝑁 𝜑(𝑛) ⋅ 2𝑁−𝑛 ∈ ℕ (the integer prefix) and 𝑅𝑁 ∶= ∑𝑗≥0 𝜑(𝑁 + 1 +
𝑗)/2𝑗+1 (the scaled tail, 𝑅 in Lean).

Consequence for rationality. Subtracting the prefix identities at 𝑁 + ℎ and 𝑁 gives

𝑅𝑁+ℎ − 𝑅𝑁 ≡ 2𝑁(2ℎ − 1)𝑆 (mod ℤ).

If 𝑆 = 𝑎/(2𝑐𝑣) with 𝑣 ≥ 1 odd, Euler’s theorem supplies ℎ = 𝜑(𝑣) > 0 and 𝑁0 = 𝑐, for
which the difference is integral for all 𝑁 ≥ 𝑁0 (LEAN SOURCE). Conversely, an integral
difference for even one ℎ > 0, 𝑁 ≥ 0 forces 𝑆 to be rational, because 2𝑁(2ℎ − 1) is a
nonzero integer. Thus the unresolved question is not this converse, but whether every
such tail difference is nonintegral. Definition 1.2 expresses that question through finite
residues.

5.3 The finite denominator bound
An interval containing 𝑆 excludes rational numbers whose denominators are too small
to occur inside it. The Farey argument below makes this precise using a finite totient
prefix and a bound on its tail. It is independent of the period and residue criteria.

Lemma 5.4 (Farey gap, fully general). For integers 𝑎, 𝑏, 𝑐, 𝑑, 𝑟, 𝑠 with 𝑏 > 0, 𝑑 > 0, 𝑏𝑐−𝑎𝑑 =
1 (i.e. 𝑎/𝑏 and 𝑐/𝑑 are unimodular Farey neighbours), and 𝑎𝑠 < 𝑟𝑏, 𝑟𝑑 < 𝑐𝑠 (i.e. 𝑟/𝑠 lies strictly
between them): 𝑏 + 𝑑 ≤ 𝑠.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L358
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Indeed, the two strict inequalities make 𝑐𝑠 − 𝑑𝑟 and 𝑏𝑟 − 𝑎𝑠 positive integers, and

𝑠 = 𝑏(𝑐𝑠 − 𝑑𝑟) + 𝑑(𝑏𝑟 − 𝑎𝑠) ≥ 𝑏 + 𝑑,

using 𝑏𝑐 − 𝑎𝑑 = 1. This also proves 𝑠 > 0, which the formulation did not need to
assume separately. The lemma is the classical Stern–Brocot denominator bound. The
mediant (𝑎 + 𝑐)/(𝑏 + 𝑑) lies between the two neighbours and is reduced: any common
divisor of 𝑎 + 𝑐 and 𝑏 + 𝑑 divides 𝑏(𝑎 + 𝑐) − 𝑎(𝑏 + 𝑑) = 𝑏𝑐 − 𝑎𝑑 = 1. It attains denominator
𝑏 + 𝑑, so the general interval bound is sharp. A particular tail interval still requires its
own endpoint and first-failure checks.

Proposition 5.5 (The Farey certificate at 𝐾 = 240). For the window (𝑁, 𝐾) = (1, 240), put

𝑉 = ⎛⎜
⎝

240
∑
𝑟=1

𝜑(1 + 𝑟)2240−𝑟⎞⎟
⎠

mod 2240.

For every 𝑞 ∶ ℕ with

0 < 𝑞 ≤ 𝑄0 ∶= 79 639 646 646 701 375 323 355 774 875 831 053 (≈ 7.96 × 1034),

(𝑞 ⋅ 𝑉) mod 2240 + 243 𝑞 < 2240.

This bound is sharp: 𝑞 = 𝑄0 + 1 = 79 639 646 646 701 375 323 355 774 875 831 054 is
the exact first failing denominator, obtained as the denominator of the mediant of two explicit
unimodular Farey neighbours.

Here “failing”means that this particular enclosure can no longer exclude the denom-
inator. It does not mean that the mediant equals 𝑆, or that another argument could not
exclude that denominator too. Sharpness concerns the finite interval test, not a smallest
possible denominator for the unknown value.

Theorem 5.6 (Denominator exclusion). For every 𝑝 ∈ ℚ whose reduced denominator is at
most 𝑄0,

𝑆 ≠ 𝑝.

Equivalently: if 𝑆 is rational, its reduced denominator exceeds 𝑄0 ≈ 7.96 × 1034.
Remark 5.7 (What this does and does not say). Theorem 5.6 is a complete, unconditional
finite fact: no rational of denominator at most 𝑄0 equals 𝑆. A single such bound does
not exclude arbitrarily large denominators. Proving unbounded exclusions by the same
mechanism would, however, establish irrationality. The question this leaves is whether
the first failing denominator (𝑏 + 𝑑)(𝐾) at window 𝐾 is unbounded as 𝐾 → ∞. An
affirmative answer would prove irrationality by Proposition 6.75, independently of the
certificate condition discussed after Proposition 5.3. The question is open; it is neither
claimed nor proved anywhere in the record.
Remark 5.8 (Earlier finite denominator bounds). The recorded Farey computations gave
bounds 4838, 222, approximately 2.49×1017 at 𝐾 = 120, and 𝑄0 at 𝐾 = 240. Each applies
the finite mechanism of Lemma 5.4 and Proposition 5.5. These values do not prove that
the bounds are unbounded as 𝐾 increases.
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5.4 Equivalent expressions and their denominator bounds
The finite bound in Theorem 5.6 also applies to the two expressions for 𝑆 − 1/2 below,
with half the denominator bound. Amiram Eldar posted the coprimality interpretation
of Proposition 5.9 in revision 28 of OEIS A256936 on 15 March 2026, and the Möbius-
square formula of Proposition 5.14 in revision 31 [8]. Steve Fan posted the latter formula
on the problem’s forum thread on 16May 2026 [9]. We derive both identities byMöbius
inversion and geometric summation.

Proposition 5.9 (Fair-coin coprimality form). Let 𝑋, 𝑌 be independent random variables
with Pr(𝑋 = 𝑛) = Pr(𝑌 = 𝑛) = 2−𝑛 for 𝑛 ≥ 1 (independent fair-coin waiting times). Then

𝑆 = 1
2 + Pr(gcd(𝑋, 𝑌) = 1) = 1

2 + ∑
𝑎,𝑏≥1

gcd(𝑎,𝑏)=1

2−(𝑎+𝑏).

Equivalently, on the visible lattice: summing 2−(𝑎+𝑏) over the half-open coprime pairs (𝑎 ≥ 1,
𝑏 ≥ 0, gcd(𝑎, 𝑏) = 1) recovers ∑𝑛 𝜑(𝑛)/2𝑛 exactly, with no boundary correction, because the
visible-point count on the half-open antidiagonal at height 𝑛 equals 𝜑(𝑛) for every 𝑛, including
𝑛 = 0, 1.

Proposition 5.10 (The gcd-layer normalisation). For independent fair-coin waiting times
as above, ∑𝑔≥1 Pr(gcd(𝑋, 𝑌) = 𝑔) = 1 exactly; and for every 𝑑 > 0, Pr(𝑑 ∣ 𝑋 ∧ 𝑑 ∣ 𝑌) =
1/(2𝑑 − 1)2.

Theorem 5.11 (Denominator exclusion for the coprimality-probability form). Let

𝑄1 ∶= ⌊𝑄0
2 ⌋ = 39 819 823 323 350 687 661 677 887 437 915 526.

For every 𝑎 ∈ ℤ, 𝑑 ∈ ℕ with 0 < 𝑑 ≤ 𝑄1: the visible coprime-pair probability
Pr(gcd(𝑋, 𝑌) = 1) is not equal to 𝑎/𝑑.

Theorem 5.12 (Denominator exclusion for the Möbius-square form). With 𝑄1 as in
Theorem 5.11: for every 𝑎 ∈ ℤ, 𝑑 ∈ ℕ with 0 < 𝑑 ≤ 𝑄1, the signed series 𝑇 ∶=
∑𝑚≥1 𝜇(𝑚)/(2𝑚 − 1)2 = 𝑆 − 1

2 (see §5.5) is not equal to 𝑎/𝑑.

Remark 5.13 (Why the bound halves, and why this is not new information). 𝑄1 =
⌊𝑄0/2⌋ arithmetically: 𝑄0 is odd (𝑄0 = 79 639 646 646 701 375 323 355 774 875 831 053),
so 𝑄0/2 = 39 819 823 323 350 687 661 677 887 437 915 526.5 and 𝑄1 is its floor. The halv-
ing is the cost of transporting the known bound through the affine shift 𝑆 = 1

2 + 𝑇 (resp.
𝑆 = 1

2 +Pr(gcd(𝑋, 𝑌) = 1)) on a denominator-exclusion statement: excluding all denom-
inators ≤ 𝑄1 for 𝑇 follows from excluding all denominators ≤ 𝑄0 for 𝑆 (a denominator-𝑑
value of 𝑇 with 𝑑 ≤ 𝑄1 yields a denominator dividing 2𝑑 ≤ 𝑄0 for 𝑆). Theorems 5.11
and 5.12 are therefore the same finite Farey record as Theorem 5.6, transported through
Proposition 5.9 and Proposition 5.14 respectively; not independent evidence. The con-
verse finite implication is not asserted: subtracting 1/2 can double a denominator, so
the 𝑄1 exclusion for 𝑇 alone need not recover the full 𝑄0 exclusion for 𝑆.
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5.5 The Möbius-weighted identity
Subtracting 1/2 converts the totient series to aMöbius-weighted squared-Lambert series
without changing rationality.

Proposition 5.14 (Möbius-square reduction).

𝑆 = ∑
𝑛≥1

𝜑(𝑛)
2𝑛 = 1

2 + ∑
𝑑≥1

𝜇(𝑑)
(2𝑑 − 1)2 ,

where 𝜇 is the Möbius function, so 𝜇(𝑑) ∈ {−1, 0, 1} for every 𝑑. Consequently Erdős
#249 ⟺ 𝑇 ∶= ∑𝑑≥1 𝜇(𝑑)/(2𝑑 − 1)2 ∉ ℚ, since adding a rational number does not change
irrationality.

Remark 5.15 (Why the bounded coefficientsmatter; the Erdős-1948 regime). The identity
of Proposition 5.14 rewrites 𝑆 (equivalently 𝑇) as a Lambert-type series with squared
denominators and bounded Möbius weights. To see the constant 1/2 directly, expand

∑
𝑑≥1

𝜇(𝑑)
2𝑑 − 1

= ∑
𝑛≥1

∑𝑑∣𝑛 𝜇(𝑑)
2𝑛 = 1

2.

Combining this identity with 𝜑 = 𝜇 ∗ Id and 2𝑑 = (2𝑑 − 1) + 1 proves the formula
for 𝑇; absolute convergence justifies the rearrangements. Thus the corresponding first-
power sum 𝐿(𝜇) ∶= ∑𝑑 𝜇(𝑑)/(2𝑑 − 1) is rational, whereas 𝐿(1) = ∑𝑑≥1 1/(2𝑑 − 1) = 𝐸
is the Erdős–Borwein constant. Erdős proved its irrationality in 1948 [11], and it is also
proved in Lean (LEAN SOURCE).

In contrast, the coefficients of the original power series satisfy 0 ≤ 𝜑(𝑛) ≤ 𝑛 and
are unbounded. Bounded Möbius weights do not make the new denominators powers
of a fixed base, so they do not turn this representation into a bounded-digit expansion.
The function 𝜑 has average order 6𝑛/𝜋2, equivalently ∑𝑘≤𝑥 𝜑(𝑘) ∼ 3𝑥2/𝜋2, but there is
no pointwise estimate 𝜑(𝑛) = Θ(𝑛). The near-integer irrationality criterion (formalised
generically as LEAN SOURCE and its base-power specialisation LEAN SOURCE) applies to
either representation if its nonzero approximation errors can be established. Bounded-
ness of the coefficients does not itself establish those errors. Erdős’s 1948 argument is
itself a proof for the specific Lambert series: it chooses arguments by a system of congru-
ences so that the divisor counts along a block are divisible by increasing powers of the
base, and a tail bound then forces a long run of zero digits [11, pp. 63–66]. Boundedness
of a signed weight supplies none of that divisibility input.

The rational identity 𝐿(𝜇) = 1/2 is already a warning: bounded signed coefficients
alone do not imply irrationality. The later denominator calculations retain the Möbius
terms whose indices do not divide the chosen LCM; those terms cannot be discarded
when transferring an estimate.

5.6 A general squared-Lambert identity
The same geometric summation applies to any weight with the stated linear bound.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L8335
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L6120
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L6149
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Proposition 5.16 (The squared-Lambert identity). For 𝑤 ∶ ℕ → ℝ with |𝑤(𝑑)| ≤ 𝑑 for all
𝑑 > 0, and 0 ≤ 𝑟 < 1:

∑
𝑑≥1

𝑤(𝑑) ⎛⎜
⎝

𝑟𝑑

1 − 𝑟𝑑
⎞⎟
⎠

2

= ∑
𝑛≥1

⎛⎜⎜
⎝

∑
𝑒∣𝑛

𝑤(𝑒)(𝑛
𝑒 − 1)⎞⎟⎟

⎠
𝑟𝑛.

The identity follows by expanding 𝑟𝑑/(1 − 𝑟𝑑) as a geometric series and interchanging
absolutely convergent sums. It is the squared analogue of the classical divisor-sumLam-
bert identity ∑𝑛 𝑎𝑛𝑞𝑛/(1 − 𝑞𝑛) = ∑𝑚(∑𝑑∣𝑚 𝑎𝑑)𝑞𝑚 [16, (1), p. 2].

At 𝑟 = 1/2, the choices 𝑤 = 1 and 𝑤 = 𝜑 give the following two identities. They help
distinguish the role of the weight from that of the squared denominator.

Proposition 5.17 (The divisor-sum identity).

∑
𝑑≥1

1
(2𝑑 − 1)2 = ∑

𝑛≥1

𝜎(𝑛) − 𝜏(𝑛)
2𝑛 = 𝜁𝑞(2) − 𝜁𝑞(1) at 𝑞 = 1

2 ,

where 𝜎 is the sum-of-divisors function and 𝜏 the number-of-divisors function. The identity
is machine-checked. With 𝜁𝑞(𝑠) = ∑𝑛≥1 𝑛𝑠−1𝑞𝑛/(1 − 𝑞𝑛), Postelmans and Van Assche prove
that 1, 𝜁𝑞(1), 𝜁𝑞(2) are linearly independent over ℚ for 𝑞 = 1/𝑝 with an integer 𝑝 ≥ 2 [12,
Theorem 1.3, p. 3]; at 𝑞 = 1

2 this gives the irrationality of the value 𝜁𝑞(2)−𝜁𝑞(1). Two irrational
numbers can have a rational difference, so the separate irrationality of the two values would not
suffice.
The Lean proof of the irrationality assertion assumes the linear independence theorem of Postel-
mans and Van Assche quoted above; the displayed identity is proved without it.

Proposition 5.18 (The gcd-moment identity).

∑
𝑑≥1

𝜑(𝑑)
(2𝑑 − 1)2 = ∑

𝑛≥1
(𝑃(𝑛) − 𝑛) ⋅ 2−𝑛 = 𝔼[gcd(𝑋, 𝑌)],

where 𝑃(𝑛) ∶= ∑𝑒∣𝑛 𝜑(𝑒) ⋅ (𝑛/𝑒) = (𝜑 ∗ Id)(𝑛) is Pillai’s gcd-sum function 𝑃(𝑛) =
∑𝑘≤𝑛 gcd(𝑘, 𝑛) [15, §1, (1)–(2)] and𝑋, 𝑌 are the independent fair-coin waiting times of Propo-
sition 5.9. The identity itself is machine-checked; irrationality of 𝔼[gcd(𝑋, 𝑌)] is not proved
here. This is a different series from 𝑆.
Remark 5.19 (Related series). Writing 𝐿(𝑓 ) ∶= ∑𝑑 𝑓 (𝑑)/(2𝑑 − 1) and 𝐿2(𝑓 ) ∶=
∑𝑑 𝑓 (𝑑)/(2𝑑 − 1)2, the preceding identities give 𝐿(𝜇) = 1

2 (rational), 𝐿(1) = 𝐸
(Erdős–Borwein, irrational), 𝐿(𝜑) = 2 (rational); 𝐿2(𝜇) = 𝑆 − 1

2 (irrationality open;
this is #249), 𝐿2(1) = 𝜁𝑞(2) − 𝜁𝑞(1) (irrational by the cited theorem, Proposition 5.17),
𝐿2(𝜑) = 𝔼[gcd(𝑋, 𝑌)] (irrationality open, Proposition 5.18). These examples showwhy
the denominator shape alone does not determine irrationality: changing the weight can
produce either rational or irrational values.

5.7 Diagonal certificates through scale 82
Each row is a finite instance of Definition 1.2, with a link to the computation produc-
ing its witness. The aggregate result covers every integer scale 𝑡 ≤ 82. It contains no
assertion at 𝑡 = 83 or at arbitrarily large scales.
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Definition of the finite residue test For ℎ, 𝑁, 𝐿 ∶ ℕ, recall the truncated difference
𝐷(ℎ, 𝑁, 𝐿) ∶= ∑𝑗<𝐿(𝜑(𝑁 + ℎ + 1 + 𝑗) − 𝜑(𝑁 + 1 + 𝑗)) ⋅ 2𝐿−1−𝑗 ∈ ℤ (LEAN SOURCE), and

𝒞(ℎ, 𝑁, 𝐿) ∶≡ (𝑁 + ℎ + 𝐿 + 2) < 𝐷(ℎ, 𝑁, 𝐿) mod 2𝐿 < 2𝐿 − (𝑁 + ℎ + 𝐿 + 2),

(LEAN SOURCE; a decidable condition). By completeness (LEAN SOURCE),

(∃𝐿, 𝒞(ℎ, 𝑁, 𝐿)) ⟺ 𝑅𝑁+ℎ − 𝑅𝑁 ∉ ℤ

for every ℎ, 𝑁. Requiring such certificates beyond every basepoint threshold for each
fixed positive ℎ is precisely Sep and is equivalent to 𝑆 ∉ ℚ. The table records finite in-
stances, indexed either by (ℎ, 𝑁, 𝐿) or by 𝑡; it does not establish that quantified condition.

Computation Exact statement of what was checked Lean source
Fixed-window
example, depth 16

𝒞(ℎ, 12, 16) holds for every ℎ ∈ {1, … , 8} (by
direct evaluation, 256 evaluations with totient
arguments below 37); consequently 𝑆 ≠ 𝑟 for
every 𝑟 ∈ ℚ whose reduced denominator
divides 212(2ℎ − 1) for some 1 ≤ ℎ ≤ 8.

LEAN SOURCE LEAN
SOURCE

Fixed-window
example, depth 9,
wider net

𝒞(ℎ, 14, 9) holds for every ℎ ∈ {1, … , 16}:
𝑆 ≠ 𝑟 for every 𝑟 ∈ ℚ whose reduced
denominator divides 214(2ℎ − 1) for some
1 ≤ ℎ ≤ 16.

LEAN SOURCE

Diagonal
certificates, 12
base scales

𝒞(𝐻𝑡, 𝐻𝑡, 𝐿𝑡), 𝐻𝑡 ∶= lcm(1, … , 𝑡), holds (by
explicit evaluation of the totient values, via
factored prime-power blocks with
Lucas-primality certificates) for
𝑡 ∈ {1, 2, 3, 4, 5, 7, 8, 9, 11, 13, 16, 17} with
certificate depths
𝐿𝑡 ∈ {6, 5, 7, 7, 9, 14, 15, 14, 21, 22, 23, 26}
respectively (in the same order).

LEAN SOURCE LEAN
SOURCE LEAN SOURCE

Diagonal
certificates, further
scales through
𝑡 = 64

The same predicate 𝒞(𝐻𝑡, 𝐻𝑡, 𝐿𝑡) is
additionally checked, one Lean file per scale,
at 𝑡 ∈ {19, 23, 25, 27, 29, 31, 32, 37, 41, 43, 47, 49,
53, 59, 61, 64} (16 further explicit values).
Together with the base 12 scales above this is
28 explicit values of 𝑡 in total, the complete
list being {1, 2, 3, 4, 5, 7, 8, 9, 11, 13, 16, 17, 19,
23, 25, 27, 29, 31, 32, 37, 41, 43, 47, 49, 53, 59, 61,
64}. This does not establish 𝒞(𝐻𝑡, 𝐻𝑡, ⋅) for
infinitely many 𝑡; these 28 examples are a
historical strict subset of the contiguous band
in the next row.

One Lean file per
scale; endpoint LEAN
SOURCE

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L66
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L72
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/LcmConeFlatness.lean#L316
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L404
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L416
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L416
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L18890
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DiagonalPincerCertificates.lean#L2870
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DiagonalPincerCertificates.lean#L2852
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DiagonalPincerCertificates.lean#L2852
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DiagonalPincerCertificates.lean#L2854
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DiagonalPincerCertificateT64Endpoint.lean#L1928
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DiagonalPincerCertificateT64Endpoint.lean#L1928
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Computation Exact statement of what was checked Lean source
Contiguous
lcm-diagonal band
through 𝑡 ≤ 82

For every natural 𝑡 ≤ 82 there exists a depth 𝐿
with 𝒞(𝐻𝑡, 𝐻𝑡, 𝐿). This closes every scale in
the finite interval, including plateau transfers,
with no holes. The next lcm jump is at the
prime 83; no certificate at 𝑡 = 83 is claimed,
and any such certificate must have depth at
least 125.

LEAN SOURCE LEAN
SOURCE

Farey denominator
bound

Every 𝑞 ∈ ℕ with
0 < 𝑞 ≤ 𝑄0 = 79 639 646 646 701 375 323 355 774 875 831 053
satisfies the window-(𝑁, 𝐾) = (1, 240) gap
certificate; 𝑞 = 𝑄0 + 1 is the exact first failure.

LEAN SOURCE

Coprimality-
probability /
Möbius-square
Farey bound

Every 𝑑 ∈ ℕ with
0 < 𝑑 ≤ 𝑄1 = 39 819 823 323 350 687 661 677 887 437 915 526
(exactly ⌊𝑄0/2⌋) is excluded as a
denominator of Pr(gcd(𝑋, 𝑌) = 1) and,
separately, of 𝑇 = ∑𝑑 𝜇(𝑑)/(2𝑑 − 1)2.

LEAN SOURCE LEAN
SOURCE

Remark 5.20 (Scope of the table). No row above is cofinal in its indexing parameter (ℎ, 𝑡,
or the denominator bound), and no row is claimed to extrapolate. The historical diag-
onal depths are irregular and nonmonotone (6, 5, 7, 7, 9, 14, 15, 14, 21, 22, 23, 26, … ); no
closed-form growth rate for 𝐿𝑡 is proved or conjectured in the record. This table records
the historical 28-scale list through 𝑡 = 64; the later aggregate theorem for every 𝑡 ≤ 82
is stated above and is not itemised row by row here. Neither finite record supplies the
quantified condition of Definition 1.2.

6 Detailed statements
The following statements give the exact hypotheses of the preceding arguments. We be-
ginwith unconditional identities, rank bounds and finite computations, then pass to the
residue and approximation conditions. A Lean declaration proving a conditional impli-
cation retains that condition as a hypothesis; it does not supply the missing estimate for
𝜑.

6.1 Unconditional structure and finite examples
The rank formulas hold at every stated level. The residue tests and Farey interval be-
low instead give conclusions on specified finite sets of shifts, scales or denominators.
This distinction matters when applying the later conditions, which require witnesses at
unbounded indices.

Theorem 6.1 (Rationality gives an eventual tail period). If 𝑆 = 𝑎/(2𝑐𝑣)with 𝑎 ∈ ℤ, 𝑐 ∈ ℕ
and 𝑣 a positive odd integer, then

𝑅𝑁+ℎ − 𝑅𝑁 ∈ ℤ (𝑁 ≥ 𝑐), ℎ = 𝜑(𝑣) > 0.

Euler’s theorem gives 𝑣 ∣ 2ℎ −1, and the prefix-tail identity then makes 2𝑁(2ℎ −1)𝑆 integral.
Thus rationality supplies a positive shift for which all sufficiently late tail differences are integral.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/ErdosProblems/Skip/LadderT67.lean#L71264
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/ErdosProblems/Skip/LadderT67.lean#L71294
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/ErdosProblems/Skip/LadderT67.lean#L71294
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GapFareyBound.lean#L176
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L18572
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L18487
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L18487
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Theorem 6.2 (Rationality forces unbounded carry rank). If 𝑆 ∈ ℚ, there are an integer
𝑣 > 0 and an integer sequence 𝑢 such that

𝑢(𝑁 + 1) = 2𝑢(𝑁) − 𝑣𝜑(𝑁 + 1), 𝑢(𝑁)/2𝑁 ⟶ 0,

and, for every 𝑒 ≥ 0, the sequences 𝑛 ↦ 𝑢(2𝑗𝑛 + 𝑟) with 1 ≤ 𝑗 ≤ 𝑒 and 0 ≤ 𝑟 < 2𝑗 span a
space of ℚ-dimension at least 2𝑒 − 1.

The recurrence follows from the scaled tails after clearing a hypothetical denominator of 𝑆.
The only growth condition imposed here is the displayed limit 𝑢(𝑁)/2𝑁 → 0; subexponential
growth is not assumed. The rank lower bound is a necessary consequence of rationality and
yields no contradiction by itself. An upper bound using additional properties of the actual totient
coefficients would be needed; the later rational comparison rules out such a bound for arbitrary
rational coefficient series.

Theorem 6.3 (Independence of the retained dyadic sections). For every integer 𝑒 ≥ 0, the
family

𝜑(𝑛), 𝜑(2𝑛), 𝜑(2𝑗𝑛 + 𝑟) (1 ≤ 𝑗 ≤ 𝑒, 0 < 𝑟 < 2𝑗, 𝑟 odd)

is linearly independent over ℚ and has 2𝑒 + 1 members. At 𝑒 = 0 this family still contains
𝜑(2𝑛); it is not the full level-zero truncation, which consists only of 𝜑(𝑛). For 𝑒 ≥ 1 it is the
basis of the full truncated dyadic family.

The proof separates one section at a time: the Chinese remainder theorem forces suitable prime
divisors in the other affine arguments, while Dirichlet’s theorem makes the selected argument
prime. This proves independence, not just the displayed cardinality. In particular, the span of
all dyadic sections is infinite-dimensional; that conclusion alone says nothing about rationality
of their weighted sum.

Proposition 6.4 (Denominator divisibility forces tail integrality). If 𝑆 = 𝑎/𝑞 in lowest
terms with 𝑞 > 0 and 𝑞 ∣ 2𝑁(2ℎ − 1), then 𝑅𝑁+ℎ − 𝑅𝑁 ∈ ℤ. Indeed, the prefix identity
expresses that difference as 2𝑁(2ℎ − 1)𝑆 minus an integer. This is the contradiction used by a
nonintegrality certificate to exclude the rational value 𝑎/𝑞.

The denominator results use the following polynomial, defined for 𝑟 ≥ 1:

𝑃𝑟(𝑋) = ∑
𝑑∣𝑟

𝜇(𝑑) 𝑟
𝑑

𝑟/𝑑−1
∑
𝑗=0

𝑋𝑑𝑗.

For example, 𝑃𝑝(𝑋) = 𝑝(1 + 𝑋 + ⋯ + 𝑋𝑝−1) − 1 when 𝑝 is prime. Thus 𝑃𝑝(2) =
𝑝(2𝑝 − 1) − 1 is coprime to 2𝑝 − 1. For general 𝑟 ≥ 1 and 𝐻 ≥ 1, write

𝑏𝑟 = 𝑃𝑟(2)
2𝑟 − 1, 𝛽𝐻 =

𝑏rad(𝐻)
rad(𝐻), 𝑟𝑡 = rad(𝐻𝑡).

Here rad(𝐻) is the product of the distinct prime factors of 𝐻, and den(𝑥) denotes
the positive reduced denominator of 𝑥 ∈ ℚ. These rational numbers are finite rational
contributions to the Möbius decomposition; no convergence to 𝑆 is asserted for them.
Also put 𝒫𝑡 = {𝑝 prime ∶ 𝑡/2 < 𝑝 ≤ 𝑡}. The hypotheses below specify which factors of
2𝑟𝑡 − 1 remain in the reduced denominator after cancellation.
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Proposition 6.5 (A cyclotomic factor remains after cancellation). If 𝑟 is squarefree, then

gcd(|𝑃𝑟(2)|, |Φ𝑟(2)|) = 1, |Φ𝑟(2)| ∣ den(𝑏𝑟).

Here Φ𝑟 is the 𝑟-th cyclotomic polynomial. Proposition 6.40 gives 𝑃𝑟 ≡ 𝜇(𝑟) (mod Φ𝑟),
and 𝜇(𝑟) = ±1 because 𝑟 is squarefree. This proves that the indicated cyclotomic factor cannot
cancel from 𝑏𝑟.

Proposition 6.6 (Primes in the upper half remain after cancellation). For 𝑡 ≥ 5 the whole
product

∏
𝑝∈𝒫𝑡

(2𝑝 − 1) ∣ den(𝐻𝑡𝛽𝐻𝑡
)

remains after cancellation. More generally, the source gives the same product-divisibility
conclusion for a multiplier coprime to that product; it also supplies a sufficient condition on the
multiplier’s prime factors. For the multiplier 𝐻𝑡/𝑟𝑡, those prime factors are at most 𝑡, and the
LCM result above follows.

The restriction 𝑡 ≥ 5 belongs to the sufficient prime-factor condition, not just to the
LCM example. At 𝑡 = 3, one has 𝑟𝑡 = 6, 𝑏6 = 298/63 and 𝒫3 = {2, 3}. The multiplier 9
has only prime factors at most 3, but den(9𝑏6) = 7 is not divisible by (22 − 1)(23 − 1) =
21. Thus the prime-factor condition alone does not imply survival of the product at
every scale. This is a denominator statement about a finite rational contribution, not a
nonintegrality assertion about a real tail.

Proposition 6.7 (A lower bound for the reduced denominator). For every integer 𝑡 ≥ 5,

2⌊𝑡/2⌋ ≤ ∏
𝑝∈𝒫𝑡

(2𝑝 − 1) ≤ den(𝐻𝑡𝛽𝐻𝑡
).

Bertrand’s postulate supplies a prime in 𝒫𝑡; its factor is at least 2⌊𝑡/2⌋. Proposition 6.6 then
gives the second inequality. The complementary term in the real tail decomposition can still
cancel this rational contribution, so denominator growth alone does not prove irrationality of 𝑆.

Proposition 6.8 (The exact reduced denominator). At every integer scale 𝑡 ≥ 0,

den(𝐻𝑡𝛽𝐻𝑡
) = 2𝑟𝑡 − 1

gcd⎛⎜
⎝

2𝑟𝑡 − 1, 𝐻𝑡
𝑟𝑡

∏ 𝑝∣𝑟𝑡
𝑝 odd prime

(𝑝2 − 1)⎞⎟
⎠

.

The product is 1 when there is no odd prime divisor. This gives the exact cancellation, includ-
ing the multiplier 𝐻𝑡/𝑟𝑡, rather than merely a lower bound for the denominator. For example,
𝐻5 = 60 and 𝑟5 = 30, and the denominator is (230 − 1)/3.

Proposition 6.9 (Nonvanishing of a signed dyadic sum). Let 𝐼 be finite, let 𝑢𝑖 ∈ ℤ and
𝑒𝑖 ∈ ℕ, and suppose that 𝑚 ∈ 𝐼 is the unique index with maximal exponent 𝑒𝑚. If 𝑢𝑚 is odd,
then
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2𝑒𝑚 ∑
𝑖∈𝐼

𝑢𝑖
2𝑒𝑖

= ∑
𝑖∈𝐼

𝑢𝑖2𝑒𝑚−𝑒𝑖 ≡ 1 (mod 2).

Indeed, every summand other than 𝑢𝑚 is even. The sum is therefore nonzero. In the determi-
nant application, the rectangular Cauchy–Binet formula produces such finite signed sums from
truncated moments. The result tests a specified configuration; it does not show that a suitable
maximal-exponent term exists at arbitrarily large scales.

Proposition 6.10 (Small certificates). For each integer 1 ≤ ℎ ≤ 8, the finite test 𝒞(ℎ, 12, 16)
holds. Each discrepancy uses two 16-term windows. Across all eight shifts, only the 24 distinct
totient values at 13 ≤ 𝑛 ≤ 36 are needed, since the windows overlap. The source verifies the
eight integer residue inequalities by exact computation.

Consequently, if 𝑎/𝑏 is a reduced fraction with 𝑏 > 0 and 𝑏 ∣ 212(2ℎ − 1) for at least one
1 ≤ ℎ ≤ 8, then 𝑆 ≠ 𝑎/𝑏. This follows from Propositions 6.18 and 6.4.

Proposition 6.11 (A common certificate for sixteen shifts). For each integer 1 ≤ ℎ ≤
16, one has 𝒞(ℎ, 14, 9). The common basepoint is 14 and the depth is 9; these parameters have
different roles. The two windows for each shift use only the 25 distinct totient values at 15 ≤
𝑛 ≤ 39 across the whole family. Thus 𝑆 ≠ 𝑎/𝑏 for every reduced fraction with 𝑏 > 0 such that
𝑏 ∣ 214(2ℎ − 1) for at least one 1 ≤ ℎ ≤ 16.
The sixteen residue inequalities are a finite computation, checked by exact evaluation.

Proposition 6.12 (Historical diagonal examples and the complete band through 82). Let
𝐻𝑡 = lcm(1, … , 𝑡) and let

𝑃(𝑡) ∶⟺ ∃𝐿, 𝒞(𝐻𝑡, 𝐻𝑡, 𝐿).

The checked certificate table proves 𝑃(𝑡) at 28 explicit indices, ending at 𝑡 = 64. For the
initial indices

𝑡 = 1, 2, 3, 4, 5, 7, 8, 9, 11, 13, 16, 17, … ,

the corresponding depths begin 6, 5, 7, 7, 9, 14, 15, 14, 21, 22, 23, 26, …. Each entry is a finite
kernel computation on explicit totient values. The factorisations use checked prime-power blocks
and Lucas primality certificates. Thus the table proves a finite list of instances of 𝑃(𝑡); it does
not prove that 𝑃(𝑡) holds for infinitely many 𝑡.

The historical 28 examples are now a strict subset of the aggregate theorem ∀𝑡 ≤ 82, 𝑃(𝑡).
That theorem closes the finite interval without holes but supplies neither 𝑃(83) nor a cofinal
family.

6.2 Definitions and elementary identities
The prefix-tail identity and the truncation formula give both directions of the finite
residue test. We then specialise the test to LCM shifts and express it in terms of rational
approximation. Möbius inversion provides the alternative coefficient weights used in
the subsequent estimates.



Erdős #249: the binary totient series 33

6.2.1 Initial implications

Definition 6.13 (The scaled tail). For 𝑁 ∈ ℕ,

𝑅𝑁 = ∑
𝑗≥0

𝜑(𝑁 + 1 + 𝑗)
2𝑗+1 .

The series converges because 𝜑(𝑛) ≤ 𝑛. It is the tail of 𝑆 multiplied by 2𝑁 , not the
fractional part of 2𝑁𝑆; indeed, 𝑅𝑁 need not lie in [0, 1). LEAN SOURCE

Definition 6.14 (The truncated tail difference). For ℎ, 𝑁, 𝐿 ∈ ℕ, define the integer

𝐷(ℎ, 𝑁, 𝐿) =
𝐿−1
∑
𝑗=0

(𝜑(𝑁 + ℎ + 1 + 𝑗) − 𝜑(𝑁 + 1 + 𝑗))2𝐿−1−𝑗.

The sum is empty when 𝐿 = 0. Dividing it by 2𝐿 gives the first 𝐿 terms of 𝑅𝑁+ℎ −
𝑅𝑁 . Computing the finitely many totients therefore determines 𝐷(ℎ, 𝑁, 𝐿) exactly; the
residue inequality below is the decidable condition. LEAN SOURCE

Definition 6.15 (The central-residue inequality). For ℎ, 𝑁, 𝐿 ∈ ℕ, the finite condition
𝒞(ℎ, 𝑁, 𝐿) is

𝑁 + ℎ + 𝐿 + 2 < 𝐷(ℎ, 𝑁, 𝐿) mod 2𝐿 < 2𝐿 − (𝑁 + ℎ + 𝐿 + 2).

It puts the residue outside both endpoint intervals of width 𝑁 + ℎ + 𝐿 + 2. After
division by 2𝐿, the excluded width tends to zero as 𝐿 grows with ℎ, 𝑁 fixed. No analytic
hypothesis is part of this finite test; the separate condition Sep quantifies over such tests.
LEAN SOURCE

Proposition 6.16 (The prefix-tail identity). For every 𝑁 ∈ ℕ,

2𝑁𝑆 = Φ𝑁 + 𝑅𝑁 , Φ𝑁 = ∑
𝑛≤𝑁

𝜑(𝑛)2𝑁−𝑛 ∈ ℤ.

Thus 𝑅𝑁 and 2𝑁𝑆 have the same fractional part. Subtracting the identities at 𝑁 + ℎ and 𝑁
gives the tail-difference congruence used in the irrationality criterion.

Lemma 6.17 (The necessary depth inequality). For ℎ, 𝑁, 𝐿 ∈ ℕ, the condition 𝒞(ℎ, 𝑁, 𝐿)
implies

2(𝑁 + ℎ + 𝐿 + 2) < 2𝐿.

Indeed, its lower residue boundmust be smaller than its upper bound. Thus 𝐿 > 1+log2(𝑁+
ℎ + 𝐿 + 2) whenever a certificate holds. In particular, a fixed depth cannot accommodate un-
bounded 𝑁 + ℎ. This is a necessary depth bound, not an upper bound for finding a certificate.

Proposition 6.18 (A certificate implies nonintegrality). For all ℎ, 𝑁, 𝐿 ∈ ℕ,

𝒞(ℎ, 𝑁, 𝐿) ⟹ 𝑅𝑁+ℎ − 𝑅𝑁 ∉ ℤ.

The scaled truncation error satisfies |2𝐿(𝑅𝑁+ℎ − 𝑅𝑁) − 𝐷(ℎ, 𝑁, 𝐿)| ≤ 𝑁 + ℎ + 𝐿 + 2. If
the tail difference were integral, 𝐷(ℎ, 𝑁, 𝐿) would therefore lie within that distance of a multiple
of 2𝐿, contrary to the two strict residue inequalities.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L57
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L66
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L72
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Theorem 6.19 (Nonintegrality gives a certificate at some depth). For every ℎ, 𝑁 ∈ ℕ,

(∃𝐿 ∈ ℕ, 𝒞(ℎ, 𝑁, 𝐿)) ⟺ 𝑅𝑁+ℎ − 𝑅𝑁 ∉ ℤ.

For the converse to Proposition 6.18, fix a positive distance from the nonintegral tail difference
to the nearest integer. The normalised error (𝑁 + ℎ + 𝐿 + 2)/2𝐿 tends to zero, so a sufficiently
large truncation preserves that distance. This is a pointwise equivalence; irrationality requires
the stated quantifiers over the shift and basepoint.

Definition 6.20 (The least common multiple of the first integers). Put 𝐻(0) = 1 and
𝐻(𝑡 + 1) = lcm(𝐻(𝑡), 𝑡 + 1). Then 𝐻(𝑡) = lcm(1, … , 𝑡), 𝑡 ≤ 𝐻(𝑡), and every positive
integer ℎ ≤ 𝑡 divides 𝐻(𝑡). This is why a single LCM parameter can absorb any fixed
hypothetical period once 𝑡 is large enough. LEAN SOURCE LEAN SOURCE

Proposition 6.21 (The Farey gap lemma). Let 𝑎, 𝑏, 𝑐, 𝑑, 𝑟, 𝑠 ∈ ℤ, with 𝑏, 𝑑 > 0 and 𝑏𝑐−𝑎𝑑 =
1. If

𝑎𝑠 < 𝑟𝑏 and 𝑟𝑑 < 𝑐𝑠,

then 𝑏 + 𝑑 ≤ 𝑠. The two cross-products 𝑟𝑏 − 𝑎𝑠 and 𝑐𝑠 − 𝑟𝑑 are positive integers, and

𝑠 = 𝑑(𝑟𝑏 − 𝑎𝑠) + 𝑏(𝑐𝑠 − 𝑟𝑑) ≥ 𝑑 + 𝑏.

In particular, a rational 𝑟/𝑠 strictly between the Farey neighbours 𝑎/𝑏 and 𝑐/𝑑, with positive
denominator, has denominator at least 𝑏 + 𝑑.

Proposition 6.22 (An irrationality criterion from rational approximations). Let 𝑥 ∈ ℝ
and let 𝑢𝑘 = 𝑝𝑘/𝑞𝑘 ∈ ℚ be in lowest terms, with 𝑞𝑘 > 0. If 𝑢𝑘 ≠ 𝑥 for every sufficiently large
𝑘 and 𝑞𝑘 |𝑥 − 𝑢𝑘 | → 0, then 𝑥 is irrational. Indeed, if 𝑥 = 𝑎/𝑏 with 𝑎 ∈ ℤ and 𝑏 ≥ 1, a nonzero
integer numerator gives 𝑞𝑘 |𝑥 − 𝑢𝑘 | = |𝑎𝑞𝑘 − 𝑏𝑝𝑘 |/𝑏 ≥ 1/𝑏, a contradiction. This elementary
criterion requires both nonvanishing and the scaled error estimate. Convergence 𝑢𝑘 → 𝑥 alone is
insufficient, and the approximants need not be continued-fraction convergents.

Proposition 6.23 (An irrationality criterion from near integers). Let 𝜉 ∈ ℝ. Suppose that
for every integer 𝑞 ≥ 1 there are integers 𝑚, 𝑧 with

0 < |𝑚𝜉 − 𝑧| < 1/𝑞.

Then 𝜉 is irrational: if 𝜉 = 𝑎/𝑏 with 𝑏 ≥ 1, every nonzero such difference is at least 1/𝑏.
Restricting themultiplier to powers𝑚 = 𝑏𝑛

0 of a fixed integer base 𝑏0 ≥ 2 gives a sufficient special
case, not a hypothesis satisfied by every irrational number. The strict lower bound excludes exact
integer hits; the upper bound must be available for arbitrarily large 𝑞.

For a binary example, form a number by concatenating the blocks 10 at square indices 𝑘 ≥
1 and 01 at the other indices. Its binary expansion is not eventually periodic, since the block
sequence has increasingly long gaps between the square indices, so the number is irrational. There
are no three consecutive equal digits. Every fractional part after a binary shift therefore lies in
[1/8, 7/8], and the multiples 2𝑛𝜉 do not approach the integers. This verifies that the restriction
to base powers is genuinely stronger. This example is an ordinary mathematical argument, not
an additional claim about the linked formalisation.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CarrySurvivorExtinction.lean#L515
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/LcmDiagonalReduction.lean#L81
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Proposition 6.24 (A nonsingular evaluation matrix gives independence). Let 𝐼 be a finite
index set and let 𝑓𝑗 ∶ ℕ → ℚ for 𝑗 ∈ 𝐼. If there are evaluation points 𝑛𝑖 ∈ ℕ such that

det(𝑓𝑗(𝑛𝑖))𝑖,𝑗∈𝐼 ≠ 0,

then the family (𝑓𝑗)𝑗∈𝐼 is linearly independent over ℚ. A relation among the functions, eval-
uated at the 𝑛𝑖, gives a vector in the kernel of this nonsingular matrix, so all coefficients vanish.
Finiteness is required to form the displayed determinant. In the totient application the arithmetic
work is to construct these evaluation points; the implication itself is ordinary linear algebra.

Proposition 6.25 (The gap between distinct rational numbers). If 𝑎/𝑏 < 𝑐/𝑑 are reduced
rational numbers with 𝑏, 𝑑 > 0, then

𝑐
𝑑 − 𝑎

𝑏 = 𝑏𝑐 − 𝑎𝑑
𝑏𝑑 ≥ 1

𝑏𝑑 .

The numerator 𝑏𝑐 − 𝑎𝑑 is a positive integer. Thus an upper bound on a positive rational
error gives a lower bound on the product of the reduced denominators. A large denominator
in an unreduced displayed expression need not be the reduced denominator appearing in this
conclusion.

Proposition 6.26 (The Möbius identity for 𝑆). The absolutely convergent series satisfy

𝑆 = ∑
𝑛≥1

𝜑(𝑛)
2𝑛 = ∑

𝑑≥1

𝜇(𝑑)2𝑑

(2𝑑 − 1)2 = 1
2 + ∑

𝑑≥1

𝜇(𝑑)
(2𝑑 − 1)2 .

For the first rearrangement use 𝜑(𝑛) = ∑𝑑∣𝑛 𝜇(𝑑)𝑛/𝑑. For the second use 2𝑑 = (2𝑑 −1)+1
and the classical identity∑𝑑≥1 𝜇(𝑑)/(2𝑑−1) = 1/2. These are identities of values, not transfers
of irrationality from a Lambert series with a different weight.

Corollary 6.27 (An equivalent irrationality question). Subtracting the rational number 1/2
gives

𝑆 ∉ ℚ ⟺ ∑
𝑑≥1

𝜇(𝑑)
(2𝑑 − 1)2 ∉ ℚ.

This is the same irrationality question in a different series representation. The notation 𝐿2(𝜇)
for the right-hand series is introduced in Definition 6.29.

Proposition 6.28 (The squared-Lambert identity). Let 𝑤 ∶ ℕ → ℝ satisfy |𝑤(𝑑)| ≤ 𝑑 for
𝑑 ≥ 1, and let 0 ≤ 𝑟 < 1. Then

∑
𝑑≥1

𝑤(𝑑) ⎛⎜
⎝

𝑟𝑑

1 − 𝑟𝑑
⎞⎟
⎠

2

= ∑
𝑛≥1

⎛⎜⎜
⎝

∑
𝑑∣𝑛

𝑤(𝑑) (𝑛
𝑑 − 1)⎞⎟⎟

⎠
𝑟𝑛.

Expand (𝑥/(1 − 𝑥))2 = ∑𝑗≥1(𝑗 − 1)𝑥𝑗 and group terms by 𝑛 = 𝑑𝑗. Absolute convergence
follows from the bound on 𝑤 and geometric decay. The cases 𝑤 = 𝜇, 𝑤 = 1 and 𝑤 = 𝜑 give the
next three series; the same algebra applies to each, but their arithmetic values differ.
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Definition 6.29 (The squared-Lambert series with weight 𝜇). Put

𝐿2(𝜇) = ∑
𝑑≥1

𝜇(𝑑)
(2𝑑 − 1)2 = 𝑆 − 1

2.

The equality follows from Proposition 6.26 and Proposition 6.28 with 𝑤 = 𝜇. Sub-
tracting 1/2 preserves rationality, so the irrationality of this series is exactly the question
about 𝑆, not a separate easier claim. The formula is credited in §5.4. LEAN SOURCE

Proposition 6.30 (Weight one and divisor sums). ∑′
𝑑∶ℕ+ 1/(2𝑑 − 1)2 = ∑′

𝑛∶ℕ+ (𝜎(𝑛) −
𝜏(𝑛)) ⋅ (1/2)𝑛 = 𝜁𝑞(2) − 𝜁𝑞(1) at 𝑞 = 1/2. The displayed identity is formalised. Irrationality
of its value follows from the cited linear independence result of Postelmans and Van Assche, as
explained in Proposition 5.17; that literature result is not formalised here. Replacing the weight
1 by 𝜇 changes the value to that of Definition 6.29. Observation 6.32 compares the two choices
of weight.
The Lean proof of the irrationality assertion assumes the linear independence theorem of Postel-
mans and Van Assche.

Proposition 6.31 (Totient weight and gcd moments).

′
∑

𝑑∶ℕ+
𝜑(𝑑)/(2𝑑 − 1)2 =

′
∑

𝑛∶ℕ+
(𝑃(𝑛) − 𝑛) ⋅ (1/2)𝑛,

where 𝑃 = 𝜑 ∗ Id (Pillai’s gcd-sum function). It also equals 𝔼[gcd(𝑋, 𝑌)] when 𝑋, 𝑌 are
independent and ℙ(𝑋 = 𝑛) = ℙ(𝑌 = 𝑛) = 2−𝑛 for 𝑛 ≥ 1; see Proposition 5.18. This is a
different weighted series. Its rationality is not settled by the identities proved here.

Observation 6.32 (Comparison of weighted series). For 𝐿(𝑓 ) = ∑𝑑≥1 𝑓 (𝑑)/(2𝑑 − 1), the
three weights give

𝐿(𝜇) = 1
2, 𝐿(1) = 𝐸, 𝐿(𝜑) = 2,

where 𝐸 is the irrational Erdős–Borwein constant. For the squared denominators,
they give

𝐿2(𝜇) = 𝑆 − 1
2, 𝐿2(1) = 𝜁1/2(2) − 𝜁1/2(1), 𝐿2(𝜑) = 𝔼[gcd(𝑋, 𝑌)].

The first equality is Definition 6.29; the second and third are Propositions 6.30
and 6.31. The middle value is irrational by the cited linear independence theorem. The
other two rationality questions are not settled in this record. These examples show that
the choice of weight matters: an identity with the same denominators does not transfer
an irrationality theorem from one weight to another. They do not classify all weighted
Lambert series.

Proposition 6.33 (Theweight of pairs divisible by a fixed integer). Let𝑋, 𝑌 be independent
random variables with ℙ(𝑋 = 𝑛) = ℙ(𝑌 = 𝑛) = 2−𝑛 for 𝑛 ≥ 1. For every 𝑑 ≥ 1,

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/MersenneLambertLadder.lean#L665
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ℙ(𝑑 ∣ 𝑋, 𝑑 ∣ 𝑌) = 1
(2𝑑 − 1)2 .

This follows by multiplying the two geometric sums ∑𝑘≥1 2−𝑑𝑘 = 1/(2𝑑 − 1). It explains
the squared denominator in the preceding Möbius identity.

Proposition 6.34 (The sum over coprime directions). The sum over positive coprime pairs
satisfies

∑
𝑎,𝑏≥1

gcd(𝑎,𝑏)=1

1
2𝑎+𝑏 − 1

= 1.

To see the normalisation, write every pair of positive integers uniquely as (𝑘𝑎, 𝑘𝑏) with
gcd(𝑎, 𝑏) = 1, and sum 2−𝑘(𝑎+𝑏) over 𝑘 ≥ 1. The total is (∑𝑛≥1 2−𝑛)2 = 1. This base-two
normalisation is used in Proposition 6.35.

Proposition 6.35 (A Stern–Brocot recursion with stopping). For positive integers 𝑎, 𝑏, put

𝑀(𝑎, 𝑏) = 1
(2𝑎 − 1)(2𝑏 − 1)

.

Then

𝑀(𝑎, 𝑏) = 1
2𝑎+𝑏 − 1

+ 𝑀(𝑎 + 𝑏, 𝑏) + 𝑀(𝑎, 𝑎 + 𝑏).

Multiplication by the common denominator proves the identity. At the root (1, 1), the three
terms on the right are each 1/3, and 𝑀(1, 1) = 1.

The first term is a mass retained at the current node, not passed to either child. Thus the
probabilistic interpretation is a branching process with stopping: after division by 𝑀(𝑎, 𝑏), the
stopping and two transition probabilities are, respectively,

(2𝑎 − 1)(2𝑏 − 1)
2𝑎+𝑏 − 1

, 2𝑎 − 1
2𝑎+𝑏 − 1

, 2𝑏 − 1
2𝑎+𝑏 − 1

.

They sum to one. The stopping probability is at least 1/3, which gives the next proposition’s
geometric error bound. Also 𝑀(𝑎, 𝑏) = ℙ(𝑎 ∣ 𝑋)ℙ(𝑏 ∣ 𝑌) for the independent geometric
variables used above. The identity does not describe a conservative mass split between the two
children alone.

Proposition 6.36 (Convergence with an explicit error). In the splitting identity of Propo-
sition 6.35, the sum of the two child terms is at most 2/3 of the parent term. If 𝑀𝑑(𝑎, 𝑏) is the
sum of the contributions removed during the first 𝑑 levels, then

|𝑀(𝑎, 𝑏) − 𝑀𝑑(𝑎, 𝑏)| ≤ (2/3)𝑑𝑀(𝑎, 𝑏).

In particular, 𝑀𝑑(𝑎, 𝑏) → 𝑀(𝑎, 𝑏). This convergence statement is separate from identifying
the limit with a sum over any independently defined infinite set of descendants; no additional
identification is asserted here.
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Proposition 6.37 (A numerator polynomial and its coefficients). For squarefree 𝑟 ≥ 1, the
polynomial defined above has coefficients

[𝑋𝑘]𝑃𝑟(𝑋) =
⎧{
⎨{⎩

𝑟
gcd(𝑟, 𝑘)𝜑(gcd(𝑟, 𝑘)), 0 ≤ 𝑘 < 𝑟,

0, 𝑘 ≥ 𝑟.

For 𝑘 < 𝑟, extracting the coefficient gives ∑𝑑∣gcd(𝑟,𝑘) 𝜇(𝑑)𝑟/𝑑; the usual divisor formula for
𝜑 evaluates this sum. All coefficients in the range 0 ≤ 𝑘 < 𝑟 are positive. Thus a signed sum of
geometric polynomials has an explicit positive-coefficient expression. The squarefree hypothesis
is retained as in the cited formal statements.

Proposition 6.38 (Evaluation at two). For squarefree 𝑟 ≥ 1, evaluation of 𝑃𝑟 at two gives the
integer

𝑃𝑟(2) = ∑
𝑑∣𝑟

𝜇(𝑑) 𝑟
𝑑

2𝑟 − 1
2𝑑 − 1

.

Each quotient is an integer because 𝑑 ∣ 𝑟. The formal definition sums over subsets of the
prime divisors of 𝑟; for squarefree 𝑟 these are exactly its divisors. This identifies the polynomial
calculation with the numerator used in 𝑏𝑟.

Proposition 6.39 (Decomposition by the radical). For 𝐻 ≥ 1 and 𝑟 ≥ 1,

𝐻𝛽𝐻 = 𝐻
rad(𝐻)𝑏rad(𝐻), den(𝑏𝑟) = 2𝑟 − 1

gcd(|𝑃𝑟(2)|, 2𝑟 − 1).

The first equality follows from the definition of 𝛽𝐻 ; the second is ordinary reduction of an
integer fraction. Multiplication by 𝐻/ rad(𝐻) can cause further cancellation. No coprimality
assumption is included in either identity.

The constant in Proposition 6.40 is the value of 𝑃𝑟 at a primitive 𝑚-th root of unity. Since
the 𝑋𝑘 coefficient of 𝑃𝑟 depends only on gcd(𝑘, 𝑟), the value is a discrete Fourier coeffi-
cient of a function of the greatest common divisor, which Schramm expresses through
Ramanujan sums [14, Theorem and (2), p. 2]; Proposition 6.40 specialises this to the
present numerator polynomial and proves the integral cyclotomic consequence.

Proposition 6.40 (A cyclotomic congruence). Let 𝑟 be squarefree and 𝑚 ∣ 𝑟. In ℤ[𝑋],

𝑃𝑟(𝑋) ≡ 𝜇(𝑚)𝐽2(𝑟/𝑚) (mod Φ𝑚(𝑋)),

where 𝐽2(𝑛) = 𝑛2 ∏𝑝∣𝑛(1 − 𝑝−2) is the second Jordan totient. Evaluation at two gives

Φ𝑚(2) ∣ 𝑃𝑟(2) − 𝜇(𝑚)𝐽2(𝑟/𝑚).

Proof. To prove the congruence, let 𝜁 be a primitive 𝑚-th root of unity. Since 𝑚 ∣ 𝑟, the
geometric sum in the definition of 𝑃𝑟 is 𝑟/𝑑 when 𝑚 ∣ 𝑑 and zero otherwise. Hence

𝑃𝑟(𝜁) = ∑
𝑑∣𝑟
𝑚∣𝑑

𝜇(𝑑)(𝑟/𝑑)2.
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Write 𝑟 = 𝑚𝑢. Squarefreeness gives gcd(𝑚, 𝑢) = 1, so substituting 𝑑 = 𝑚𝑒 reduces
this to 𝜇(𝑚) ∑𝑒∣𝑢 𝜇(𝑒)(𝑢/𝑒)2 = 𝜇(𝑚)𝐽2(𝑢). The minimal polynomial Φ𝑚 therefore di-
vides the difference in ℚ[𝑋]; because it is monic, polynomial division gives the quotient
in ℤ[𝑋]. Taking 𝑚 = 𝑟 gives the coprimality in Proposition 6.5.

Squarefreeness cannot simply be dropped from this constant formula. For 𝑟 = 4 and
𝑚 = 2, 𝑃4(𝑋) = 2 + 4𝑋 + 2𝑋2 + 4𝑋3, so 𝑃4(−1) = −4, whereas 𝜇(2)𝐽2(2) = −3. Here
𝑃4(2) = 50 and Φ4(2) = 5; the latter factor cancels from 𝑏4 = 50/15 = 10/3. Positive
polynomial coefficients alone therefore do not prevent denominator cancellation.

Proposition 6.41 (Adjoining a prime: new divisors). Let 𝑟 ≥ 1, let 𝑝 ∤ 𝑟 be prime, and let
𝑚 ∣ 𝑟. Then

𝑃𝑟𝑝(𝑋) ≡ −𝑃𝑟(𝑋𝑝) (mod Φ𝑚𝑝(𝑋)).

Proof. Splitting the divisors of 𝑟𝑝 into 𝑑 and 𝑝𝑑, with 𝑑 ∣ 𝑟, gives the exact polynomial
identity

𝑃𝑟𝑝(𝑋) = 𝑝 ⎛⎜⎜
⎝

𝑝−1
∑
𝑗=0

𝑋𝑗𝑟⎞⎟⎟
⎠

𝑃𝑟(𝑋) − 𝑃𝑟(𝑋𝑝).

At a primitive 𝑚𝑝-th root 𝜁 , the number 𝜁 𝑟 is a nontrivial 𝑝-th root, because 𝑚 ∣ 𝑟
and 𝑝 ∤ 𝑟. The geometric factor vanishes, proving the stated congruence. No squarefree
hypothesis on 𝑟 is needed for this identity. If 𝑟 is squarefree, 𝜁𝑝 is a primitive 𝑚-th root,
and Proposition 6.40 gives the constant remainder −𝜇(𝑚)𝐽2(𝑟/𝑚).

Proposition 6.42 (Adjoining a prime: existing divisors). Let 𝑟 be squarefree, let 𝑝 ∤ 𝑟 be
prime, and let 𝑚 ∣ 𝑟. For the existing divisors 𝑚, the corresponding identity is

𝑃𝑟𝑝(𝑋) ≡ (𝑝2 − 1)𝑃𝑟(𝑋) (mod Φ𝑚(𝑋)).

Proof. Apply Proposition 6.40 to both 𝑟 and 𝑟𝑝. Since 𝑝 ∤ 𝑟/𝑚, multiplicativity gives
𝐽2(𝑟𝑝/𝑚) = (𝑝2 − 1)𝐽2(𝑟/𝑚), which proves the identity. The squarefree hypothesis is
retained as in the Lean statement. This compares the remainders at the existing divisors
𝑚; the preceding proposition treats the new divisors 𝑚𝑝.

Proposition 6.43 (Lambert-series identities). For an arithmetic function 𝑓 for which the
sums converge absolutely, write 𝐿(𝑓 ) = ∑𝑛≥1 𝑓 (𝑛)/(2𝑛 − 1). Expanding each geometric series
gives

𝐿(𝑓 ) = ∑
𝑚≥1

(𝑓 ∗ 1)(𝑚)
2𝑚 .

In particular, if 𝛼 = 𝜑 ∗ 𝜇, then 𝛼 ∗ 1 = 𝜑 and 𝐿(𝛼) = 𝑆. The table distinguishes this value
from four other Lambert-series values. The identity changes the coefficients and the form of the
denominator; it does not transfer an irrationality theorem for one weight to another.
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Table 2: Five Lambert-series values and the support for their stated arith-
metic status.

Weight 𝑓 Value 𝐿(𝑓 ) Status

𝜇 𝐿(𝜇) = 1/2 rational, trivial
𝜑 𝐿(𝜑) = 2 rational
Id 𝐿(Id) = ∑𝑚 𝜎(𝑚)/2𝑚 transcendental, since 1 − 24𝐿(Id) is

Ramanujan’s 𝑃(1/2) (Nesterenko [13,
Cor. 2, p. 1320]; the Lean proof takes
his theorem as a hypothesis)

1 𝐿(1) = 𝐸, Erdős–Borwein
constant

irrational (Erdős [11]), also proved
in Lean (LEAN SOURCE)

𝛼 = 𝜑 ∗ 𝜇 𝐿(𝛼) = 𝑆 OPEN; this is #249

Remark 6.44 (How the identities differ). The coefficients matter: a result for the constant
weight 1 does not settle the series with weight 𝛼 = 𝜑 ∗ 𝜇. A theorem expressed in
Lambert-series form applies here only after its assumptions have been checked for that
weight.

The equality between the two indexing conventions for 𝑆 is proved in Lean (LEAN
SOURCE). The table keeps apart a cited theorem, an ordinary identity and a formal dec-
laration.

Proposition 6.45 (An affine combination annihilates the specified divisor terms). Let
𝐻 ≥ 1 and 𝑑 ∣ 𝐻, with 𝑑 > 0. The 𝑑th term in the Möbius expansion of 𝑅𝑚𝐻 is 𝜇(𝑑)𝐾𝑑(𝑚𝐻),
where

𝐾𝑑(𝑚𝐻) = 𝑚𝐻
𝑑(2𝑑 − 1)

+ 2𝑑

(2𝑑 − 1)2 .

This is affine in 𝑚. Consequently, for any finite family of real coefficients 𝑐𝑖 and nonnegative
integers 𝑚𝑖 with ∑𝑖 𝑐𝑖 = ∑𝑖 𝑐𝑖𝑚𝑖 = 0, one has ∑𝑖 𝑐𝑖𝐾𝑑(𝑚𝑖𝐻) = 0.

For the four multipliers (1, 3, 5, 15) and coefficients (4, −3, −2, 1),

𝐾𝑑(15𝐻) − 3𝐾𝑑(3𝐻) − 2𝐾𝑑(5𝐻) + 4𝐾𝑑(𝐻) = 0.

The zeroth and first moments are zero, while the second is 152 − 3 ⋅ 32 − 2 ⋅ 52 + 4 = 152.
Equivalently, 𝑋𝑌 −3𝑋 −2𝑌 +4 takes the values 0, 0, 152 at (1, 1), (3, 5), (9, 25). This explains
the coefficients: they cancel the affine contribution of each divisor of 𝐻, without cancelling a
general quadratic function of the multiplier.

For a finite truncation of depth 𝐿 ≥ 0, write

𝑈 =
𝐿

∑
𝑗=1

(𝜑(15𝐻 + 𝑗) − 3𝜑(3𝐻 + 𝑗) − 2𝜑(5𝐻 + 𝑗) + 4𝜑(𝐻 + 𝑗))2𝐿−𝑗.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L8335
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L18415
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L18415
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The difference between 2𝐿(𝑅15𝐻 − 3𝑅3𝐻 − 2𝑅5𝐻 + 4𝑅𝐻) and 𝑈 has absolute value at most
19𝐻 + 5𝐿 + 5. Indeed, the error equals

(𝑅15𝐻+𝐿 + 4𝑅𝐻+𝐿) − (3𝑅3𝐻+𝐿 + 2𝑅5𝐻+𝐿),

and both parenthesised terms lie between 0 and 19𝐻 + 5𝐿 + 5 by 0 ≤ 𝑅𝑛 ≤ 𝑛 + 1 for 𝑛 ≥ 1.
Thus

19𝐻 + 5𝐿 + 5 < 𝑈 mod 2𝐿 < 2𝐿 − (19𝐻 + 5𝐿 + 5)

is sufficient for this four-tail combination to be nonintegral. The bound is derived from these
tail enclosures; no optimality for the actual totient tails is asserted. Obtaining such certificates at
the required unbounded family of LCM heights remains unproved, as in Theorems 6.60 and 6.52.

Proposition 6.46 (The error under composite dilation). For𝐴 ⊆ ℕ and 𝑛 ≥ 1, let 𝑑𝐴(𝑛) =
#{𝑑 ≥ 1 ∶ 𝑑 ∣ 𝑛, 𝑑 ∈ 𝐴}. If 𝑎 ∈ 𝐴 and 𝑎, 𝑥 ≥ 1, then

𝑑𝐴(𝑎𝑥) = 𝑑𝐴(𝑥) + 1𝑎∤𝑥 + #{𝑑 ∣ 𝑎𝑥 ∶ 𝑑 ∈ 𝐴, 𝑑 ∤ 𝑥, 𝑑 ≠ 𝑎}.

Indeed, partition the divisors of 𝑎𝑥 into those already dividing 𝑥, the possible new divisor 𝑎,
and all other new divisors. If every element of 𝐴 is prime, the last set is empty, since a prime
dividing 𝑎𝑥 but not 𝑥 must equal the prime 𝑎. For composite 𝑎 it can be nonempty: at 𝐴 = ℕ,
𝑎 = 6, 𝑥 = 1, the other new divisors are 2 and 3.

This is an unweighted counting identity. The associated Lambert series satisfies

∑
𝑎∈𝐴
𝑎≥1

1
2𝑎 − 1 = ∑

𝑛≥1

𝑑𝐴(𝑛)
2𝑛 .

For the totient series the required divisor-convolution weight is instead 𝛼 = 𝜑 ∗ 𝜇, since
𝛼 ∗ 1 = 𝜑, as in Proposition 6.43. Weighting all divisors by 𝜑 would give ∑𝑑∣𝑛 𝜑(𝑑) = 𝑛, not
𝜑(𝑛); already at 𝑛 = 2 these values are 2 and 1. A weighted version must retain the weights of
the new divisors, so it cannot be obtained by substituting 𝐴 = ℕ in this unweighted formula.
Also 𝛼(𝑝) = 𝑝 − 2 for primes 𝑝, so 𝛼 is unbounded and is not a periodic weight.

Iterated prime dilations of divisor counts. Multiplying an argument by a new prime
adds exactly one new family of divisors. For the divisor count 𝑑𝐴 above and 𝑛 ≥ 1, put
Δ𝑝𝑓 (𝑛) = 𝑓 (𝑝𝑛) − 𝑓 (𝑛). If 𝑝1, … , 𝑝𝑟 are distinct primes, 𝑃 = 𝑝1 ⋯ 𝑝𝑟 and gcd(𝑛, 𝑃) = 1,
then

Δ𝑝1
⋯ Δ𝑝𝑟

𝑑𝐴(𝑛) = #{𝑑 ∣ 𝑛 ∶ 𝑃𝑑 ∈ 𝐴}.

For one prime, the divisors of 𝑝𝑛 not dividing 𝑛 are exactly 𝑝𝑑 with 𝑑 ∣ 𝑛, because 𝑝 ∤ 𝑛.
Iteration gives the displayed identity: distinctness ensures that each new prime is co-
prime to the arguments produced at the earlier steps. Equivalently, inclusion–exclusion
cancels every divisor not containing all the new prime factors.

Let Ω(𝑎) count the prime factors of 𝑎 ≥ 1 with multiplicity, and let 𝐾 ≥ 0 be an
integer. If Ω(𝑎) ≤ 𝐾 for every positive 𝑎 ∈ 𝐴 and 𝑟 > 𝐾, the set on the right is empty,
since Ω(𝑃𝑑) = 𝑟 + Ω(𝑑) > 𝐾. This proves the stated vanishing with all its hypotheses.



Erdős #249: the binary totient series 42

LEAN SOURCE The source also proves vanishing of the right-hand divisor count for a list
with repeated primes. That is a statement about the condition 𝑃𝑑 ∈ 𝐴, not an identity
with repeated dilation differences.

For example, with 𝐴 = {2} and 𝑛 = 1,

Δ2
2𝑑𝐴(1) = 𝑑𝐴(4) − 2𝑑𝐴(2) + 𝑑𝐴(1) = −1, #{𝑑 ∣ 1 ∶ 4𝑑 ∈ 𝐴} = 0.

Thus the bound Ω(𝑎) ≤ 1 and two prime factors do not by themselves make the
repeated difference vanish. The strict inequality 𝑟 > 𝐾 is also material: Δ2𝑑{2}(1) = 1
when 𝑟 = 𝐾 = 1. Finally, at 𝑛 = 2 the one-prime identity without the coprimality
hypothesis would give Δ2𝑑{2}(2) = 0 on the left and #{𝑑 ∣ 2 ∶ 2𝑑 ∈ {2}} = 1 on the
right. This last example concerns the identity, not the necessity of coprimality for every
possible vanishing theorem. These divisor counts belong to the unweighted support
problem; they are not the totient coefficients.

6.2.2 Equivalent quantified certificate conditions

Completeness identifies the base residue condition and the LCM-diagonal condition
with irrationality. The following statements spell out the quantifiers and the implica-
tions between them. The existence of the required certificates beyond every threshold
remains unproved.

Theorem 6.47 (The quantified certificate condition is equivalent to irrationality). (∀ℎ ∶
ℕ, 0 < ℎ → ∀𝑁0 ∶ ℕ, ∃𝑁 ≥ 𝑁0, ∃𝐿, 𝒞(ℎ, 𝑁, 𝐿)) ↔ 𝑆 ∉ ℚ. The quantified-condition side
is exactly 𝒞(ℎ, 𝑁, 𝐿) quantified as ∀ℎ ≥ 1 ∀𝑁0 ≥ 0 ∃𝑁 ≥ 𝑁0 ∃𝐿. The universally quantified
assertion remains unproved. The equivalence identifies the finite witnesses that suffice; it does
not establish their existence beyond every threshold.

Theorem 6.48 (It suffices to use multiples of a period). (∀ℎ0 > 0, ∀𝑁0, ∃𝑚 > 0, ∃𝑁 ≥
𝑁0, ∃𝐿, 𝒞(𝑚 ⋅ ℎ0, 𝑁, 𝐿)) → 𝑆 ∉ ℚ. The shift may be any positive multiple of a prescribed
period. This enlarges the choice of finite witness: Theorem 6.47 gives the condition with 𝑚 = 1.
Conversely, rationality would make all such tail differences integral after a fixed starting index.
The displayed implication therefore makes this quantified condition equivalent to irrationality;
its truth remains unproved.

Theorem 6.49 (The diagonal condition is equivalent to irrationality). (∀𝑡0 ∶ ℕ, ∃𝑡 ≥
𝑡0, ∃𝐿, 𝒞(𝐻(𝑡), 𝐻(𝑡), 𝐿)) ↔ 𝑆 ∉ ℚ. For a fixed hypothetical rational value, sufficiently large
𝑡 makes both its dyadic denominator and its odd-part period admissible at 𝑁 = ℎ = 𝐻(𝑡).
Conversely, irrationality and pointwise completeness supply a witness for every prescribed 𝑡.
This is an equivalent condition with one scale parameter; the verified cases 𝑡 ≤ 82 do not establish
it at arbitrarily large scales.

Lemma 6.50 (Nondivisors in a short LCM window). Let 𝑡 ≥ 1 and 1 ≤ 𝑗 < 2𝑡 be integers.
If 𝑗 ∤ 𝐻(𝑡), then 𝑗 = 𝑝𝑎 > 𝑡 for a prime 𝑝 and an integer 𝑎 ≥ 1. Indeed, a prime-power divisor
of 𝑗 must exceed 𝑡, and 𝑗 < 2𝑡 leaves no room for a cofactor larger than 1. This classifies the
exceptional offsets in this short window; it does not bound their contribution to a weighted sum
of totient differences.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/SupportDilationDifferences.lean#L250
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Proposition 6.51 (Totient factorisation on an LCM progression). Let 𝑡 ≥ 1, 𝑗 ≥ 1 and
𝑞 ≥ 0 be integers. Suppose 𝑗 ∣ 𝐻(𝑡) and every prime divisor of 𝑗 also divides 𝐻(𝑡)/𝑗. Then

𝜑(𝑞𝐻(𝑡) + 𝑗) = 𝜑(𝑗) 𝜑(𝑞(𝐻(𝑡)/𝑗) + 1).

The two factors in 𝑞𝐻(𝑡) + 𝑗 = 𝑗(𝑞(𝐻(𝑡)/𝑗) + 1) are coprime: the second is 1 modulo each
prime dividing 𝑗. Totient multiplicativity gives the identity. The extra prime-divisor hypothesis
is not automatic from 𝑗 ∣ 𝐻(𝑡); for example, it fails at 𝑡 = 𝑗 = 2, where 𝜑(𝐻(2) + 2) = 2 but the
proposed product would be 1.

Theorem 6.52 (Rationality forces tail integrality on an LCM grid). If 𝑆 ∈ ℚ, there is
𝑡1 ∈ ℕ such that for all 𝑡 ≥ 𝑡1, 𝑞 ≥ 1 and 𝑚 ≥ 0,

𝑅(𝑞+𝑚)𝐻(𝑡) − 𝑅𝑞𝐻(𝑡) ∈ ℤ.

Thus all tails at positive multiples of 𝐻(𝑡) have the same fractional part once 𝑡 ≥ 𝑡1. A cer-
tificate at one fixed scale does not refute rationality: the threshold 𝑡1 depends on the hypothetical
rational value. At a shift 𝑚𝐻(𝑡) > 0 and basepoint 𝑞𝐻(𝑡), such a certificate excludes rational
values whose reduced denominator divides 2𝑞𝐻(𝑡)(2𝑚𝐻(𝑡) − 1). Certificates at arbitrarily large
scales, as required in Theorem 6.53, exclude every hypothetical rational value.

Theorem 6.53 (A sufficient nonintegrality condition on the grid). Suppose that for every
𝑡0 ∈ ℕ there are integers 𝑡 ≥ 𝑡0, 𝑞 ≥ 1, 𝑚 ≥ 0 and 𝐿 ≥ 0 such that

𝒞(𝑚𝐻𝑡, 𝑞𝐻𝑡, 𝐿).

Then 𝑆 ∉ ℚ. Rationality would make the corresponding tail difference integral at every
sufficiently large scale, contradicting Proposition 6.18. A successful certificate necessarily has
𝑚 > 0, since the discrepancy vanishes at shift zero.

The diagonal choice is 𝑞 = 𝑚 = 1; consecutive grid points have 𝑚 = 1, and for 𝑝 ≥ 2
the pair (𝐻𝑡, 𝑝𝐻𝑡) has (𝑞, 𝑚) = (1, 𝑝 − 1). The diagonal equivalence in Theorem 6.49 also
gives the converse from irrationality to the displayed quantified condition; that condition remains
unproved.

Corollary 6.54 (Equivalent conditions stated without certificates). The series 𝑆 is irra-
tional if and only if

𝑅2𝐻𝑡
− 𝑅𝐻𝑡

∉ ℤ for arbitrarily large integers 𝑡.

Equivalently, for arbitrarily large 𝑡 there are integers 𝑞 ≥ 1 and 𝑚 ≥ 1 with 𝑅(𝑞+𝑚)𝐻𝑡
−

𝑅𝑞𝐻𝑡
∉ ℤ. Apply the pointwise equivalence of Theorem 6.19 to Theorems 6.49 and 6.53, respec-

tively. These are equivalent statements of the irrationality question; the required unbounded sets
of scales are not established.

Proposition 6.55 (Soundness of a second-difference certificate). Let ℎ, 𝑁, 𝐿 ∈ ℕ. If

2(𝑁 + 2ℎ + 𝐿 + 2) < (𝐷(ℎ, 𝑁 + ℎ, 𝐿) − 𝐷(ℎ, 𝑁, 𝐿)) mod 2𝐿

< 2𝐿 − 2(𝑁 + 2ℎ + 𝐿 + 2),
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then𝑅𝑁+2ℎ−2𝑅𝑁+ℎ+𝑅𝑁 ∉ ℤ. The numerator is the second difference of the finite windows.
Subtracting the two tail identities leaves an error of absolute value at most 2(𝑁 + 2ℎ + 𝐿 + 2),
which explains the radius in the hypothesis. At (ℎ, 𝑁) = (1, 8), the first-difference test holds
at depth 8, whereas the second-difference test fails at every depth 𝐿 ≤ 8 and holds at 𝐿 = 9. A
historical probe over 𝑡 ≤ 20 reported that the first-difference test was at least as shallow in 30 of
40 sampled cases. This finite comparison is not a uniform ordering of the depths.

For 𝐻, 𝐿 ∈ ℕ and a finite set 𝑄 of multipliers, put

𝐴𝑞 =
𝐿

∑
𝑗=1

𝜑(𝑞𝐻 + 𝑗)2𝐿−𝑗, 𝐵𝑞 = 𝑞𝐻 + 𝐿 + 2 (𝑞 ∈ 𝑄).

The finite-grid test compares these integer numerators modulo 2𝐿.

Theorem 6.56 (A finite-grid condition gives a nonintegral pair). Let 𝑄 ⊆ ℕ>0 be finite
and nonempty. Suppose that 𝐵𝑞 < 2𝐿 for every 𝑞 ∈ 𝑄 and that

∀𝑞𝑖 ∈ 𝑄 ∃𝑞𝑗 ∈ 𝑄, 𝐵𝑞𝑗
< (𝐴𝑞𝑖

− 𝐴𝑞𝑗
) mod 2𝐿.

Then 𝑅𝑞𝑗𝐻 − 𝑅𝑞𝑖𝐻 ∉ ℤ for some 𝑞𝑖, 𝑞𝑗 ∈ 𝑄.

Proof. The tail identity and its elementary bound give

2𝐿𝑅𝑞𝐻 = 𝐴𝑞 + 𝑅𝑞𝐻+𝐿, 0 ≤ 𝑅𝑞𝐻+𝐿 ≤ 𝐵𝑞.

Suppose all pairwise tail differences are integers. Choose 𝑞∗ ∈ 𝑄 minimising 𝑅𝑞𝐻+𝐿.
For every 𝑞 ∈ 𝑄, the difference 𝑅𝑞𝐻+𝐿 −𝑅𝑞∗𝐻+𝐿 is then an integer in [0, 𝐵𝑞], congruent to
𝐴𝑞∗

− 𝐴𝑞 modulo 2𝐿. Since 𝐵𝑞 < 2𝐿, it is the least nonnegative residue. This contradicts
the displayed condition at 𝑞∗.

For example, take 𝐻 = 840, 𝐿 = 12 and 𝑄 = {1, 2, 3, 4}. The following exact values
verify one failed arc containment in each row:

𝑞𝑖 𝐴𝑞𝑖
mod 4096 𝐵𝑞𝑖

𝑞𝑗 (𝐴𝑞𝑖
− 𝐴𝑞𝑗

) mod 4096

1 2920 854 3 3484
2 2024 1694 1 3200
3 3532 2534 4 3832
4 3796 3374 1 876

The last column exceeds 𝐵𝑞𝑗
, not necessarily 𝐵𝑞𝑖

. On the circle ℝ/4096ℤ, every two arcs
[𝐴𝑞, 𝐴𝑞 + 𝐵𝑞] intersect, but the four arcs have no common point. Thus a test using all
four points can exclude a common fractional part without any pair of these arcs being
disjoint. The theorem does not require pairwise compatibility, or require |𝑄| ≥ 3.

The size hypothesis is 2𝐿 > max𝑞∈𝑄 𝐵𝑞. In contrast, the symmetric test 𝒞 for a pair
𝑞𝑖 < 𝑞𝑗 needs 2𝐿 > 2𝐵𝑞𝑗

before its two-sided interval can contain a residue. These are
inequalities for the modulus 2𝐿. They do not say that the new test uses half as many
binary digits, or give a uniform comparison of the first depths at which the tests succeed.
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Theorem 6.57 (A sufficient quantified finite-grid condition). Suppose that for every 𝑡0
there are 𝑡 ≥ 𝑡0, a depth 𝐿, and a finite nonempty 𝑄 ⊆ ℕ>0 such that, with 𝐻 = 𝐻𝑡, all
the hypotheses of Theorem 6.56 hold. Then 𝑆 ∉ ℚ. Indeed, rationality would make all tail
differences on every sufficiently large LCM grid integral, whereas the finite-grid theorem supplies
a nonintegral pair on such a grid. The example above verifies one grid; it does not establish the
quantified hypothesis.

Proposition 6.58 (A finite carry test implies nonintegrality). For each integer 𝑧 with |𝑧| ≤
𝑁 + ℎ + 1, define

𝑐𝑧(0) = 𝑧, 𝑐𝑧(𝑖 + 1) = 2𝑐𝑧(𝑖) − (𝜑(𝑁 + ℎ + 𝑖 + 1) − 𝜑(𝑁 + 𝑖 + 1)).

Suppose that for every such 𝑧 there is an 𝑖 ≤ 𝐾 with

|𝑐𝑧(𝑖)| ≥ 𝑁 + 𝑖 + ℎ + 2.

Then 𝑅𝑁+ℎ − 𝑅𝑁 ∉ ℤ. Indeed, an integral value of the tail difference would be one of the
2(𝑁 + ℎ + 1) + 1 initial candidates. Its recurrence would satisfy 𝑐𝑧(𝑖) = 𝑅𝑁+ℎ+𝑖 − 𝑅𝑁+𝑖 and
hence |𝑐𝑧(𝑖)| < 𝑁 + 𝑖 + ℎ + 2 at every step, contrary to the finite test. The excluded strip is
open: equality at its boundary already suffices. This proposition proves soundness for a specified
ℎ, 𝑁, 𝐾; an irrationality argument still needs the quantified family of tests.

Theorem 6.59 (The block norm condition implies irrationality). Suppose that for every
integer ℎ ≥ 1 and every threshold 𝑋0 ∈ ℕ there are 𝑋, 𝐿 ∈ ℕ with

𝑋 ≥ max(𝑋0, 1), 16(2𝑋 + ℎ + 𝐿 + 2) ≤ 2𝐿,

and

∥∥∥∥
∑

𝑋≤𝑁<2𝑋
𝐸(ℎ, 𝑁, 𝐿)

∥∥∥∥
≤ 21

25𝑋.

Then 𝑆 ∉ ℚ. Indeed, the norm bound implies the real-part bound Re∑ 𝐸(ℎ, 𝑁, 𝐿) ≤
(9/10)𝑋. Under the displayed size condition, this latter bound already gives a finite residue
certificate, by cos(𝜋/8) > 9/10 and averaging. The argument uses this specific numerical gap;
an unspecified saving below 𝑋 is not the stated hypothesis.
The hypothesis, the block norm condition of Definition 3.1, is unproved.

Theorem 6.60 (A four-tail residue criterion). For nonnegative integers 𝐻, 𝑝, 𝐿, define the
four-tail combination, its finite numerator and its error bound by

𝐽(𝐻, 𝑝) = 𝑅2𝑝𝐻 − 𝑅𝑝𝐻 − 𝑝𝑅2𝐻 + 𝑝𝑅𝐻 ,
𝑊(𝐻, 𝑝, 𝐿) = 𝐷(𝑝𝐻, 𝑝𝐻, 𝐿) − 𝑝𝐷(𝐻, 𝐻, 𝐿),
𝐵(𝐻, 𝑝, 𝐿) = 3𝑝𝐻 + (𝑝 + 1)(𝐿 + 2).

Then

|2𝐿𝐽(𝐻, 𝑝) − 𝑊(𝐻, 𝑝, 𝐿)| ≤ 𝐵(𝐻, 𝑝, 𝐿).
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Consequently the finite condition

𝐵(𝐻, 𝑝, 𝐿) < 𝑊(𝐻, 𝑝, 𝐿) mod 2𝐿 < 2𝐿 − 𝐵(𝐻, 𝑝, 𝐿)

implies 𝐽(𝐻, 𝑝) ∉ ℤ. If, for every 𝑡0 ∈ ℕ, there are 𝑡 ≥ 𝑡0, 𝑝 ≥ 1 and 𝐿 ≥ 0 satisfying
this condition with 𝐻 = 𝐻(𝑡), then 𝑆 ∉ ℚ. Rationality would instead make both diagonal
differences in 𝐽(𝐻(𝑡), 𝑝) integral for every sufficiently large 𝑡.

The error bound groups the remainder as

(𝑅2𝑝𝐻+𝐿 + 𝑝𝑅𝐻+𝐿) − (𝑅𝑝𝐻+𝐿 + 𝑝𝑅2𝐻+𝐿).

Each parenthesis is nonnegative and at most 𝐵(𝐻, 𝑝, 𝐿), by 0 ≤ 𝑅𝑛 ≤ 𝑛+2. Their difference
therefore has absolute value at most 𝐵(𝐻, 𝑝, 𝐿). This proves the bound without asserting optimal-
ity for the actual totient tails. Primality of 𝑝 is not required by the criterion; a prime 𝑝 is useful
when comparing consecutive LCM heights. The checked instance is (𝐻, 𝑝, 𝐿) = (12, 5, 15), for
which 𝑊(𝐻, 𝑝, 𝐿) mod 2𝐿 = 18834 and 𝐵(𝐻, 𝑝, 𝐿) = 282.
The checked instance is a finite computation. The hypothesis for every 𝑡0 is unproved.

6.3 Consequences
The next conditions concern a single LCM-diagonal tail difference. For 𝑡, 𝑗, 𝑎 ∈ ℕ, write

𝛿𝑡(𝑗) = 𝜑(2𝐻(𝑡) + 𝑗) − 𝜑(𝐻(𝑡) + 𝑗), Ω𝑎 = 𝑅2𝐻(2𝑎) − 𝑅𝐻(2𝑎).

For ℎ, 𝑁 ∈ ℕ and 𝑧 ∈ ℤ, define the integer recurrence

𝑐ℎ,𝑁,𝑧(0) = 𝑧, 𝑐ℎ,𝑁,𝑧(𝑘 + 1) = 2𝑐ℎ,𝑁,𝑧(𝑘) − (𝜑(𝑁 + ℎ + 𝑘 + 1) − 𝜑(𝑁 + 𝑘 + 1)).

If 𝑧 = 𝑅𝑁+ℎ − 𝑅𝑁 , then 𝑐ℎ,𝑁,𝑧(𝑘) = 𝑅𝑁+ℎ+𝑘 − 𝑅𝑁+𝑘. This separates an arbitrary
integer initial value from the actual tail.

Two finite quantities will also recur. With 𝐻 = 𝐻2𝑎 , put

𝜌𝑎,𝑞 = 𝐷(𝐻, 𝐻, 2𝑞 + 1) + 𝛿2𝑎(2𝑞 + 2)
22𝑞+1 , 𝜀𝑎,𝑞 = 2𝐻 + 2𝑞 + 3

22𝑞+1 .

The prescribed odd depth used below is 2𝑞𝑎 + 1, where

𝑞𝑎 = ⌊
⌊log2 𝐻⌋ + 10

2 ⌋ .

Thus 2𝑞𝑎 + 1 is the least odd integer at least ⌊log2 𝐻⌋ + 10. The error bound is |Ω𝑎 −
𝜌𝑎,𝑞| < 𝜀𝑎,𝑞. For 𝑎 ≥ 2, let 𝑢𝑎,𝑞 be the centred integer representative of

𝐷(𝐻, 𝐻, 2𝑞 + 1) + 𝛿2𝑎(2𝑞 + 2)
2 (mod 4𝑞), −4𝑞

2 < 𝑢𝑎,𝑞 ≤ 4𝑞

2 .

The numerator is even, since the totient arguments exceed 2; at themidpoint this con-
vention chooses the positive representative. The normalised block 𝜌𝑎,𝑞 approximates Ω𝑎,
whereas 𝑢𝑎,𝑞 records a residue. They must not be confused with the real tail difference
or with the integer recurrence.
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Proposition 6.61 (An equivalent diagonal nonintegrality condition). The following state-
ments are equivalent:

𝑆 ∉ ℚ ⟺ ∀𝑎0 ∈ ℕ ∃𝑎 ≥ 𝑎0, Ω𝑎 ∉ ℤ.

This is an exact reformulation of irrationality, not a weaker theorem about a finite set of scales.
The later sufficient conditions seek a finite inequality that establishes the right-hand side.

Proposition 6.62 (A sufficient short-window condition). Suppose that for every 𝑎0 ∈ ℕ
there are 𝑎 ≥ 𝑎0 and 𝐿 < 2 ⋅ 2𝑎 with 𝒞(𝐻2𝑎 , 𝐻2𝑎 , 𝐿). Then 𝑆 ∉ ℚ. Writing out the certificate,
the required inequality is

2𝐻2𝑎 + 𝐿 + 2 < 𝐷(𝐻2𝑎 , 𝐻2𝑎 , 𝐿) mod 2𝐿 < 2𝐿 − (2𝐻2𝑎 + 𝐿 + 2).

It places the residue away from both endpoints of the modulus interval. The examples at
𝑎 = 4, 6 establish the bounded statement in Proposition 6.67, not the condition for every threshold.
Pointwise completeness allows a sufficiently large depth but does not supply a depth below 2 ⋅ 2𝑎.
The hypothesis is unproved.

Proposition 6.63 (A sufficient approximation condition). Use the prescribed index 𝑞𝑎 and
the error 𝜀𝑎,𝑞𝑎

defined above. Suppose

∀𝑎0 ∈ ℕ ∃𝑎 ≥ max(2, 𝑎0) ∀𝑧 ∈ ℤ, |Ω𝑎 − 𝑧| ≥ 1
32 + 𝜀𝑎,𝑞𝑎

.

Then 𝑆 ∉ ℚ. The estimate |Ω𝑎 − 𝜌𝑎,𝑞𝑎
| < 𝜀𝑎,𝑞𝑎

implies |𝜌𝑎,𝑞𝑎
− 𝑧| > 1/32 for every integer

𝑧, and hence the finite residue separation from which the proof derives irrationality. This is a
fixed separation condition along an unbounded family of LCM scales. It is not an irrationality-
measure theorem for arbitrary rational approximants, and nonintegrality alone does not give the
stated margin. The depth is prescribed, not an additional free witness.
The separation hypothesis is unproved.

Proposition 6.64 (A sufficient upper-endpoint separation). Let 𝑎, 𝐽, 𝐾, 𝑚 ∈ ℕ, 𝑎 ≥ 8, and
𝐻 = 𝐻(2𝑎). Assume

𝐽 + 𝐾 + (𝑎 + 6) < 2 ⋅ 2𝑎.

Define the finite condition

𝒢𝑎(𝐽, 𝐾, 𝑚) ∶⟺ 𝑚 ≤ 𝐾, 2𝐻 + 𝐽 + 𝐾 + 2 < 2𝑚,
𝐷(𝐻, 𝐻 + 𝐽, 𝐾) mod 2𝑚 ≤ 2𝑚 − (2𝐻 + 𝐽 + 𝐾 + 2).

Then 𝒢𝑎(𝐽, 𝐾, 𝑚) implies 𝑅2𝐻+𝐽 −𝑅𝐻+𝐽 ∉ ℤ. In particular, irrationality follows if for every
𝑎0 there are 𝑎 ≥ max(𝑎0, 8) and 𝐾, 𝑚 satisfying 𝐾 + (𝑎 + 6) < 2 ⋅ 2𝑎 and 𝒢𝑎(0, 𝐾, 𝑚).

The sign theorem forces an integral tail to give a residue in the upper endpoint interval. This
one-sided test excludes that interval; it does not require a lower residue bound. Both the sign-
range hypothesis and the strict modulus bound are essential premises of this implication. The
required unbounded family is not established.
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Proposition 6.65 (Relations among the sufficient conditions). The sufficient conditions do
not form a single linear chain. The proved implications are

odd-prefix interval at the prescribed depth ⟺ centred-residue bound at the prescribed depth,
centred-residue bound at the prescribed depth ⟹ centred-residue bound at a variable depth,

centred-residue bound at a variable depth ⟹ adjacent-suffix band ⟹ upper-endpoint test.

There is also a separate sufficient argument: terminal dominance and flexible centred mag-
nitude each imply the two-sided exclusion in Proposition 6.66, which implies diagonal noninte-
grality. These statements refer to the quantified versions, with the bounds on 𝑎, 𝑞 and the depth
retained. The detailed conditions and sources appear in Proposition 9.14. No reverse implica-
tion between terminal dominance and flexible magnitude is asserted, and none of the required
unbounded families is proved here.

Proposition 6.66 (An exact endpoint formula). Let 𝑎, 𝑞 ∈ ℕ, 𝑎 ≥ 8, and 𝐻 = 𝐻(2𝑎).
Assume

2𝑞 + 2 + (𝑎 + 6) < 2 ⋅ 2𝑎, 2(𝐻 + 𝑞 + 2) ≤ 4𝑞.

If 𝑧 ∈ ℤ and 𝑧 = Ω𝑎, then

2𝑢𝑎,𝑞 = 𝛿2𝑎(2𝑞 + 2) − 𝑐𝐻,𝐻,𝑧(2𝑞 + 1).

Consequently either of the inequalities

2𝑢𝑎,𝑞 ≤ 𝛿2𝑎(2𝑞 + 2) − (2𝐻 + 2𝑞 + 3),
𝛿2𝑎(2𝑞 + 2) ≤ 2𝑢𝑎,𝑞

is sufficient for Ω𝑎 ∉ ℤ. Under integrality the recurrence equals a positive tail difference
strictly smaller than 2𝐻 + 2𝑞 + 3, and the identity rules out both displayed inequalities. The
identity is exact; the resulting nonintegrality criterion is only sufficient. Its converse is not
asserted.

Proposition 6.67 (A sufficient extension of the examples through exponent 6). The sup-
plied finite result is

∀𝑎0 ≤ 6 ∃𝑎, 𝐿 ∈ ℕ, 𝑎 ≥ 𝑎0, 𝐿 < 2 ⋅ 2𝑎, 𝒞(𝐻2𝑎 , 𝐻2𝑎 , 𝐿).

The witnesses at (𝑎, 𝐿) = (4, 23) and (6, 93) give this bounded family. A witness with
𝑎 ≥ 7 would extend the verified range, but any finite extension would still leave the assertion for
arbitrarily large thresholds in Proposition 6.62 unproved.

Proposition 6.68 (A sufficient extremal-order condition). Let 𝐻 ≥ 1 and 𝑗 ≥ 0. If

𝜑(2𝐻 + 𝑗) < min{𝜑(𝐻 + 𝑗), 𝜑(3𝐻 + 𝑗)},

then

𝜑(3𝐻 + 𝑗) − 2𝜑(2𝐻 + 𝑗) + 𝜑(𝐻 + 𝑗) > 0.
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If instead the middle value is strictly larger than both outer values, the displayed second
difference is negative. In each case the claim follows by adding the two strict differences. No
lower bound on their sizes is needed.

For 𝐻 = 𝐻2𝑎 , this reduces nonvanishing of one second difference to an ordering of three
totient values. For a prescribed 𝑗, the remaining question is whether either strict ordering occurs
for arbitrarily large 𝑎. The elementary implication does not establish those occurrences.
Proposition 6.69 (A directed certificate condition). For fixed ℎ, 𝑁 ∈ ℕ, a depth 𝐿 ∈ ℕ
satisfying

𝑁 + 𝐿 + 2 ≤ 𝐷(ℎ, 𝑁, 𝐿) mod 2𝐿 ≤ 2𝐿 − (𝑁 + ℎ + 𝐿 + 2)

exists if and only if 𝑅𝑁+ℎ − 𝑅𝑁 ∉ ℤ. The endpoint inequalities are non-strict.
Proof. The exact truncation identity leaves an error 𝑅𝑁+ℎ+𝐿 − 𝑅𝑁+𝐿 strictly between
−(𝑁 + 𝐿 + 2) and 𝑁 + ℎ + 𝐿 + 2. An integral tail difference would therefore put the
residue in [0, 𝑁 + 𝐿 + 2) or (2𝐿 − (𝑁 + ℎ + 𝐿 + 2), 2𝐿), contrary to the displayed test.
Conversely, a nonintegral difference has a symmetric certificate by Theorem 6.19, and
every symmetric certificate satisfies this wider interval condition.

At 𝐻3 = 6 and 𝐿 = 6, the discrepancy is 𝐷(6, 6, 6) = 270, with residue 14 modulo
64. The directed interval is [14, 44], so its lower endpoint succeeds. The symmetric in-
terval is (20, 44) and fails; its first successful depth is 7. Thus the wider test can improve
the first successful depth, but no uniform depth saving is asserted. Replacing 𝒞 by the
displayed inequality in Theorem 6.49 gives the equivalent directed diagonal condition,
whose occurrence at arbitrarily large scales remains unproved.
Proposition 6.70 (A sufficient condition at the prescribed mod-four pulses). Suppose
that for every positive integer ℎ and every 𝐵 ∈ ℕ there are a prime 𝑝 > 𝐵 and 𝐾 ∈ ℕ such that

𝜑(𝑝 + 4ℎ) − 𝜑(𝑝) ≡ 2 (mod 4)

and every integer 𝑧 with |𝑧| ≤ 𝑝 + 4ℎ + 1 and 𝑧 ≡ 2 (mod 4) has an index 0 ≤ 𝑖 ≤ 𝐾
satisfying

|𝑐4ℎ,𝑝,𝑧(𝑖)| ≥ 𝑝 + 𝑖 + 4ℎ + 2.

Then 𝑆 ∉ ℚ. Under a hypothetical eventual period ℎ, the proved congruence argument at a
sufficiently large such prime forces 𝑅𝑝+4ℎ − 𝑅𝑝 to be an integer in the tested residue class. The
finite test excludes every candidate in that class, a contradiction.

The mod-four congruence is supplied by Proposition 6.91; exclusion at the same prime is not.
Restricting to 2 (mod 4) retains one residue class out of four, not necessarily exactly one quarter
of the candidates in a finite interval. The quantifier over every bound 𝐵 cannot be replaced by
one fixed prime for each ℎ.
Proposition 6.71 (The full quantified condition).

(∀ℎ ≥ 1, ∀𝑁0, ∃𝑁 ≥ 𝑁0, ∃𝐿, 𝒞 ℎ 𝑁 𝐿) ⟺ 𝑆 ∉ ℚ.

This is exactly the quantifier structure∀ℎ ≥ 1 ∀𝑁0 ∃𝑁 ≥ 𝑁0 ∃𝐿 𝒞(ℎ, 𝑁, 𝐿). The quantified
condition is not supplied here. The equivalence specifies exactly what a residue-based proof would
need beyond the finite examples.
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Proposition 6.72 (One diagonal parameter suffices). The following condition is equivalent
to irrationality:

(∀𝑡0 ∈ ℕ ∃𝑡 ≥ 𝑡0 ∃𝐿 ≥ 0, 𝒞(𝐻(𝑡), 𝐻(𝑡), 𝐿)) ⟺ 𝑆 ∉ ℚ.

For a hypothetical rational value, let ℎ0 and 𝑁0 be its eventual tail period and starting index.
Taking 𝑡 ≥ max(ℎ0, 𝑁0) ensures ℎ0 ∣ 𝐻(𝑡) and 𝐻(𝑡) ≥ 𝑁0. The corresponding diagonal
difference is then integral, contradicting a certificate at that scale. Conversely, irrationality and
pointwise completeness provide a witness at every prescribed 𝑡. The reduction uses one scale
parameter; it neither establishes the certificate condition nor makes one fixed scale sufficient for
all rational values.

Proposition 6.73 (A sufficient condition on the LCM grid).

(∀𝑡0, ∃𝑡 ≥ 𝑡0, ∃𝑞 𝑚 𝐿, 0 < 𝑞 ∧ 𝒞(𝑚 ⋅ 𝐻 𝑡)(𝑞 ⋅ 𝐻 𝑡) 𝐿) ⟹ 𝑆 ∉ ℚ.

One residue certificate anywhere on the two-multiplier LCM cone, at arbitrarily large 𝑡,
suffices; the diagonal choice 𝑞 = 𝑚 = 1 recovers Proposition 6.72.
The hypothesis is unproved.

Proposition 6.74 (A finite-grid certificate condition). Let 𝐻, 𝐿 ∈ ℕ and let 𝑄 ⊆ ℕ>0 be
finite and nonempty. Define 𝐴𝑞 = ∑𝐿

𝑗=1 𝜑(𝑞𝐻 + 𝑗)2𝐿−𝑗 and 𝐵𝑞 = 𝑞𝐻 + 𝐿 + 2. If 𝐵𝑞 < 2𝐿 for
every 𝑞 ∈ 𝑄 and

∀𝑞𝑖 ∈ 𝑄 ∃𝑞𝑗 ∈ 𝑄, 𝐵𝑞𝑗
< (𝐴𝑞𝑖

− 𝐴𝑞𝑗
) mod 2𝐿,

then 𝑅𝑞𝑗𝐻 − 𝑅𝑞𝑖𝐻 ∉ ℤ for some 𝑞𝑖, 𝑞𝑗 ∈ 𝑄. Such a test at 𝐻 = 𝐻𝑡 for arbitrarily large 𝑡
implies 𝑆 ∉ ℚ. Neither |𝑄| ≥ 3 nor compatibility of every pair is a hypothesis. The proof, by
choosing a minimum tail in the finite set, is given in Theorem 6.56.
The existence of such tests at arbitrarily large 𝑡 is unproved.

Proposition 6.75 (Unbounded Farey bounds imply irrationality). The Farey-gap denomi-
nator bound at window 𝐾 is currently ∼ 7.96 × 1034 at 𝐾 = 240 (Prop. 6.99). If

sup
𝐾

(𝑏 + 𝑑)(𝐾) = ∞

(that is, the proved exclusion bounds are arbitrarily large), then #249 follows via the
denominator-exclusion implication, without assuming the certificate supply in Proposition 6.71.
No unboundedness claim is proved or attempted in the record.

Proposition 6.76 (The lower bound and a false proposed upper bound). By Prop. 6.98,
the canonical dyadic totient-kernel family is unconditionally (2𝑒 + 1)-dimensional at every level
𝑒 ≥ 1. Rationality of 𝑆 forces an associated carry orbit with ℚ-rank ≥ 2𝑒 − 1 at every level
(Prop. 6.90). An upper bound independent of 𝑒 for these same carry ranks would contradict the
lower bound. More generally, a bound 𝑔(𝑒) with 𝑔(𝑒) < 2𝑒 − 1 at some level 𝑒 ≥ 1 would suffice,
provided it applies to the actual carry under the hypothetical rationality of 𝑆. A bound that merely
grows with 𝑒 need not contradict anything. The generic assertion for arbitrary rational coefficient
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series is false: the 5/4 comparison sequence in Section 10.8 has an integer carry satisfying the
growth condition and the same rank lower bound. The incompatible integer identity and the
finite-shift counterexample (Observation 6.115) remain separate counterexample results. None
gives a rank upper bound from rationality alone. The Lean proof covers the rank lower bound
and counterexample results, not the counterfactual upper bound.

Proposition 6.77 (Soundness of the finite carry test). For fixed ℎ, 𝑁, 𝐾 ∈ ℕ, use the integer
recurrences 𝑐ℎ,𝑁,𝑧 defined above. Test each of the 2(𝑁 + ℎ + 1) + 1 candidates 𝑧 ∈ ℤ with
|𝑧| ≤ 𝑁 + ℎ + 1. If every candidate has some 𝑖 ≤ 𝐾 for which

|𝑐ℎ,𝑁,𝑧(𝑖)| ≥ 𝑁 + 𝑖 + ℎ + 2,

then 𝑅𝑁+ℎ − 𝑅𝑁 ∉ ℤ. An integral tail difference would give one of the initial candidates
and would remain in the open strip |𝑐ℎ,𝑁,𝑧(𝑖)| < 𝑁 + 𝑖 + ℎ + 2 at every step. Equality at a
boundary already excludes a candidate. This is the soundness implication for a specified finite
test; no bound for a successful search depth is asserted.

6.4 Further exact identities
We now bound the errors in expansions of tail differences, without assuming residue
separation. Such bounds determinewhether a proposed rational centre stays far enough
from the integers after the omitted terms are restored.

Proposition 6.78 (The exact totient difference on an LCM progression). Put 𝐻 = 𝐻(𝑡).
For every 𝑗 ≥ 0, the arithmetic expression in the piecewise form given below equals 𝛿𝑡(𝑗) =
𝜑(2𝐻 + 𝑗) − 𝜑(𝐻 + 𝑗). For a divisor 𝑗 ∣ 𝐻, this assertion contains a useful product formula, not
merely a change of notation. Set

𝑎 = 𝐻/𝑗, 𝑔1 = gcd(𝑗, 𝑎 + 1), 𝑔2 = gcd(𝑗, 2𝑎 + 1).

Then

𝛿𝑡(𝑗) = 𝜑(𝑗) (𝑔2𝜑(2𝑎 + 1)
𝜑(𝑔2) − 𝑔1𝜑(𝑎 + 1)

𝜑(𝑔1) ) .

Here 𝑗 ≥ 1 because 𝐻 > 0, so both denominators are nonzero. The identity follows from
𝜑(𝑗𝑥) = 𝜑(𝑗)𝜑(𝑥) gcd(𝑗, 𝑥)/𝜑(gcd(𝑗, 𝑥)), which retains all primes shared by 𝑗 and 𝑥. If every
prime dividing 𝑗 also divides 𝑎, then 𝑔1 = 𝑔2 = 1, and the formula reduces to 𝜑(𝑗)(𝜑(2𝑎 + 1) −
𝜑(𝑎+1)). For example, at 𝐻 = 𝑗 = 2 the two gcds are 𝑔1 = 2 and 𝑔2 = 1; the exact difference is
𝜑(6) − 𝜑(4) = 0, whereas discarding the gcd factors would give 1. For 𝑗 ∤ 𝐻, that expression is
the literal totient difference. Thus no coprimality assumption is imposed on the full expression.

Proposition 6.79 (A lower bound for the totient of a rough integer). Let 𝑎 ≥ 8, set 𝑡 = 2𝑎,
and let 𝑛 > 0 be an integer all of whose prime factors exceed 𝑡. If 𝑛 < 22𝑡, then 𝑛 has fewer than
𝑡/4 distinct prime factors and

𝜑(𝑛) > 3
4𝑛.

If 𝑛 has 𝑟 distinct prime factors, then 𝑛 ≥ 𝑡𝑟 = 2𝑎𝑟, so 𝑎𝑟 < 2𝑡 and 𝑟 < 𝑡/4 because 𝑎 ≥ 8.
For the second, use 𝜑(𝑛)/𝑛 = ∏𝑝∣𝑛(1 − 1/𝑝) ≥ 1 − ∑𝑝∣𝑛 1/𝑝 > 3/4. These are bounds for
rough integers in the stated size range; they are not pointwise bounds for arbitrary totient values.
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Proposition 6.80 (Positivity of the short-windowdifferences). For 𝑎 ≥ 8 and 1 ≤ 𝑗 < 2⋅2𝑎,

𝛿2𝑎(𝑗) = 𝜑(2𝐻2𝑎 + 𝑗) − 𝜑(𝐻2𝑎 + 𝑗) > 0.

The proof treats divisor offsets and the exceptional prime-power offsets separately, using mul-
tiplicativity and the rough-integer estimate of Proposition 6.79. No rationality hypothesis is used.
Positivity of these finitely many coefficients contributes to the later sign theorem; a bound for the
remaining infinite tail is still needed to obtain that theorem.

Proposition 6.81 (The accumulated sum is the discrepancy). For all 𝑡, 𝐿 ∈ ℕ, the weighted
diagonal sum is exactly

𝐿
∑
𝑗=1

𝛿𝑡(𝑗)2𝐿−𝑗 = 𝐷(𝐻(𝑡), 𝐻(𝑡), 𝐿).

Thus its two-sided residue inequality is precisely 𝒞(𝐻(𝑡), 𝐻(𝑡), 𝐿). The equality follows term
by term from the definition of 𝛿𝑡. A separate restriction on 𝐿, when present, remains part of the
hypothesis; this identity does not supply such a restricted-depth witness.

Proposition 6.82 (A global-to-local identity).

Ω𝑎 = 2𝐻(2𝐻 − 1)( ∑′
𝑛 𝜑(𝑛)/2𝑛) − (Φ2𝐻 − Φ𝐻), 𝐻 = 𝐻(2𝑎).

Thus a separation estimate for Ω𝑎 is an estimate for this integer translate of a multiple of
𝑆. The identity does not require other rational-approximation arguments to use this particular
translate.

Proposition 6.83 (A rational approximation with an error bound). For all 𝑎, 𝑞 ∈ ℕ, with
𝐻 = 𝐻2𝑎 and the finite 𝜌𝑎,𝑞 defined above,

|Ω𝑎 − 𝜌𝑎,𝑞| < 𝜀𝑎,𝑞 = 2𝐻 + 2𝑞 + 3
22𝑞+1 .

The triangle inequality transfers a separation estimate between the real tail and its rational
approximation at the cost of this error. The bound tends to zero with 𝑞 for fixed 𝑎; no assertion of
optimality is made.

Proposition 6.84 (Unconditional positivity). For 𝑎 ≥ 8, 𝐽 + (𝑎 + 6) < 2 ⋅ 2𝑎:

0 < 𝑅2𝐻+𝐽 − 𝑅𝐻+𝐽 , 𝐻 = 𝐻(2𝑎),

with no irrationality hypothesis; the true, infinite, real translated tail difference is strictly
positive throughout almost the entire short window, proved unconditionally from Prop. 6.80
plus a directed one-sided tail bound. Any argument about the sign of the actual orbit (not merely
its residue mod 2𝐿) must agree with this; specialised at 𝐽 = 0 this gives 0 < Ω𝑎.

Proposition 6.85 (The residue forced by integrality). Let 𝑎, 𝐽, 𝐾 ∈ ℕ, 𝑎 ≥ 8, 𝐻 = 𝐻(2𝑎),
and assume

𝐽 + 𝐾 + (𝑎 + 6) < 2 ⋅ 2𝑎, 2𝐻 + 𝐽 + 𝐾 + 2 < 2𝐾.
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If 𝑅2𝐻+𝐽 − 𝑅𝐻+𝐽 ∈ ℤ, then

𝐷(𝐻, 𝐻 + 𝐽, 𝐾) mod 2𝐾 = 2𝐾 − (𝑅2𝐻+𝐽+𝐾 − 𝑅𝐻+𝐽+𝐾),
0 < 𝑅2𝐻+𝐽+𝐾 − 𝑅𝐻+𝐽+𝐾 < 2𝐻 + 𝐽 + 𝐾 + 2.

The later tail difference is a positive integer. Its negative is the representative near zero, while
the least nonnegative residue lies near 2𝐾. Positivity alone therefore does not prove nonintegrality;
a separate estimate must exclude this upper interval.

Proposition 6.86 (The penultimate term of a partial divisibility pattern). Let 𝑎, 𝐽, 𝐾, 𝑚 ∈
ℕ, 𝑎 ≥ 8, 𝐻 = 𝐻2𝑎 and 𝐵 = 2𝐻 + 𝐽 + 𝐾 + 2. Suppose that

0 < 𝑚 ≤ 𝐾, 𝐽 + 𝐾 + 𝑎 + 6 < 2 ⋅ 2𝑎,
𝐵 < 2𝑚, 𝛿2𝑎(𝐽 + 𝐾) ≤ 2𝑚 − 𝐵,

2𝑟+1 ∣ 𝛿2𝑎(𝐽 + 𝐾 − 𝑚 + 𝑟 + 1) (0 ≤ 𝑟, 𝑟 + 1 < 𝑚).

Then

𝛿2𝑎(𝐽 + 𝐾 − 1) = 2𝑚−1, 2𝑚 < 2𝐵.

Indeed, 𝐵 ≥ 4 and 𝐵 < 2𝑚 force 𝑚 ≥ 3. The penultimate divisibility, positivity, and the
bound 𝛿2𝑎(𝐽 + 𝐾 − 1) < 𝐵 < 2𝑚 leave 2𝑚−1 as its only possible value. Thus the modulus lies
in the strict interval 𝐵 < 2𝑚 < 2𝐵; there is at most one possible power of two. The value fixed
at 2𝑚−1 is the penultimate difference. The terminal difference 𝛿2𝑎(𝐽 + 𝐾) instead satisfies the
separate upper bound in the hypotheses. These restrictions are necessary for the specified pattern;
the proposition does not construct such patterns at arbitrarily large 𝑎.

Proposition 6.87 (An equivalent test using two residue bits). For every ℎ, 𝑁 ∈ ℕ, exis-
tence of a certificate at some depth is equivalent to the following explicit condition:

∃𝑠, 𝑏 ∈ ℕ, 𝒞(ℎ, 𝑁 + 𝑠, 𝑏 + 1) or
⎧{
⎨{⎩

𝑁 + 𝑠 + ℎ + 𝑏 + 4 < 2𝑏,
2𝑏 ≤ 𝐷(ℎ, 𝑁 + 𝑠, 𝑏 + 2) mod 2𝑏+2 < 3 ⋅ 2𝑏.

The last interval says that the two leading bits are 01 or 10. The proof uses the first successful
certificate of depth 𝐿 and may take 𝑏 = ⌊log2(𝑁 + ℎ + 𝐿 + 2)⌋ + 1. Since 𝑏 depends on that
unknown 𝐿, the equivalence is not an a priori bound on the search depth. The proof uses the finite
tail recurrence and its size bound; it supplies no totient-specific assertion that a witness exists.

Proposition 6.88 (The factor in a second difference). Let 𝑎 ≥ 4 and 𝑗 ≥ 1 be integers with
𝑗2 ≤ 2𝑎, and put 𝐻𝑎 = 𝐻(2𝑎) = lcm(1, … , 2𝑎). Then

2𝜑(𝑗) ∣ 𝜑(3𝐻𝑎 + 𝑗) − 2𝜑(2𝐻𝑎 + 𝑗) + 𝜑(𝐻𝑎 + 𝑗).

To see the factor, set 𝐴 = 𝐻𝑎/𝑗. The square bound ensures that 𝑗 ∣ 𝐻𝑎 and that every prime
divisor 𝑝 of 𝑗 also divides𝐴: indeed, 𝑝𝑗 ≤ 𝑗2 ≤ 2𝑎 implies 𝑝𝑗 ∣ 𝐻𝑎. Consequently gcd(𝑗, 𝑞𝐴+1) =
1 for 𝑞 = 1, 2, 3, and the displayed difference equals

𝜑(𝑗)(𝜑(3𝐴 + 1) − 2𝜑(2𝐴 + 1) + 𝜑(𝐴 + 1)).
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Also 2𝑗 ≤ 2𝑎, so 2𝑗 ∣ 𝐻𝑎 and 𝐴 ≥ 2 is even. The three arguments 𝑞𝐴 + 1 are therefore odd
and greater than two, and all three totients are even. This proves the extra factor of two. The
divisibility is a lower bound, not an exact valuation at each LCM height. The different family
in Observation 6.108 does not satisfy these LCM and square-window hypotheses, so it does not
establish sharpness within this restricted family.

Proposition 6.89 (Carry displacement and tail integrality). For a positive integer 𝑣 and an
integral totient carry 𝑢 with 𝑢(𝑁)/2𝑁 → 0,

𝑣 ∣ 𝑢(𝑁 + 𝑘) − 𝑢(𝑁) ⟺ 𝑅𝑁+𝑘 − 𝑅𝑁 ∈ ℤ.

The recurrence and the limit identify 𝑢(𝑁) = 𝑣𝑅𝑁 , so the difference is 𝑣(𝑅𝑁+𝑘 − 𝑅𝑁). This
tests divisibility of a carry difference and gives no dimension bound for the carry sections. For
another coefficient sequence, the same argument applies once its carry is identified with its scaled
tail under the corresponding recurrence and limit.

Proposition 6.90 (A consequence of rationality and its limitation). If 𝑆 ∈ ℚ, there are a
positive integer 𝑣 and an integer carry sequence 𝑢, with 𝑢(𝑁)/2𝑁 → 0, whose retained sections
through every level 𝑒 have rational rank at least 2𝑒 − 1. At the same time, those sections are
uniformly eventually periodic modulo 𝑣. Periodicity after reduction modulo 𝑣 is a statement in a
finite quotient; it is not a rank upper bound overℚ. Proposition 6.76 gives the lower bound, while
the rational comparison sequence explains why a general rank upper bound cannot be deduced
from these recurrence assumptions alone.

Proposition 6.91 (A totient difference congruent to two modulo four). For every positive
integer ℎ and every 𝐵 ∈ ℕ, there is a prime 𝑝 > 𝐵 such that

𝜑(𝑝 + 4ℎ) − 𝜑(𝑝) ≡ 2 (mod 4).

To construct 𝑝, set 𝐻 = 4ℎ, choose a prime 𝑟 > 𝐻 with 𝑟 ≡ 1 (mod 4), and use Dirichlet’s
theorem in the progression 𝑝 ≡ 3𝑟 − 𝐻 (mod 4𝑟). This progression is reduced: its residue is
odd and is −𝐻 ≢ 0 (mod 𝑟). Then 𝑝 ≡ 3 (mod 4), so 𝜑(𝑝) = 𝑝 − 1 ≡ 2 (mod 4), whereas
𝑟 ∣ 𝑝+𝐻 gives 4 ∣ 𝜑(𝑝+𝐻). Subtracting gives the stated congruence. This supplies the arithmetic
congruence at arbitrarily large primes; the additional finite exclusion in Proposition 6.70 remains
a separate hypothesis.

Proposition 6.92 (A prescribed residue after a long divisibility block). Let 𝐾 ≥ 2 and
𝐻 > 𝐾 be integers. For every 𝐵 ∈ ℕ there is a prime 𝑝 > max(𝐵, 𝐻 + 𝐾) such that

𝑝 ≡ 1 + 2𝐾−1 (mod 2𝐾), 2𝐾 ∣ 𝜑(𝑝 + 𝐻),
2𝐾 ∣ 𝜑(𝑝 − 𝑗), 2𝐾 ∣ 𝜑(𝑝 − 𝑗 + 𝐻) (1 ≤ 𝑗 < 𝐾).

The construction uses 2𝐾 − 1 distinct auxiliary primes congruent to 1 (mod 2𝐾): one for
𝑝+𝐻, and two for each of the𝐾−1 preceding positions. Choose them larger thanmax(𝐻+𝐾, 2𝐾).
For the first prime impose 𝑝 ≡ −𝐻; for the pair at position 𝑗 impose 𝑝 ≡ 𝑗 and 𝑝 ≡ 𝑗 − 𝐻,
respectively. These nonzero residues, together with the displayed odd residuemodulo 2𝐾, combine
by the Chinese remainder theorem into a reduced progression. Dirichlet’s theorem then supplies
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arbitrarily large prime values of 𝑝. Each auxiliary prime contributes the required factor 2𝐾 to the
corresponding totient.

Thus the first 𝐾 − 1 totient differences in the window starting at 𝑝 − 𝐾 vanish modulo 2𝐾,
while the last is 2𝐾−1 modulo 2𝐾. Consequently

𝐷(𝐻, 𝑝 − 𝐾, 𝐾) ≡ 2𝐾−1 (mod 2𝐾).

If 𝑅𝑁+𝐻 − 𝑅𝑁 ∈ ℤ for every 𝑁 ≥ 𝑁0, choose such a prime with 𝑝 ≥ 𝑁0 + 𝐾. Iterating the
carry recurrence from 𝑝 − 𝐾 then gives

𝑅𝑝+𝐻 − 𝑅𝑝 ∈ ℤ, 𝑅𝑝+𝐻 − 𝑅𝑝 ≡ 2𝐾−1 (mod 2𝐾).

The initial integer is multiplied by 2𝐾 and disappears only after reduction modulo 2𝐾. This
does not bound its higher quotient. The condition 𝐻 > 𝐾 is part of the construction; it does not
provide arbitrarily large 𝐾 for one fixed shift 𝐻.

Proposition 6.93 (A Möbius-inversion formula for the tail). For 𝑁 ∈ ℕ and 𝑑 ≥ 1, let
𝑟𝑑(𝑁) = 𝑑 − (𝑁 mod 𝑑) and 𝑞𝑑(𝑁) = ⌊𝑁/𝑑⌋ + 1. Thus 𝑟𝑑(𝑁) is the distance to the next
strictly larger multiple of 𝑑, so 1 ≤ 𝑟𝑑(𝑁) ≤ 𝑑. Möbius inversion gives

𝑅𝑁 = ∑
𝑑≥1

𝜇(𝑑)2𝑑−𝑟𝑑(𝑁) ( 𝑞𝑑(𝑁)
2𝑑 − 1

+ 1
(2𝑑 − 1)2 ) .

Indeed, substitute 𝜑(𝑛) = ∑𝑑∣𝑛 𝜇(𝑑)𝑛/𝑑 and group by 𝑑. Its multiples after 𝑁 have quo-
tients 𝑞𝑑(𝑁) + ℓ and forward distances 𝑟𝑑(𝑁) + 𝑑ℓ, for ℓ ≥ 0; summing the two geometric series
gives the formula. Absolute convergence justifies the regrouping, since the sum of the absolute
divisor contributions at 𝑛 is at most ∑𝑑∣𝑛 𝑛/𝑑 ≤ 𝑛2, and ∑𝑛>𝑁 𝑛22𝑁−𝑛 < ∞. This iden-
tity is available for later transformations; it does not assert that every Möbius or Lambert-series
argument must use it.

Proposition 6.94 (Explicit finite examples). The finite certificates 𝒞(𝐻16, 𝐻16, 23) and
𝒞(𝐻64, 𝐻64, 93) imply Ω4, Ω6 ∉ ℤ. Both satisfy the short-window restriction, since 23 < 32
and 93 < 128. They are the certificates at 𝑡 = 16 and 𝑡 = 64 in the diagonal table of Section 5.7.
These are two explicit instances of the desired condition, not the start of a proved induction or a
claim that no other finite instances can be checked.

Proposition 6.95 (The necessary depth). Every certificate 𝒞(ℎ, 𝑁, 𝐿) satisfies

2(𝑁 + ℎ + 𝐿 + 2) < 2𝐿.

The two endpoint margins must fit inside an interval of length 2𝐿. In particular, successful
depths grow at least logarithmically with 𝑁 + ℎ. This is a necessary lower bound, not an upper
bound for the first successful depth. The later two-bit reformulation applies at its stated modulus
and does not reverse this implication.

Proposition 6.96 (Rationality gives an eventual tail period). Suppose 𝑆 = 𝑎/(2𝑐𝑣) in
lowest terms, where 𝑎 ∈ ℤ, 𝑐 ≥ 0 and 𝑣 ≥ 1 is odd. Take ℎ = 𝜑(𝑣), including ℎ = 1 when
𝑣 = 1. Euler’s theorem gives 𝑣 ∣ 2ℎ − 1, so
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2𝑁(2ℎ − 1)𝑆 ∈ ℤ (𝑁 ≥ 𝑐).

The identity relating 𝑆 to its scaled tails therefore gives 𝑅𝑁+ℎ − 𝑅𝑁 ∈ ℤ for every 𝑁 ≥ 𝑐.
These are explicit witnesses for the eventual period asserted in Proposition 6.71. To use the
finite residue test against a hypothetical rational value, one must obtain a nonintegral difference
for its period at an index beyond its preperiod. Soundness proves that the quantified certificate
condition rules out rationality. Conversely, the prefix-tail identity makes every positive-shift tail
difference nonintegral when 𝑆 is irrational, and pointwise completeness (Theorem 6.19) then
supplies a depth. Proposition 6.81 only identifies the weighted diagonal sum with 𝐷; it is not the
completeness argument and supplies no depth bound.

Proposition 6.97 (Tail integrality on an LCM grid). If 𝑆 ∈ ℚ, there is 𝑡1 ∈ ℕ such that for
all 𝑡 ≥ 𝑡1, 𝑞 ≥ 1 and 𝑚 ≥ 0,

𝑅(𝑞+𝑚)𝐻(𝑡) − 𝑅𝑞𝐻(𝑡) ∈ ℤ.

The threshold may depend on the hypothetical rational value. A certificate at one fixed scale
therefore gives a finite denominator exclusion, not irrationality. Proposition 6.73 requires certifi-
cates at arbitrarily large scales, so that one lies beyond the threshold supplied by any such rational
value.

Proposition 6.98 (Independence of the retained dyadic family). For every 𝑒 ≥ 0, the
auxiliary canonical dyadic family has 2𝑒 + 1 indexed sections, and these sections are linearly
independent over ℚ. The CRT–Dirichlet argument is explained in Section 10.8. For 𝑒 ≥ 1 the
family is a basis for all sections through level 𝑒. At 𝑒 = 0 the auxiliary family still contains
both 𝜑(𝑛) and 𝜑(2𝑛), so it is not the actual level-zero truncation, whose dimension is one. No
rationality hypothesis on 𝑆 is used.

Proposition 6.99 (The exact range of the stated Farey-gap inequality). Let 𝑉 be the totient
residue at (𝑁, 𝐾) = (1, 240) defined in Section 5.3. For every integer 𝑞 satisfying

1 ≤ 𝑞 ≤ 79639646646701375323355774875831053,

one has

(𝑞𝑉) mod 2240 + 243𝑞 < 2240.

The first failure occurs at

𝑞 = 79639646646701375323355774875831054,

obtained from the stated Farey mediant. Thus the range is exact for this particular inequality.
It is not an optimality claim among all denominator-exclusion tests. The preceding range gives
the exclusion in Proposition 6.100, approximately 7.96 × 1034.
The range and its first failure are an exact finite computation at the window 𝐾 = 240.
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Proposition 6.100 (The resulting denominator exclusion). For every reduced fraction 𝑎/𝑞,
with 𝑎 ∈ ℤ and 𝑞 ≥ 1,

𝑞 ≤ 79639646646701375323355774875831053 ⟹ 𝑆 ≠ 𝑎/𝑞.

This is an unconditional finite denominator exclusion. It does not assume certificates at
arbitrarily large scales, as required by Proposition 6.71. Conversely, excluding this finite range
does not rule out rational values with larger reduced denominators.
Proposition 6.101 (Two general irrationality criteria). Let 𝑥 ∈ ℝ. One sufficient condition
is a sequence of reduced fractions 𝑢𝑗 = 𝑎𝑗/𝑞𝑗, 𝑞𝑗 ≥ 1, with 𝑢𝑗 ≠ 𝑥 for all sufficiently large 𝑗 and

𝑞𝑗|𝑥 − 𝑢𝑗| ⟶ 0.

Another is that, for every integer 𝑄 ≥ 1, there exist 𝑚, 𝑧 ∈ ℤ such that

0 < |𝑚𝑥 − 𝑧| < 1/𝑄.

Indeed, if 𝑥 = 𝑎/𝑏 is reduced with 𝑏 > 0, every nonzero error in the first condition is at
least 1/(𝑏𝑞𝑗), and every nonzero error in the second is at least 1/𝑏. The strict lower bounds
exclude exact rational hits. Requiring 𝑚 = 𝑏𝑛

0 for a fixed integer base 𝑏0 ≥ 2 is a stronger
sufficient condition, not a reformulation valid for every irrational number. The binary example
in Proposition 6.23 explains this distinction.
Proposition 6.102 (Lambert identities involving 𝑆). For 𝐿(𝑓 ) = ∑𝑛≥1 𝑓 (𝑛)/(2𝑛 − 1), the
identities are 𝐿(𝜇) = 1/2, 𝐿(𝜑) = 2, 𝐿(1) = 𝐸 and 𝐿(𝜑 ∗ 𝜇) = 𝑆. The last identity rewrites
the same unknown value; it does not deduce its irrationality from that of 𝐸. The value 𝐿(Id) =
∑𝑚≥1 𝜎(𝑚)/2𝑚 is transcendental by Nesterenko [13, Cor. 2, p. 1320]. These examples show
that Lambert-series form alone does not determine arithmetic status. The individual comparisons
are in Proposition 6.43 and its table.
The Lean proof of the transcendence of 𝐿(Id) assumes Nesterenko’s theorem on the algebraic
independence of the three Eisenstein series values at an algebraic point of the punctured unit
disc. The four Lambert identities and the identification of 𝐿(Id) with ∑𝑚≥1 𝜎(𝑚)/2𝑚 are proved
without it.

Proposition 6.103 (A general rational gap bound). If 𝑎/𝑏 < 𝑐/𝑑 are reduced fractions with
𝑏, 𝑑 > 0, then

1
𝑏𝑑 ≤ 𝑐

𝑑 − 𝑎
𝑏,

since 𝑏𝑐 − 𝑎𝑑 is a positive integer. In particular, if 𝑆 = 𝑎/𝑏 and 𝑝𝑁/𝑞𝑁 < 𝑆 is a reduced
rational approximation with positive error at most 𝜀𝑁 , then

𝑏 ≥ 1
𝑞𝑁𝜀𝑁

.

These lower bounds tend to infinity precisely when 𝑞𝑁𝜀𝑁 → 0; a subsequence with this
property is enough to contradict a fixed 𝑏. A tail bound by itself does not imply this. For example,
the ordinary dyadic prefix has denominator dividing 2𝑁 and tail at most (𝑁 + 2)2−𝑁 . Using
only these two bounds yields 𝑏 ≥ 1/(𝑁 + 2), which is vacuous. The rational-spacing lemma can
convert sharper error and denominator information into an exclusion; it does not automatically
improve the Farey bound in Proposition 6.99.
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Proposition 6.104 (Diagonal certificates through 82). The current aggregate establishes

∀𝑡 ∈ ℕ, 𝑡 ≤ 82 ⟹ 𝑃 𝑡,

where 𝑃 𝑡 is the diagonal certificate predicate in Proposition 6.72. The earlier aggregate cov-
ered 28 explicit cases through 64, including 1, 2, 3, 4, 5, 7, 8, 9, 11, 13, 16, 17; the later theorem
fills the gaps and extends the range through 82. Each instance reduces to exact finite arithmetic
with the displayed totient values, using the prime-power factorisations and Lucas primality cer-
tificates in the source. This proves neither 𝑃 83 nor infinitely many instances, and therefore does
not establish the quantified conditions in Propositions 6.71, 6.72 and 6.73.

Proposition 6.105 (A coprime-pair expression for 𝑆). For 𝑛 ≥ 0, the number of integer pairs
𝑎 ≥ 1, 𝑏 ≥ 0 with 𝑎 + 𝑏 = 𝑛 and gcd(𝑎, 𝑏) = 1 is 𝜑(𝑛), with 𝜑(0) = 0. Indeed, 𝑏 = 𝑛 − 𝑎 and
gcd(𝑎, 𝑛 − 𝑎) = gcd(𝑎, 𝑛). The boundary case 𝑛 = 1 contributes (𝑎, 𝑏) = (1, 0); it disappears
when both coordinates are required to be positive. Consequently,

∑
𝑎,𝑏≥1

gcd(𝑎,𝑏)=1

2−(𝑎+𝑏) = 𝑆 − 1
2.

For independent random variables 𝑋, 𝑌 with Pr(𝑋 = 𝑛) = Pr(𝑌 = 𝑛) = 2−𝑛, 𝑛 ≥ 1, the
left side is Pr(gcd(𝑋, 𝑌) = 1). Thus 𝑆 − 1/2 has a coprimality-probability interpretation. This
identity does not supply an estimate for the binary digits or tail residues used elsewhere in the
paper.

6.5 Counterexamples and limitations
A residue or coefficient condition may hold for a rational comparison series as well as
for 𝑆. Each example below records the information it preserves and the deduction it
disproves. The irrationality of 𝑆 remains open, and an argument using further totient
identities is unaffected by a comparison that does not preserve them.
Observation 6.106 (The sign of the actual endpoint representative). Assume 𝑎 ≥ 8, 𝐻 =
𝐻2𝑎 and 𝐽 + 𝐾 + 𝑎 + 6 < 2 ⋅ 2𝑎, as in Proposition 6.84. If 𝑑 = 𝑅2𝐻+𝐽 − 𝑅𝐻+𝐽 is an integer,
define

𝑐0 = 𝑑, 𝑐𝑗+1 = 2𝑐𝑗 − (𝜑(2𝐻 + 𝐽 + 𝑗 + 1) − 𝜑(𝐻 + 𝐽 + 𝑗 + 1)).

The tail recurrence gives 𝑐𝐾 = 𝑅2𝐻+𝐽+𝐾 − 𝑅𝐻+𝐽+𝐾 > 0. Its negative is an integer
representative satisfying

|−𝑐𝐾 | ≤ 2𝐻 + 𝐽 + 𝐾 + 2, −𝑐𝐾 ≡ 𝐷(𝐻, 𝐻 + 𝐽, 𝐾) (mod 2𝐾).

Thus the representative corresponding to the actual tail is negative. The stated size
bound allows it to remain in the endpoint interval, so its sign alone does not contradict
integrality. Other integers in that interval with the same residue need not represent the
actual tail. Proposition 6.85 gives the further residue separation that would exclude this
case. LEAN SOURCE

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmOrbitSign.lean#L172
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Observation 6.107 (The complete divisibility pattern is impossible). Let 𝑎 ≥ 8, 𝐻 = 𝐻2𝑎

and 𝐽, 𝐾, 𝑚 ∈ ℕ. Assume

𝑚 ≤ 𝐾, 𝐽 + 𝐾 + 𝑎 + 6 < 2 ⋅ 2𝑎, 2𝐻 + 𝐽 + 𝐾 + 2 < 2𝑚.

The simultaneous divisibilities

2𝑟+1 ∣ 𝛿2𝑎(𝐽 + 𝐾 − 𝑚 + 𝑟 + 1) (0 ≤ 𝑟 < 𝑚)

cannot hold. The terminal difference would be positive by Proposition 6.80, smaller
than 2𝑚, and divisible by 2𝑚, a contradiction. The obstruction applies to this complete
pattern under the stated size bounds. Omitting its last divisibility condition leads to the
necessary restrictions in Proposition 6.86; the residue inequality in Proposition 6.64 is
another sufficient condition. Neither statement here supplies such witnesses at arbitrar-
ily large scales. LEAN SOURCE
Observation 6.108 (An exact valuation in a dyadically scaled family). For every integer
𝑛 ≥ 0, take 𝐻 = 2𝑛+2 and 𝑗 = 3 ⋅ 2𝑛+1. Then

𝜑(3𝐻 + 𝑗) − 2𝜑(2𝐻 + 𝑗) + 𝜑(𝐻 + 𝑗) = −2𝑛+1.

Indeed, the three arguments are 9 ⋅ 2𝑛+1, 7 ⋅ 2𝑛+1 and 5 ⋅ 2𝑛+1. Their totients are
respectively 6 ⋅2𝑛, 6 ⋅2𝑛 and 4 ⋅2𝑛, which give the identity. Thus the difference has 2-adic
valuation exactly 𝑛+1. This example limits a valuation bound for arbitrary even heights
and scaled odd offsets. Here 𝑗 > 𝐻, whereas the offset in Proposition 6.88 is at most 2𝑎/2

and the height is 𝐻(2𝑎). The example therefore does not exclude additional divisibility
on that LCM family. LEAN SOURCE
Observation 6.109 (A rational sequence with matching parity). Start with the coefficient
sequence 0, 1, 1, 2, 4, 4, 4, …, indexed from 0. For each 𝑚 = 2𝑘+3, 𝑘 ≥ 0, replace the pair
at positions 𝑚, 𝑚+1 from (4, 4) to (6, 0), leaving all other coefficients unchanged. These
pairs are disjoint. Each replacement preserves the binary sum because

2 ⋅ 2−𝑚 − 4 ⋅ 2−(𝑚+1) = 0.

The resulting sequence has the same sum 3/2 and the same parity at every index as 𝜑.
It is not eventually periodic, since the gaps between its occurrences of 6 tend to infinity.
This construction uses the particular initial parity pattern and the binaryweights; it does
not establish an analogous result for arbitrary prescribed parities or other summand
weights. LEAN SOURCE
Observation 6.110 (What the parity example disproves). The sequence 𝑐 in Observa-
tion 6.109 satisfies

0 ≤ 𝑐(𝑛) ≤ min(𝑛, 6), 𝑐(𝑛) ≡ 𝜑(𝑛) (mod 2), ∑
𝑛≥0

𝑐(𝑛)2−𝑛 = 3
2,

and is not eventually periodic. More precisely, for every 𝑁, 𝐺, 𝐾 ∈ ℕ, it has 𝐾 of the
displayed (6, 0) pairs starting beyond 𝑁, with successive starting positions separated
by more than 𝐺. Choose sufficiently late powers of two in the construction to obtain

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L251
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientFixedRankLcmAsymptotic.lean#L462
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientParityCoboundaryCountermodel.lean#L59
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these pairs. Hence the growth bound, the exact parity pattern, nonperiodicity and these
arbitrarily separated occurrences are compatible with a rational sum. They cannot by
themselves prove irrationality. The construction does not preserve the complete totient
sequence or its multiplicativity, and does not specify which additional arithmetic hy-
pothesis would suffice. LEAN SOURCE
Observation 6.111 (A Mersenne factor does not force tail-difference divisibility). For the
completely multiplicative sequence 𝑐(𝑛) = 𝑛, the scaled tail is

𝑇𝑁 = ∑
𝑗≥1

(𝑁 + 𝑗)2−𝑗 = 𝑁 + 2, 𝑇𝑁+𝐾 − 𝑇𝑁 = 𝐾.

If 𝑞 > 𝐾 > 0 and 𝑞 ∣ 2𝐾 − 1, then every such tail difference is integral but is not
divisible by 𝑞. For example, take 𝐾 = 3 and 𝑞 = 7; the multiplicative order of 2 mod-
ulo 7 is 3. Thus even this prime divisor of the homogeneous recurrence multiplier does
not force divisibility of the inhomogeneous tail difference. An application to the totient
sequence needs a further relation between the prime and the coefficient residues or the
tail’s size. This example supplies no general obstruction for Problem #257 merely be-
cause that problem also involves Mersenne denominators. Compare the specific totient
construction in Proposition 6.91. LEAN SOURCE
Observation 6.112 (A lower bound for the stated reconstruction cost). Let 𝐼 be finite,
𝑤𝑖 ∈ ℚ and 𝑥𝑖 ∈ ℕ, and assume ∑𝑖∈𝐼 𝑤𝑖𝜑(𝑥𝑖) = 1. Then

∑
𝑖∈𝐼

|𝑤𝑖|(2(𝑥𝑖 + 1) + (𝑥𝑖 + 2)) ≥ 3.

Indeed, 1 ≤ ∑𝑖 |𝑤𝑖|𝜑(𝑥𝑖) ≤ ∑𝑖 |𝑤𝑖|𝑥𝑖, and the displayed cost is 3 ∑𝑖 |𝑤𝑖|𝑥𝑖 + 4 ∑𝑖 |𝑤𝑖|.
For 𝑥 ≥ 1, the reconstruction 𝜑(𝑥) = 2𝑅𝑥−1 − 𝑅𝑥 and the separate estimates 𝑅𝑀 ≤
𝑀 + 2 give exactly this cost. Terms at 𝑥 = 0 contribute nothing to the normalisation,
since 𝜑(0) = 0. This particular termwise triangle bound cannot be smaller than one.
The conclusion is about that bound, not the true combined tail error; cancellation or
a different estimate is not excluded. The same elementary calculation applies to any
nonnegative sequence 𝑐(𝑛) ≤ 𝑛 under the corresponding normalisation ∑𝑖 𝑤𝑖𝑐(𝑥𝑖) = 1.
LEAN SOURCE
Observation 6.113 (A second-difference test need not use less depth). For ℎ, 𝑁, 𝐿 ∈ ℕ,
put

𝐷2 = 𝐷(ℎ, 𝑁 + ℎ, 𝐿) − 𝐷(ℎ, 𝑁, 𝐿), 𝐵2 = 2(𝑁 + 2ℎ + 𝐿 + 2).

The second-difference certificate is the finite inequality

𝐵2 < 𝐷2 mod 2𝐿 < 2𝐿 − 𝐵2.

It implies 𝑅𝑁+2ℎ − 2𝑅𝑁+ℎ + 𝑅𝑁 ∉ ℤ. The two first-difference truncation errors have
bounds 𝑁 + 2ℎ + 𝐿 + 2 and 𝑁 + ℎ + 𝐿 + 2 after multiplication by 2𝐿; their sum is at most
the stated 𝐵2. This explains the radius used by the linked test, without claiming it is
optimal. At (ℎ, 𝑁) = (1, 8), the first-difference test holds at depth 8, whereas the second-
difference test fails at every depth at most 8 and first holds at 9. The earlier 40-cell probe

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientParityCoboundaryCountermodel.lean#L637
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailCarryPeriod.lean#L342
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailCarryPeriod.lean#L266
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for 𝑡 ≤ 20 reported the first test at least as shallow in 30 cells; that aggregate is a reported
computation, not part of the single-cell theorem linked below. These comparisons do
not give a uniform ordering of the depths. LEAN SOURCE
Observation 6.114 (The prime-power restriction in the unit-gap refinement). The ordi-
nary interval test excludes a rational denominator when its possible numerator inter-
val contains no integer. Reduced fractions permit a refinement: every numerator is co-
prime to its denominator, so an interval containing only nonunits can also be excluded.
For a candidate 𝑆 = 𝑎/(2𝑐𝑢) in lowest terms, with 𝑢 > 0 odd and 𝑁 ≥ 𝑐, the integer
𝑢𝑅𝑁 = 2𝑁−𝑐𝑎 − 𝑢Φ𝑁 is coprime to 𝑢. For such an 𝑁 and any 𝐾 ≥ 0, define

𝑉 = ⎛⎜
⎝

𝐾
∑
𝑟=1

𝜑(𝑁 + 𝑟)2𝐾−𝑟⎞⎟
⎠

mod 2𝐾,

𝑢𝑉 = 𝐽2𝐾 + 𝑊, 0 ≤ 𝑊 < 2𝐾,

𝐿 = ⌊𝑊 + 𝑢(𝑁 + 𝐾 + 2)
2𝐾 ⌋ .

After subtracting an integer multiple of 𝑢, the finite prefix of 𝑢𝑅𝑁 is 𝐽 + 𝑊/2𝐾 and
its remaining tail lies in (0, 𝑢(𝑁 + 𝐾 + 2)/2𝐾]. Its possible integer values are therefore
𝐽+1, … , 𝐽+𝐿. The refined condition is gcd(𝐽+𝑡, 𝑢) > 1 for all 1 ≤ 𝑡 ≤ 𝐿, contradicting the
required coprimality of 𝑢𝑅𝑁 . For a prime 𝑝 and 𝑒 ≥ 1, nonunits modulo 𝑝𝑒 are exactly
the multiples of 𝑝. Since two consecutive integers cannot both be multiples of 𝑝, the
condition for 𝑢 = 𝑝𝑒 is equivalent to

𝐿 = 0 or 𝐿 = 1 and 𝑝 ∣ 𝐽 + 1.

Thus a successful refined certificate at a prime-power denominator has at most one
candidate integer. This is not a bound for an arbitrary window: (𝑢, 𝑁, 𝐾) = (3, 3, 3)
gives 𝑉 = 2, 𝐽 = 0, 𝑊 = 6 and 𝐿 = 3, and the test fails because 1, 2, 3 are not all nonunits
modulo 3. The prime-power restriction also matters. With the actual totient window
(𝑢, 𝑁, 𝐾) = (15, 13, 8), one gets

𝑉 = 148, 𝐽 = 8, 𝑊 = 172, 𝐿 = 2.

Both candidates 9, 10 are nonunits modulo 15. This interval passes the refined test
but not the empty-interval test. The prime-power bound therefore neither applies to all
composite denominators nor bounds the possible improvement in the final denominator
cutoff. The prime-power criterion is proved in Lean (LEAN SOURCE).
Observation 6.115 (A synthetic sequence preserving the stated LCM differences). Here
is the recurrence behind the comparison. Fix 𝑡 ≥ 3, put 𝐻 = lcm(1, … , 𝑡) and 𝐴 = 𝜑(𝐻),
and define

𝑐𝑖 =
⎧{
⎨{⎩

−𝐴, 𝑖 = (𝑞 − 1)𝐻 for some 2 ≤ 𝑞 < 𝑡,
0, otherwise,

𝑎𝑖 = 2𝑐𝑖 − 𝑐𝑖+1.

The index 𝑖 here corresponds to the argument 𝐻 + 𝑖 + 1 of a totient difference. For
2 ≤ 𝑞 < 𝑡 this gives

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L19090
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/PrimitiveWeightCertificate.lean#L111
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𝑎(𝑞−1)𝐻−1 = 𝜑((𝑞 + 1)𝐻) − 𝜑(𝑞𝐻) = 𝐴.

The equality follows because all prime divisors of 𝑞 and 𝑞 + 1 divide 𝐻: hence
𝜑(𝑞𝐻) = 𝑞𝐴 and 𝜑((𝑞+1)𝐻) = (𝑞+1)𝐴. Every 𝑎𝑖 is divisible by 𝐴, and |𝑐𝑖| ≤ 𝐴, |𝑎𝑖| ≤ 2𝐴.
For finitely supported integer weights (𝜆𝑗)𝑗≥0, put 𝑑𝑖 = ∑𝑗 𝜆𝑗𝑐𝑖+𝑗 and 𝑏𝑖 = ∑𝑗 𝜆𝑗𝑎𝑖+𝑗. Lin-
earity and telescoping give

𝑏𝑖 = 2𝑑𝑖 − 𝑑𝑖+1,
𝐿−1
∑
𝑟=0

2𝐿−1−𝑟𝑏𝑖+𝑟 = 2𝐿𝑑𝑖 − 𝑑𝑖+𝐿.

The triangle inequality gives the precise uniform bounds

|𝑑𝑖| ≤ 𝐴 ∑
𝑗

|𝜆𝑗|, |𝑏𝑖| ≤ 2𝐴 ∑
𝑗

|𝜆𝑗|.

These are uniform in 𝑖, not in theweights. The factor∑𝑗 |𝜆𝑗| cannot be omitted: taking
only 𝜆0 = 2 doubles the nonzero state and coefficient maxima. Divisibility by 𝐴 and by
𝜑(𝑑) for 𝑑 ∣ 𝐻 is preserved, since 𝜑(𝑑) ∣ 𝜑(𝐻).

Finite shift polynomials therefore preserve the recurrence, but not the original nu-
merical bounds independently of their coefficients. This comparison does not identify 𝑎𝑖
with actual totient differences away from the prescribed indices, or bound the terms dis-
carded by a proposed projection. The construction and the weight-dependent bounds
are in LEAN SOURCE. The decomposition of the actual totient into divisor contributions
is proved in Lean (LEAN SOURCE).
Observation 6.116 (Compatible carries for fixed-precision local symbols). For example,
prescribing an odd coefficient modulo 8 permits any coefficient of the form 𝑎+8𝑧 with 𝑎
odd and 𝑧 ∈ ℤ. Whatever the incoming integer carry 𝑒, one can choose 𝑧 so that 2𝑒+𝑎+8𝑧
lies between −4 and 3. More generally, fix 𝑢 ≥ 1 and a finite list of integers 𝑣𝑗 ≥ 0 and
odd integers 𝑎𝑗. Starting from any integer 𝑒0, there are integers 𝑧𝑗 and coefficients

𝑐𝑗 = 2𝑣𝑗(𝑎𝑗 + 2𝑢𝑧𝑗), 𝑒𝑗+1 = 2𝑒𝑗 + 𝑐𝑗, |𝑒𝑗+1| ≤ 2𝑣𝑗+𝑢−1.

At each step, reduce 2𝑒𝑗 + 2𝑣𝑗𝑎𝑗 to its centred representative modulo 2𝑣𝑗+𝑢, choosing
the interval

[−2𝑣𝑗+𝑢−1, 2𝑣𝑗+𝑢−1).

Solving for 𝑧𝑗 gives the stated next carry. Iterate this choice. The bounds apply to the
resulting states, not to the arbitrary initial state 𝑒0. The unrestricted higher quotients 𝑧𝑗
are essential: the construction prescribes a valuation and a finite unit residue, not the
full coefficients or their signs. It therefore does not realise a prescribed totient-difference
sequence. A contradiction using only these local symbols cannot exclude all compatible
integer carries; further restrictions on the coefficients need a separate argument. LEAN
SOURCE
Observation 6.117 (Correction-free factorisation does not ensure nonvanishing). Con-
sider the two finite differences

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/LcmFactorIdealPulseObstruction.lean#L798
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/LcmFactorIdealPulseObstruction.lean#L328
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TropicalCurvatureCarry.lean#L137
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TropicalCurvatureCarry.lean#L137
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𝜑(65) − 𝜑(65) = 0, 𝜑(78) − 𝜑(70) = 24 − 24 = 0.

They arise from the square-congruence choice 52 ≡ 52 (mod 132) and 52 ≡ 2
(mod 52). The four arguments factor as 13 ⋅ 5, 5 ⋅ 13, 13 ⋅ 6 and 5 ⋅ 14; in each prod-
uct the prime and cofactor are coprime. Thus all four totients have the correction-free
form 𝜑(𝑝𝑚) = (𝑝 − 1)𝜑(𝑚), yet both differences vanish. Nonvanishing is also possible:
the choices 27 ≡ 0 (mod 32) and 27 ≡ 2 (mod 52) give

𝜑(30) − 𝜑(30) = 0, 𝜑(33) − 𝜑(35) = 20 − 24 = −4,

again with coprime factors at every term. The square-CRT construction removes the
non-coprime multiplicativity correction on the prescribed finite range. That property
alone does not imply nonvanishing. These are explicit witnesses of the two possibilities,
not a claim that the first is a smallest counterexample. LEAN SOURCE
Observation 6.118 (No fixed integer clears every primitive denominator). Let 𝐴 = 𝜑 ∗ 𝜇
be the Dirichlet convolution used in Proposition 6.102. At prime powers,

𝐴(𝑝) = 𝑝 − 2, 𝐴(𝑝𝑟) = 𝑝𝑟−2(𝑝 − 1)2 (𝑟 ≥ 2).

These follow by subtracting consecutive prime-power values of 𝜑. For every odd
prime 𝑝, the reduced denominator of 𝐴(𝑝)/𝑝 is 𝑝. For every prime 𝑝, the reduced de-
nominator of 𝐴(𝑝2)/𝑝2 is 𝑝2, including the denominator 4 at 𝑝 = 2. Consequently any
positive integer 𝐷 for which 𝐷𝐴(𝑛)/𝑛 ∈ ℤ for all 1 ≤ 𝑛 ≤ 𝑁 must be divisible by every
odd prime 𝑝 ≤ 𝑁, every prime square 𝑝2 ≤ 𝑁, and by 4 once 𝑁 ≥ 4. No fixed 𝐷 can do
this for all 𝑛, since there are infinitely many odd primes. In periodic-point counting, the
quantities 𝐴(𝑛)/𝑛 would count orbits of length 𝑛; their integrality and nonnegativity
characterise realisable periodic-point sequences [28, Lemma 3.1, p. 5]. Here only the
denominator obstruction is used. It excludes a fixed integer clearing all these particu-
lar coordinates, not every possible Euler-product representation or an argument with a
multiplier growing with 𝑁. It is not an irrationality proof for 𝑆. LEAN SOURCE
Observation 6.119 (A finite exclusion is not a membership test). A successful residue
certificate proves the exclusion stated in its soundness theorem. Failure of that suffi-
cient condition at finitely many depths does not prove integrality of the tail difference.
In particular, a finite unsuccessful search cannot be substituted for the eventual-period
assertion needed to prove rationality. The same logical distinction occurs for the linked
greedy test in a separate Mersenne achievement-set problem: its finite inequality im-
plies nonmembership. The linked object is a definition, with a soundness theorem in the
same file, not a theorem asserting a universal impossibility of finite rationality proofs for
Problem #249. Membership or rationality established by some additional exact identity
is not excluded by this observation. Likewise, the successful finite ranges in Proposi-
tions 6.94 and 6.104 remain finite ranges until an unbounded supply is proved. LEAN
SOURCE

6.6 Related structural results
We apply the Möbius-weighted identities first to log-concavity and then to integer car-
ries, rational approximations and factorisations. The objects differ, but each proof starts
from the identities already given for that object.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/SquareCRTCube.lean#L459
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/PrimitiveDeterminantLift.lean#L169
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GreedyAchievementSet.lean#L1756
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GreedyAchievementSet.lean#L1756
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6.6.1 Log-concavity of the Möbius-weighted series

Put Θ𝑟 = ∑𝑛≥0 𝜇(𝑛+1)/(2𝑛+1 −1)𝑟, so that Θ2 = 𝑆−1/2. We prove strict log-concavity
for every integer 𝑟 ≥ 1. This orders the values of the family without determining their
rationality.
Definition 6.120. For each integer 𝑟 ≥ 1, put

Θ𝑟 = ∑
𝑛≥0

𝜇(𝑛 + 1)
(2𝑛+1 − 1)𝑟 = 1 − 3−𝑟 + ∑

𝑛≥0

𝜇(𝑛 + 3)
(2𝑛+3 − 1)𝑟 .

The first two summands isolate the dominant contribution. The remaining absolute
sum is at most 1/(2𝑟(2𝑟 − 1)), by comparison with ∑𝑛≥2 2−𝑟𝑛. In particular, Θ𝑟 > 0 for
𝑟 ≥ 1: 1 − 3−𝑟 ≥ 2/3 and this tail bound is at most 1/2. LEAN SOURCE LEAN SOURCE
LEAN SOURCE
Theorem 6.121 (The values at exponents one and two). The first two values are Θ1 = 1/2
and Θ2 = 𝑆 − 1/2.
The second equality is the Möbius-square identity credited in §5.4; whether Θ2 is ratio-
nal is #249 itself.
Theorem 6.122 (The first two summands give a positive Hankel gap). (1 − 3−(𝑟+1))2 −
(1 − 3−𝑟)(1 − 3−(𝑟+2)) = 4/3𝑟+2, so the rational sequence 1 − 3−𝑟 is strictly log-concave for
every integer 𝑟 ≥ 1.
Theorem 6.123 (Strict log-concavity for all integer 𝑟 ≥ 1). For every integer 𝑟 ≥ 1,

Θ𝑟Θ𝑟+2 < Θ2
𝑟+1.

Equivalently, the determinant of ( Θ𝑟 Θ𝑟+1
Θ𝑟+1 Θ𝑟+2

) is negative. The two-summand comparison
gives an elementary proof, detailed below; the same strict inequality is also proved in Lean.
A quantitative comparison. For this proof put 𝑎𝑟 = 1 − 3−𝑟 and 𝜀𝑟 = 1/(2𝑟(2𝑟 − 1)). The
preceding bound gives |Θ𝑟 − 𝑎𝑟| ≤ 𝜀𝑟. Since 0 < 𝑎𝑟 < 1, expansion of the two products
gives

Θ2
𝑟+1 − Θ𝑟Θ𝑟+2 ≥ 4

3𝑟+2 − 𝐵𝑟, 𝐵𝑟 = 2𝜀𝑟+1 + 𝜀2
𝑟+1 + 𝜀𝑟 + 𝜀𝑟+2 + 𝜀𝑟𝜀𝑟+2.

Here 𝜀𝑟+1 < 𝜀𝑟/4, so 𝐵𝑟+1 < 𝐵𝑟/4. The rational comparison

𝐵5 = 50106593
32001951744 < 4

37

therefore proves the inequality for all 𝑟 ≥ 5: the error decreases faster than the posi-
tive main term. For 𝑟 = 1, 2, 3, 4, truncate each Θ𝑗 at 𝑛 = 8. Its omitted absolute sum is
at most

1
(29 − 1)𝑗(1 − 2−𝑗)

.

Using Θ1 = 1/2 and these rational intervals, the four gaps Θ2
𝑟+1 − Θ𝑟Θ𝑟+2 are re-

spectively greater than 1/4, 1/16, 1/64 and 1/200. These finite rational comparisons
complete the ordinary proof.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/SignedQMomentObstruction.lean#L136
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/SignedQMomentObstruction.lean#L140
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/SignedQMomentObstruction.lean#L144
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Observation 6.124. The inequality excludes a representation Θ𝑟 = ∫∞
0 𝑥𝑟 𝑑𝜈(𝑥) by a posi-

tive measure with these finite moments: Cauchy–Schwarz would give Θ2
𝑟+1 ≤ Θ𝑟Θ𝑟+2.

It does not by itself imply irrationality of Θ2. Indeed, the rational sequence 1 − 3−𝑟 sat-
isfies the same strict log-concavity inequalities. Thus the determinant sign supplies an
obstruction to a positive-moment representation, not a rational-approximation estimate.

The accompanying formal results include a rectangular determinant expansion de-
rived from the Leibniz formula (LEAN SOURCE), and the following elementary parity fact:
in a finite sum of dyadic fractions, if the largest denominator exponent occurs once and
its numerator is odd, clearing that denominator gives an odd numerator (LEAN SOURCE).

6.6.2 Integer recurrences and rational binary series

For coefficients 0 ≤ 𝑐(𝑛) ≤ 𝑛, rationality is equivalent to the existence of an integer
carry with 𝑢(𝑁)/2𝑁 → 0. The recurrence alone is not restrictive: every integer initial
value produces an integer sequence. The limit condition selects the initial value that
represents the infinite sum.

Theorem 6.125 (Integer recurrence criterion for a binary series). Let 𝑐 ∶ ℕ → ℕ satisfy
𝑐(𝑛) ≤ 𝑛. Then ∑𝑛≥1 𝑐(𝑛)2−𝑛 is rational if and only if there are an integer 𝑣 > 0 and an integer
sequence 𝑢 such that

𝑢(𝑁 + 1) = 2𝑢(𝑁) − 𝑣 𝑐(𝑁 + 1), 𝑢(𝑁)
2𝑁 ⟶ 0.

For each fixed 𝑣, such a sequence is unique and equals

𝑢(𝑁) = 𝑣𝑅𝑐
𝑁 , 𝑅𝑐

𝑁 = ∑
𝑗≥1

𝑐(𝑁 + 𝑗)
2𝑗 .

Proof. Iterating the recurrence gives the finite identity

𝑢(𝑁)
2𝑁 = 𝑢(0) − 𝑣

𝑁
∑
𝑛=1

𝑐(𝑛)
2𝑛 .

Taking 𝑁 → ∞ gives 𝑆𝑐 = 𝑢(0)/𝑣, where 𝑆𝑐 = ∑𝑛≥1 𝑐(𝑛)2−𝑛. Subtracting the finite
prefix then gives 𝑢(𝑁) = 𝑣𝑅𝑐

𝑁 .
Conversely, suppose 𝑆𝑐 is rational. Choose an integer 𝑣 > 0 with 𝑣𝑆𝑐 ∈ ℤ, set 𝑢(0) =

𝑣𝑆𝑐, and iterate the recurrence. The terms are integers by construction; the displayed
identity gives 𝑢(𝑁) = 𝑣𝑅𝑐

𝑁 . Finally 0 ≤ 𝑅𝑐
𝑁 ≤ 𝑁 + 2 proves the required limit.

Without the boundary condition, any integer 𝑢(0) gives an integer solution of the
recurrence, whether the series is rational or irrational. Two solutions with the same
𝑣 differ by 2𝑁 times their initial difference. Thus the limit, not the recurrence alone,
determines the initial value. Changing 𝑣 rescales the canonical solution; uniqueness is
asserted only for a fixed multiplier.

Proposition 6.126 (Uniqueness under the growth condition). A real sequence 𝑑 with
𝑑(𝑁+1) = 2𝑑(𝑁) and 𝑑(𝑁) = 𝑜(2𝑁) is identically zero.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/SignedQMomentObstruction.lean#L29
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/SignedQMomentObstruction.lean#L78
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Observation 6.127 (The specified finite-state decoder is impossible). Fix 𝑚 ≥ 2, put 𝑅 =
⌊(𝑚 + 1)/2⌋, and for 0 ≤ 𝑟 ≤ 𝑅 define

𝑐𝑚,𝑟(𝑛) =
⎧{{
⎨{{⎩

𝑅 − 𝑟, 𝑛 = 𝑚,
2𝑟, 𝑛 = 𝑚 + 1,
0, otherwise.

The two nonzero terms have total contribution (𝑅−𝑟)2−𝑚 +2𝑟2−(𝑚+1) = 𝑅2−𝑚, inde-
pendent of 𝑟. All coefficients and scaled tails before 𝑚 are therefore the same, whereas
the scaled tail at 𝑚 is 𝑟. No map from a state common to this whole family can recover
that tail. More generally, exact recovery of all its possible values requires at least 𝑅 + 1
distinct labels. LEAN SOURCE LEAN SOURCE The sequences in this family have identical
histories before the isolated change but different subsequent tails. Therefore that finite
history alone cannot determine the exact tail in this class of sequences. This is not a
conclusion about the totient sequence.

There is also an infinite family with a common rational value. Let 𝑎 ∶ ℕ → {0, 1}
satisfy 𝑎(0) = 0, and put 𝑐(2𝑘) = 𝑘 − 𝑎(𝑘) and 𝑐(2𝑘 + 1) = 2𝑎(𝑘). The adjacent terms
contribute 𝑘4−𝑘, so

∑
𝑛≥1

𝑐(𝑛)
2𝑛 = ∑

𝑘≥1

𝑘
4𝑘 = 4

9,

regardless of the binary sequence 𝑎. The cited result also gives an integer recurrence
satisfying the growth condition (LEAN SOURCE). The assumptions 𝑎(0) = 0 and 𝑎(𝑘) ∈
{0, 1} are part of that formal statement, not an arbitrary bounded-input hypothesis. For
comparison, the identity coefficients 𝑐(𝑛) = 𝑛have the explicitmultiplier-one recurrence
𝑢(𝑁) = 𝑁 + 2 (LEAN SOURCE).

6.6.3 Rational approximation with a squared-Mersenne remainder

The first-order Lambert term in the diagonal tail difference can be summed exactly. The
approximation below leaves only a squared-Mersenne tail to estimate. Small error is
only half of a denominator-clearing argument. If a target 𝛼 = 𝑎/𝑏 is rational, then every
unequal rational 𝑝/𝑞 satisfies 𝑞|𝛼−𝑝/𝑞| = |𝑎𝑞−𝑏𝑝|/𝑏 ≥ 1/𝑏. Thus nonzero errors tending
to zero after multiplication by the reduced denominators would prove irrationality. The
identity and geometric bound below give explicit errors, but not that comparison with
the denominators.
Proposition 6.128 (An exact rational approximation formula). For integers 𝐻, 𝐷 ≥ 0,
with the integer prefixes Φ𝑁 defined above,

𝑅2𝐻 − 𝑅𝐻 − ⎡⎢
⎣
Φ𝐻 − Φ2𝐻 + 2𝐻(2𝐻 − 1) ⎛⎜

⎝

1
2 +

𝐷
∑
𝑑=1

𝜇(𝑑)
(2𝑑 − 1)2

⎞⎟
⎠

⎤⎥
⎦

= 2𝐻(2𝐻 − 1) ∑
𝑑>𝐷

𝜇(𝑑)
(2𝑑 − 1)2 .

This follows by substituting the squared-denominator identity for 𝑆 into 𝑅2𝐻 − 𝑅𝐻 =
2𝐻(2𝐻 − 1)𝑆 + Φ𝐻 − Φ2𝐻 . There is no required ordering between 𝐷 and 𝐻.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GenericTailOrbitRigidity.lean#L247
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GenericTailOrbitRigidity.lean#L228
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GenericTailOrbitRigidity.lean#L545
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GenericTailOrbitRigidity.lean#L564
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Proposition 6.129 (A geometric tail bound). For every integer 𝐷 ≥ 0,

∣∣∣∣
∑
𝑑>𝐷

𝜇(𝑑)
(2𝑑 − 1)2

∣∣∣∣
≤ 4

3(2𝐷+1 − 1)2 .

Indeed, |𝜇(𝑑)| ≤ 1 and 2𝐷+1+𝑗 − 1 ≥ 2𝑗(2𝐷+1 − 1) for 𝑗 ≥ 0. The sum of the resulting
geometric majorant is ∑𝑗≥0 4−𝑗 = 4/3.

Observation 6.130 (One-sided and symmetric error bounds). Suppose 𝑛 > 𝐷, 𝜇(𝑑) = 0
for 𝐷 < 𝑑 < 𝑛, and |𝜇(𝑛)| = 1. Removing that first nonzero summand gives the sharper
enclosure

∣∣∣∣
𝜇(𝑛) ∑

𝑑>𝐷

𝜇(𝑑)
(2𝑑 − 1)2 − 1

(2𝑛 − 1)2
∣∣∣∣
≤ 4

3(2𝑛+1 − 1)2 .

The radius is smaller than the positive centre, so the tail has sign 𝜇(𝑛). The interval’s
width, divided by the width of the preceding symmetric enclosure, is

(2𝐷+1 − 1
2𝑛+1 − 1

)
2

< 1
4.

The cited theorem gives this signed enclosure (LEAN SOURCE). Multiplication by
2𝐻(2𝐻 −1) and translation by the rational approximation above enclose 𝑅2𝐻 −𝑅𝐻 . If the
resulting interval contains no integer, the tail difference is nonintegral. For the symmet-
ric bound, the linked statement requires the distance from its rational centre to every
integer to exceed its error radius (LEAN SOURCE). The enclosure does not establish that
strict separation. In particular, shrinking an interval around a rational approximation
does not, without a denominator comparison, show that the interval misses every inte-
ger.

6.6.4 Divisor terms and their complement

At 𝐻 = 6 and 𝑠 = 2, the difference 𝜑(2𝐻 +𝑠)−𝜑(𝐻 +𝑠) = 𝜑(14)−𝜑(8) is 2, whereas the
terms with divisor index 𝑑 ∣ 𝐻 sum to 3. The other indices contribute −1. The following
decomposition keeps both contributions. It holds for every positive integer 𝐻, not only
a least common multiple; an estimate is needed before its second sum can be discarded.

Proposition 6.131 (The sum over divisor indices). For integers 𝐻 > 0 and 𝑠 ≥ 0, the part
of the Möbius expansion indexed by divisors of 𝐻 is

∑
𝑑∣𝐻
𝑑∣𝑠

𝜇(𝑑)𝐻
𝑑 = 𝐻 𝜑(gcd(𝐻, 𝑠))

gcd(𝐻, 𝑠) .

This is the standard identity ∑𝑑∣𝑔 𝜇(𝑑)/𝑑 = 𝜑(𝑔)/𝑔 at 𝑔 = gcd(𝐻, 𝑠) > 0. The formal
statement writes the same value after extracting 𝐻/ rad(𝐻), where rad(𝐻) = ∏𝑝∣𝐻 𝑝.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/SquaredMersenneDiagonalEnclosure.lean#L313
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/SquaredMersenneDiagonalEnclosure.lean#L426
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Proposition 6.132 (The divisor sum and its complement). For integers 𝐻 > 0 and 𝑠 ≥ 0,

𝜑(2𝐻 + 𝑠) − 𝜑(𝐻 + 𝑠) = 𝐻 𝜑(gcd(𝐻, 𝑠))
gcd(𝐻, 𝑠)

+ ∑
1≤𝑑≤2𝐻+𝑠

𝑑∤𝐻

𝜇(𝑑) (2𝐻 + 𝑠
𝑑 1𝑑∣2𝐻+𝑠 − 𝐻 + 𝑠

𝑑 1𝑑∣𝐻+𝑠) .

Here 1 is the indicator of the stated divisibility condition. The identity follows by expanding
both totients as 𝜑(𝑛) = ∑𝑑∣𝑛 𝜇(𝑑)𝑛/𝑑 and separating the indices 𝑑 ∣ 𝐻. Such an index divides
either endpoint precisely when it divides 𝑠, and its difference is then 𝜇(𝑑)𝐻/𝑑.

Theorem 6.133 (Doubling the full totient difference). For nonnegative integers 𝐻, 𝑟 with
𝐻 even,

𝜑(4𝐻 + 2𝑟) − 𝜑(2𝐻 + 2𝑟) =
⎧{
⎨{⎩

2(𝜑(2𝐻 + 𝑟) − 𝜑(𝐻 + 𝑟)), 𝑟 even,
𝜑(2𝐻 + 𝑟) − 𝜑(𝐻 + 𝑟), 𝑟 odd.

This applies to the full difference, not just its divisor contribution. It follows from 𝜑(2𝑛) =
2𝜑(𝑛) for even 𝑛 and 𝜑(2𝑛) = 𝜑(𝑛) for odd 𝑛.

Observation 6.134 (Squarefree support of the complementary terms). A nonzero sum-
mand in the complementary summust have a squarefree index 𝑑 dividing exactly one of
2𝐻 + 𝑠 and 𝐻 + 𝑠. Indeed, otherwise 𝜇(𝑑) = 0 or both indicators vanish. Both endpoints
cannot be divisible by 𝑑: their difference is 𝐻, and 𝑑 ∤ 𝐻. LEAN SOURCE LEAN SOURCE
The restriction identifies which indices can contribute. It does not control the sign or
magnitude of their sum.

Proposition 6.135 (A doubling identity for two portions of the sum). Let 𝐻 > 0, 𝑠 ≥ 0
and 𝑑 ≥ 1, with 𝑑 ∤ 𝐻 and 𝑑 ∣ 𝐻 + 𝑠. The 𝑑-summands in the complementary sums at offsets 𝑠
and 2𝑠 are, respectively,

−𝜇(𝑑)𝐻 + 𝑠
𝑑 and 2𝜇(𝑑)𝐻 + 𝑠

𝑑 .

For the second expression, 𝑑 ∣ 2𝐻+2𝑠 and 𝑑 ∤ 𝐻+2𝑠; otherwise 𝑑would divide their difference
𝐻. Thus the second contribution is −2 times the first, including the zero case 𝜇(𝑑) = 0. The two
terms have different binary weights in a window sum, so this identity alone is not a cancellation
of their weighted contributions.

6.6.5 A numerator polynomial with explicit positive coefficients

Theorem 6.136 (Positive coefficients of the numerator polynomial). For a squarefree inte-
ger 𝑟 ≥ 1, the numerator polynomial has the explicit expression

∑
𝑑∣𝑟

𝜇(𝑑) 𝑟
𝑑

𝑟/𝑑−1
∑
𝑗=0

𝑋𝑑𝑗 =
𝑟−1
∑
𝑘=0

𝑟
gcd(𝑟, 𝑘)𝜑(gcd(𝑟, 𝑘))𝑋𝑘.

Every coefficient for 0 ≤ 𝑘 < 𝑟 is positive, and the higher coefficients are zero. Extracting
𝑋𝑘 on the left gives ∑𝑑∣gcd(𝑟,𝑘) 𝜇(𝑑)𝑟/𝑑, which proves the formula. The squarefree assumption
identifies this divisor sum with the subset-of-primes definition in the formal source.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DiagonalFreshLossBridge.lean#L909
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DiagonalFreshLossBridge.lean#L852
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Corollary 6.137. For the same squarefree 𝑟, evaluation at 𝑋 = 2 gives the integer

∑
𝑑∣𝑟

𝜇(𝑑) 𝑟
𝑑

2𝑟 − 1
2𝑑 − 1

.

Each quotient is an integer because 𝑑 ∣ 𝑟.

6.6.6 Exact dyadic comparisons and tail bounds

A finite prefix locates a dyadic rational relative to the tail. The following two formulas
give the exact comparison and an upper bound for the omitted terms, so that the residue
margin can be compared with its error.

Definition 6.138. For 𝑝 ∈ ℤ, 𝑛 ≥ 0 and an integer 𝐿 > 0, the difference between 𝑝/(2𝐿)
and the dyadic point 2−(𝑛+1) is

𝑝
2𝐿 − 2−(𝑛+1) = 2𝑛𝑝 − 𝐿

2𝑛+1𝐿
.

Its sign is therefore the sign of the integer numerator 2𝑛𝑝 − 𝐿. For fixed 𝑝, 𝐿, the next
numerator satisfies 2𝑛+1𝑝 − 𝐿 = 2(2𝑛𝑝 − 𝐿) + 𝐿. LEAN SOURCE LEAN SOURCE

Proposition 6.139 (The geometric remainder bound). The remainder after the first two
geometric terms of 1/(2𝑛 − 1) is

1
2𝑛 − 1 − 2−𝑛 − 4−𝑛 = 8−𝑛

1 − 2−𝑛 ≤ 4
3 8−𝑛 (𝑛 ≥ 2).

Indeed, 1 − 2−𝑛 ≥ 3/4. Summing over 𝑛 > 𝑚, for an integer 𝑚 ≥ 1, gives

∑
𝑛>𝑚

( 1
2𝑛 − 1 − 2−𝑛 − 4−𝑛) ≤ 4

3 ∑
𝑛>𝑚

8−𝑛 = 4
21 8−𝑚.

6.6.7 Squared distances between complex phases

For unit complex numbers, the identity |𝑧 − 1|2 = 2 − 2Re 𝑧 converts squared distances
into a real-part sum. We also sum the corresponding pairwise identity. Applying these
formulas to totient phases still requires a separation estimate for those phases.

Proposition 6.140 (Squared distance from the phase one).

∑
𝑁∈𝑇

‖𝐸(ℎ, 𝑁, 𝐿) − 1‖2 = 2|𝑇| − 2 ∑
𝑁∈𝑇

Re𝐸(ℎ, 𝑁, 𝐿).

Lemma 6.141 (Squared-distance bound for separated pairs). For a finite family 𝑧 ∶ 𝑇 → ℂ,
a real number 𝛿 ≥ 0, and any set of pairs 𝑃 ⊆ 𝑇×𝑇 each separated by ≥ 𝛿, |𝑃|⋅𝛿2 ≤ ∑𝑖,𝑗∈𝑇 ‖𝑧𝑖 −
𝑧𝑗‖2.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DyadicPrefixCompression.lean#L156
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DyadicPrefixCompression.lean#L161
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6.6.8 Approximating the nondivisor terms

The terms with 𝑑 ∣ 𝐻 form a finite rational contribution to 𝑅2𝐻 − 𝑅𝐻 . To use it, we must
also approximate the terms with 𝑑 ∤ 𝐻. The approximation and its error are explicit;
for a cutoff 𝐷 ≥ 2𝐻, only separation of the resulting rational centre from the integers
remains to be checked.

For 𝑑 ≥ 1 and 𝑁 ≥ 0, let 𝑎𝑑(𝑁) = 𝑑 − (𝑁 mod 𝑑) be the least positive shift from 𝑁 to
a multiple of 𝑑. Summing the multiples of 𝑑 in the totient tail gives the rational term

𝜅𝑑(𝑁) = 𝜇(𝑑)2𝑑−𝑎𝑑(𝑁) (𝑁 + 𝑎𝑑(𝑁)
𝑑(2𝑑 − 1)

+ 1
(2𝑑 − 1)2 ) , 𝑅𝑁 = ∑

𝑑≥1
𝜅𝑑(𝑁).

Indeed, substitute 𝜑(𝑛) = ∑𝑑∣𝑛 𝜇(𝑑)𝑛/𝑑 into 𝑅𝑁 . For a fixed 𝑑, the admissible shifts
are 𝑎𝑑(𝑁) + 𝑘𝑑, 𝑘 ≥ 0; their contribution is 𝜇(𝑑) ∑𝑘≥0((𝑁 + 𝑎𝑑(𝑁))/𝑑 + 𝑘)2−𝑎𝑑(𝑁)−𝑘𝑑,
which is the displayed expression. The interchange of sums is justified by

∑
𝑗≥1

2−𝑗 ∑
𝑑∣𝑁+𝑗

|𝜇(𝑑)|𝑁 + 𝑗
𝑑 ≤ ∑

𝑗≥1
(𝑁 + 𝑗)22−𝑗 < ∞.

Thus subtraction and finite splitting of these series are valid. The terms are signed:
for example, 𝜅2(0) = −4/9. This identity is proved in Lean (LEAN SOURCE).

Proposition 6.142 (The finite divisor sum). For an integer 𝐻 > 0, the contribution of the
divisor indices to 𝑅2𝐻 − 𝑅𝐻 is

𝐴𝐻 = 𝐻 ∑
𝑑∣𝐻

𝜇(𝑑)
𝑑(2𝑑 − 1)

.

For 𝑑 ∣ 𝐻, both 𝑎𝑑(𝐻) and 𝑎𝑑(2𝐻) equal 𝑑. Hence 𝜅𝑑(2𝐻) − 𝜅𝑑(𝐻) = 𝐻𝜇(𝑑)/(𝑑(2𝑑 − 1)).
Summing over the divisors gives 𝐴𝐻 , not the whole tail difference: the nondivisor terms must
still be included.

For 𝐻 > 0 and an integer cutoff 𝐷 ≥ 0, set

𝑃𝐻,𝐷 = ∑
1≤𝑑≤𝐷

𝑑∤𝐻

(𝜅𝑑(2𝐻) − 𝜅𝑑(𝐻)),

𝜀𝐻,𝐷 = 2𝐻(2𝐻 − 1) ( 2
2𝐷 + 4

3 ⋅ 4𝐷 ) .

Here 𝐴𝐻 includes all divisor indices, even when 𝐷 < 𝐻. The following implication
therefore keeps the error estimate as an explicit hypothesis; itwill be proved belowwhen
𝐷 ≥ 2𝐻.

Proposition 6.143 (Separation larger than the error implies exclusion). Suppose

∣(𝑅2𝐻 − 𝑅𝐻) − (𝐴𝐻 + 𝑃𝐻,𝐷)∣ ≤ 𝜀𝐻,𝐷, |𝐴𝐻 + 𝑃𝐻,𝐷 − 𝑧| > 𝜀𝐻,𝐷 for every 𝑧 ∈ ℤ.

Then 𝑅2𝐻 − 𝑅𝐻 ∉ ℤ.

Proof. If 𝑅2𝐻 − 𝑅𝐻 = 𝑧 ∈ ℤ, the two hypotheses give opposite inequalities for |𝐴𝐻 +
𝑃𝐻,𝐷 − 𝑧|.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientShiftedMobiusForeignBridge.lean#L61
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Why the error hypothesis holds for 𝐷 ≥ 2𝐻. Every divisor of 𝐻 then lies below the
cutoff. For 𝑑 > 𝐷, both 𝐻 and 2𝐻 are smaller than 𝑑, so the omitted increment simplifies
to

𝜅𝑑(2𝐻) − 𝜅𝑑(𝐻) = 𝜇(𝑑)2𝐻(2𝐻 − 1) ( 1
2𝑑 − 1

+ 1
(2𝑑 − 1)2 ) .

Since |𝜇(𝑑)| ≤ 1 and 2𝑑 − 1 ≥ 2𝑑−1,

∣(𝑅2𝐻 − 𝑅𝐻) − (𝐴𝐻 + 𝑃𝐻,𝐷)∣ ≤ 2𝐻(2𝐻 − 1) ∑
𝑑>𝐷

( 2
2𝑑 + 4

4𝑑 )

= 𝜀𝐻,𝐷.

Thus for 𝐻 > 0 and 𝐷 ≥ 2𝐻 the error bound needs no additional convergence
hypothesis. The same estimate is proved in Lean (LEAN SOURCE); together with the
displayed separation inequality, it gives the cited nonintegrality consequence (LEAN
SOURCE).

For example, at 𝐻 = 1 and 𝐷 = 5 the rational centre and radius are

𝐴1 + 𝑃1,5 = 304282
423801, 𝜀1,5 = 49

384, 1
2 < 𝐴1 + 𝑃1,5 − 𝜀1,5 < 𝐴1 + 𝑃1,5 + 𝜀1,5 < 1.

Thus this finite calculation excludes an integral value of 𝑅2 − 𝑅1. The cutoff restric-
tion alone does not ensure success: at 𝐻 = 1, 𝐷 = 4, the centre 346/441 is within the
radius 25/96 of 1. For fixed 𝐻 the radius tends to zero as 𝐷 → ∞, but an irrationality
argument still needs the required family of separated centres. Neither a single example
nor convergence of the error supplies it.

When 𝐷 ≥ 2𝐻, the first-order part of the omitted sum can also be included exactly:
∑𝑑>𝐷 𝜇(𝑑)/(2𝑑 − 1) = 1/2 − ∑𝑑≤𝐷 𝜇(𝑑)/(2𝑑 − 1). Adding 2𝐻(2𝐻 − 1) times this ratio-
nal correction to 𝐴𝐻 + 𝑃𝐻,𝐷 gives the squared-Mersenne approximation above (LEAN
SOURCE). This explains the relation between the two approximations and the improved
squared-denominator remainder; it does not provide their integer separation.

6.6.9 Coprime-pair sums

Coprime-pair counting gives a further expression for 𝑆. The classical Lambert identity
alongside it uses different weights and sums to an elementary rational function. That
evaluation does not determine the rationality of the totient series.

Theorem 6.144 (Coprime-pair counting and the totient). For every 𝑛 ∈ ℕ, #{(𝑎, 𝑏) ∈
ℕ2 ∶ 𝑎 + 𝑏 = 𝑛, 𝑎 > 0, gcd(𝑎, 𝑏) = 1} = 𝜑(𝑛). Here 𝑏 = 0 is allowed: the boundary pair (1, 0)
accounts for the value 𝜑(1) = 1.

Proposition 6.145 (Two lattice sums). For 0 ≤ 𝑟 < 1, the two choices of boundary give

∑
𝑎≥1, 𝑏≥0
gcd(𝑎,𝑏)=1

𝑟𝑎+𝑏 = ∑
𝑛≥1

𝜑(𝑛)𝑟𝑛,

∑
𝑎,𝑏≥1

gcd(𝑎,𝑏)=1

𝑟𝑎+𝑏 = ∑
𝑛≥1

𝜑(𝑛)𝑟𝑛 − 𝑟.
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The removed pair is (1, 0). Partitioning all strictly positive pairs by their greatest common
divisor gives

∑
𝑔≥1

∑
𝑎,𝑏≥1

gcd(𝑎,𝑏)=1

𝑟𝑔(𝑎+𝑏) = ( 𝑟
1 − 𝑟)

2
.

This total is 1 exactly when 𝑟 = 1/2.

Theorem 6.146 (The classical coprime-pair Lambert identity). For every 0 ≤ 𝑟 < 1,

∑(𝑎,𝑏) coprime, 𝑎,𝑏≥1
𝑟𝑎+𝑏

1 − 𝑟𝑎+𝑏 = ( 𝑟
1 − 𝑟)

2
, an elementary rational function of 𝑟, hence rational

at every rational 𝑟 including 𝑟 = 1/2. This is the classical visible-point identity, and its Lean
proof is a formalisation of it rather than a new result: writing each pair (𝐴, 𝐵) of positive integers
uniquely as 𝑔⋅(𝑎, 𝑏)with gcd(𝑎, 𝑏) = 1 converts the quadrant sum∑𝐴,𝐵≥1 𝑟𝐴+𝐵 = (𝑟/(1−𝑟))2

into the displayed sum over visible points. With the plain weight 𝑟𝑎+𝑏, the same strictly positive
index set instead sums to ∑𝑛≥1 𝜑(𝑛)𝑟𝑛 − 𝑟. Thus at 𝑟 = 1/2 the Lambert-weighted sum is 1,
whereas the plain-weight sum is 𝑆 − 1/2, not 𝑆. Adding the boundary pair (1, 0) recovers 𝑆 in
the plain-weight sum.

Observation 6.147. The Lambert-weighted sum is rational at every rational 𝑟 ∈ [0, 1).
Consequently, coprimality of the indices, the decomposition by greatest common di-
visor and geometric decay alone do not imply its irrationality. This comparison does
not decide the arithmetic nature of the differently weighted sum 𝑆 − 1/2, or of 𝑆. A
proof using the plain-weight summust exploit information not contained in those three
properties.

6.6.10 The single-parameter diagonal condition

Taking the period to be a least common multiple reduces the certificate condition to a
single scale 𝑡. The witness must still occur beyond every threshold in 𝑡. We prove the
reduction and retain that arithmetic requirement explicitly.
Observation 6.148 (The diagonal implication). The irrationality of 𝑆 follows if, for every
integer 𝑡0 ≥ 0, there are 𝑡 ≥ 𝑡0 and 𝐿 ≥ 0 such that 𝒞(𝐻𝑡, 𝐻𝑡, 𝐿), where 𝐻𝑡 = lcm(1, … , 𝑡)
and 𝐻0 = 1. This implication is proved in Lean (LEAN SOURCE); its hypothesis is un-
proved. Theorem 6.49 also records the converse. The quantified condition is therefore
equivalent to irrationality, not a weaker hypothesis.

Theorem 6.149 (Nondivisors in a short LCMwindow). Let 𝑡 ≥ 1. If 1 ≤ 𝑗 < 2𝑡 and 𝑗 ∤ 𝐻𝑡,
then 𝑗 = 𝑝𝑎 > 𝑡 for a prime 𝑝 and an integer 𝑎 ≥ 1. Every integer 1 ≤ 𝑗 ≤ 𝑡 divides 𝐻𝑡. To see
the first claim, some prime-power divisor 𝑝𝑎 of 𝑗 exceeds 𝑡; otherwise every prime-power divisor
would divide 𝐻𝑡. Since 𝑗 < 2𝑡 < 2𝑝𝑎, its remaining cofactor is 1.

If 𝑗 ∣ 𝐻𝑡 and every prime divisor of 𝑗 also divides 𝐻𝑡/𝑗, then, for every integer 𝑞 ≥ 0,

𝜑(𝑞𝐻𝑡 + 𝑗) = 𝜑(𝑗)𝜑(𝑞(𝐻𝑡/𝑗) + 1).

Indeed, the second factor’s argument is coprime to 𝑗, so totient multiplicativity applies. The
hypothesis is essential to this factorisation: at 𝑡 = 2, 𝑗 = 2, 𝑞 = 1 the left side is 𝜑(4) = 2 but
the displayed product would be 1.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/LcmDiagonalReduction.lean#L112
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Observation 6.150 (Finite diagonal examples). The cited file proves 𝒞(𝐻𝑡, 𝐻𝑡, 𝐿) at the
following depths:

𝑡 1 2 3 4 5 6 7 8
𝐻𝑡 1 2 6 12 60 60 420 840
𝐿 6 5 7 7 9 9 14 15

The largest totient argument is 2𝐻6 + 9 = 129 for 𝑡 ≤ 6, and 2𝐻8 + 15 = 1695
for the full table. LEAN SOURCE LEAN SOURCE This is a finite verification; certificates at
arbitrarily large scales remain unproved.

6.6.11 Prime divisors of Mersenne factors and finite exclusions

For 𝑋 − 2, multiplicative orders supply infinitely many prime divisors among the
Mersenne factors. They therefore satisfy the abstract prime-support hypothesis below.
This does not imply the required tail-residue inequality. The accompanying finite ex-
clusions concern only their stated periods and basepoints.

Theorem 6.151 (Unbounded prime support in Mersenne factors). Every prime divisor 𝑝
of 2𝑞 − 1, for prime 𝑞, satisfies 𝑞 ∣ 𝑝 − 1 (the order of 2 mod 𝑝 is exactly 𝑞, by Fermat/Lagrange
in (ℤ/𝑝)×); consequently the prime divisors appearing in the layers {2𝑛 − 1} are unbounded,
unconditionally, with no cyclotomic resultant hypothesis left open.

Theorem 6.152 (A prime satisfying the stated cyclotomic conditions). For every period
ℎ > 0 and threshold 𝑁0, there exist a prime 𝑞 and a prime factor 𝑝 of |Φℎ𝑞(2)| (the binary
cyclotomic layer) with 𝑝 coprime to ℎ𝑞, ℎ𝑞 ∣ 𝑝 − 1, and 𝑝 − 1 ≥ 𝑁0. The characteristic-prime
exceptional case in the cyclotomic order decomposition is eliminated directly, by choosing 𝑞 > 2ℎ

(rules out 𝑝 = 𝑞) and 𝑞 > ℎ (rules out 𝑝 ∣ ℎ).

Observation 6.153. The first theorem uses the multiplicative order of 2 modulo a prime.
For the second, choose a prime 𝑞 > max(ℎ, 𝑁0, 2ℎ) and then a prime divisor of |Φℎ𝑞(2)| >
1. The cyclotomic order formula, together with the stated inequalities on 𝑞, excludes
prime divisors of ℎ𝑞 and gives ord𝑝(2) = ℎ𝑞. Existence of arbitrarily large primes suffices
here; no prime-in-progression theorem is needed for this construction.

These results supply prime divisors with the required orders. They do not supply
the tail-residue inequality at the resulting periods. The all-prime and eventual forms of
the order hypothesis must also be distinguished, as explained in §6.6.12.
Observation 6.154 (Finite exclusions at period 30). The Lean kernel decides two indepen-
dent certificates at the composite period ℎ = 30, at the basepoints 𝑁 = 300 and 𝑁 = 330.
The certificate at 𝑁 = 300 gives the denominator exclusion 𝑆 ≠ 𝑟 for every 𝑟 ∈ ℚ whose
reduced denominator divides 2300(230 − 1). LEAN SOURCE LEAN SOURCE This is a finite
exclusion; the corresponding condition at arbitrarily large scales remains unproved.

6.6.12 A sufficient hypothesis for unbounded prime support

Here the exponent 𝑘 in 𝑝𝑘 ≡ 1 (mod 𝑚𝑞) bounds the order of 𝑝 modulo 𝑚𝑞, or equiv-
alently a finite-field extension degree. It does not bound the order of 2 modulo 𝑝 in
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the binary examples. The condition forces a prime divisor of 𝐶(𝑚𝑞) to grow with 𝑞,
provided the separate assumption 𝐶(𝑚𝑞) > 1 ensures the existence of such a divisor.

Theorem 6.155 (A sufficient order hypothesis for unbounded prime support). Let 𝐶 ∶
ℕ → ℕ, and fix integers 𝑚 ≥ 1 and 𝑑 ≥ 0. Suppose that for every pair of primes 𝑞, 𝑝 with
𝑝 ∣ 𝐶(𝑚𝑞) there is an integer 𝑘 such that

1 ≤ 𝑘 ≤ 𝑑, 𝑚𝑞 ∣ 𝑝𝑘 − 1.

The divisibility forces gcd(𝑝, 𝑚𝑞) = 1. For such 𝑝, existence of 𝑘 in the displayed range is
equivalent to ord𝑚𝑞(𝑝) ≤ 𝑑. It also gives 𝑚𝑞 < 𝑝𝑑. Hence every fixed finite set of primes is
disjoint from the prime divisors of 𝐶(𝑚𝑞) for all sufficiently large prime 𝑞. If, in addition, for all
sufficiently large prime 𝑞 one has 𝐶(𝑚𝑞) > 1 and gcd(𝐶(𝑚𝑞), 𝑚𝑞) = 1, then for every 𝐵, 𝑁0
there are primes 𝑞 ≥ 𝑁0 and 𝑝 > 𝐵 with 𝑝 ∣ 𝐶(𝑚𝑞).

Indeed, the divisibility gives 𝑚𝑞 ≤ 𝑝𝑘 − 1 < 𝑝𝑘 ≤ 𝑝𝑑. For a finite set of primes, take
𝑞 larger than all their 𝑑-th powers; for the last assertion, take a prime divisor of the nontrivial
value 𝐶(𝑚𝑞) after this threshold. The stated coprimality is included in the formal source’s layer
hypothesis, although this last extraction argument uses only 𝐶(𝑚𝑞) > 1. For 𝐶(𝑛) = 2𝑛 − 1,
the first theorem above supplies the hypothesis with 𝑚 = 𝑑 = 1: here ord𝑞(𝑝) = 1, whereas
ord𝑝(2) = 𝑞. For 𝐶(𝑛) = |Φ𝑛(2)| and a general fixed 𝑚 > 0, the source uses the eventual
version: the divisibility is required only for prime 𝑞 above a fixed threshold. The same proof then
applies after that threshold. It is not valid to replace this by an all-prime assertion: Φ6(2) = 3,
but 6 ∤ 3 − 1. For the binary cyclotomic family, choosing 𝑞 > max(𝑚, 2𝑚) removes these
exceptional indices. Other families require their own proof of the divisibility and nontriviality
assumptions.

6.6.13 The lower bound for rank-one quotients

The finite-sum quotients below stay a positive distance above Θ2 = 𝑆 − 1/2, uniformly
in their exponent and truncation length. Consequently neither parameter can make the
associated rational linear form tend to zero. Appendix A.4 gives the sharp minimum
and its ordinary proof, strengthening the bound recorded here.

Theorem 6.156 (A uniform positive gap for rank-one quotients). For integers 𝑟 ≥ 2 and
𝑌 ≥ 1, write

Θ𝑟 = ∑
𝑑≥1

𝜇(𝑑)
(2𝑑 − 1)𝑟 , 𝑡(𝑌, 𝑟) =

𝑌
∑
𝑑=1

𝜇(𝑑)
(2𝑑 − 1)𝑟 .

For every 𝑒 ≥ 1 and 𝑌 ≥ 4,

𝑡(𝑌, 𝑒 + 2)2

𝑡(𝑌, 2𝑒 + 2) − Θ2 > 1
480.

Here Θ2 = 𝑆 − 1/2. For 𝑟 ≥ 3, the proof uses 1429/1512 ≤ Θ𝑟 < 1 and |𝑡(𝑌, 𝑟) − Θ𝑟| ≤
1/3584 when 𝑌 ≥ 4. In particular, these inequalities make the denominator positive.
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Proposition 6.157 (The bound is preserved by positive normalised averaging). For a
nonempty finite family of admissible quotients with positive weights summing to 1, the weighted
average still exceeds Θ2 by more than 1/480. If an admissible quotient is 𝑝/𝑞 in lowest terms,
with 𝑞 > 0, then |𝑞Θ2 − 𝑝| > 𝑞/480.

Observation 6.158. Writing an admissible quotient in lowest terms as 𝑝/𝑞, with 𝑞 > 0,
gives |𝑞Θ2 − 𝑝| > 𝑞/480 ≥ 1/480. Such forms cannot tend to zero. The conclusion con-
cerns exactly the displayed quotients and their positive normalised averages. It makes
no assertion about other rational approximants or about signed averages.

6.6.14 Multiples of a period

We allow a positive multiple of each prescribed period. Telescoping proves sufficiency,
and completeness of the residue test proves necessity, giving another condition equiv-
alent to irrationality. The universally quantified condition remains unproved. For the
finite examples, we specify which excluded denominators already occur in the diagonal
computations.

Theorem 6.159 (Concatenation and specified periodmultiples). For nonnegative integers
𝑎, 𝑏, 𝑁, define the integer block sum

𝑄𝑎,𝑁 =
𝑎

∑
𝑗=1

𝜑(𝑁 + 𝑗)2𝑎−𝑗.

Splitting a block after its first 𝑎 terms gives

𝑄𝑎+𝑏,𝑁 = 2𝑏𝑄𝑎,𝑁 + 𝑄𝑏,𝑁+𝑎.

In particular, 𝑄2ℎ,𝑁 = 2ℎ𝑄ℎ,𝑁 + 𝑄ℎ,𝑁+ℎ. The corresponding cyclotomic identity is
Φ4(2ℎ) = 22ℎ + 1 = Φ2(22ℎ): the order-four factor at height ℎ is the order-two factor at
height 2ℎ.

The order-three factor is different: Φ3(2ℎ) = 22ℎ + 2ℎ + 1 comes from tripling the period. It
is not generally part of the doubling sequence. For example, Φ3(2) = 7 divides none of 22𝑗 − 1,
because the order of 2 modulo 7 is 3, which does not divide 2𝑗. Thus the block identities relate
specified period multiples; they do not put all the order-two, order-three and order-four factors
into one doubling chain.

Observation 6.160 (An equivalent quantified condition). Both implications of this equiv-
alence are proved in Lean (LEAN SOURCE); the quantified condition itself is not estab-
lished. The aggregate diagonal table gives certificates at every 𝐻𝑡 for 𝑡 ≤ 82 (LEAN
SOURCE); this equivalence contributes no new information about 𝑡 = 83 or any condition
at arbitrarily large scales.
Observation 6.161 (Eight finite period certificates). The cited declarations give certifi-
cates at basepoint 𝑁 = 300 for

ℎ ∈ {67, 81, 97, 101, 121, 125, 127, 128}.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/ErdosProblems/Erdos249/PeriodMultipleEscape.lean#L432
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/ErdosProblems/Skip/LadderT67.lean#L71264
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/ErdosProblems/Skip/LadderT67.lean#L71264
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Each excludes every reduced fraction 𝑎/𝑏, with 𝑏 > 0 and 𝑏 ∣ 2300(2ℎ − 1). These
exclusions overlap with those already obtained from the diagonal. In particular, 67 and
81 divide 𝐻82, and 𝐻82 > 300, so

2300(2ℎ − 1) ∣ 2𝐻82(2𝐻82 − 1) (ℎ = 67, 81).

Their entire denominator classes are already covered by Proposition 6.104. The eight
cases therefore cannot all be described as newdenominator classes relative to that propo-
sition. The exact comparison of the odd factors is

gcd(2ℎ − 1, 2𝐻82 − 1) = 2gcd(ℎ,𝐻82) − 1,

by the Euclidean algorithm on the exponents. None of the remaining six periods
divides 𝐻82, so its full odd factor is not covered by that diagonal denominator. This
compares with the 𝑡 = 82 certificate, not with every other exclusion in the record; the
case ℎ = 127 includes the Mersenne prime 2127 − 1.

The case ℎ = 67 also succeeds at depth 𝐿 = 67. It illustrates the restriction 𝐿 = ℎ in
the full-depth condition, while retaining a small basepoint. That universally quantified
condition is equivalent to irrationality; one finite instance is not. LEAN SOURCE LEAN
SOURCE LEAN SOURCE LEAN SOURCE These are eight finite exclusions; the condition at
arbitrarily large scales remains unproved.

6.6.15 The strict prime-position criterion

A sufficient prime-index condition is that, for every integer ℎ ≥ 1 and every 𝑁0 ≥ 0,
there is a prime 𝑝 ≥ max(𝑁0 + ℎ + 1, ℎ + 5) such that

Re 𝑒(2𝑝−ℎ−1(2ℎ − 1)𝑆) < 9
10.

Here 𝑒(𝑥) = exp(2𝜋𝑖𝑥). The positive difference between 9/10 and this real part may
depend on the chosen prime; the truncation depth is then chosen so that its error fits
within that difference. This is a weaker phase requirement than the earlier bound 4/5,
not a larger saving from 1. The implication to irrationality is proved, but the displayed
prime-index condition remains unproved. LEAN SOURCE

6.6.16 Finite Euler-product identities

These are identities for the Dirichlet-convolution square 𝜇 ∗ 𝜇, not the pointwise square
𝜇(𝑛)2. For each prime 𝑝, its coefficients at 1, 𝑝, 𝑝2 are 1, −2, 1, and the higher prime-power
coefficients vanish. The local factors at exponents 1 and 2 are

1 − 2
𝑝 + 1

𝑝2 = (1 − 1
𝑝)

2
, 1 − 2

𝑝2 + 1
𝑝4 = (1 − 1

𝑝2 )
2

.

For a prime 𝑝 and 𝑒 ≥ 0, the corresponding convolution with the divisor-sum func-
tion 𝜎 gives

𝜎(𝑝𝑒+2) − 2𝜎(𝑝𝑒+1) + 𝜎(𝑝𝑒) = 𝑝𝑒+1(𝑝 − 1) = 𝜑(𝑝𝑒+2).

This follows by subtracting the finite geometric sums. These finite identities do not
assert a transcendence result. LEAN SOURCE LEAN SOURCE

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/ErdosProblems/Erdos249/PeriodMultipleEscape.lean#L471
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/ErdosProblems/Erdos249/PeriodMultipleEscape.lean#L490
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/ErdosProblems/Erdos249/PeriodMultipleEscape.lean#L490
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/ErdosProblems/Erdos249/PeriodMultipleEscape.lean#L498
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/ErdosProblems/Erdos249/PeriodMultipleEscape.lean#L534
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/ErdosProblems/Erdos249/TotientStrictPrimeEscape.lean#L524
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/ErdosProblems/Erdos249/FiniteEulerSieve.lean#L28
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/ErdosProblems/Erdos249/FiniteEulerSieve.lean#L51
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7 Parameter ranges and quantifiers
The distinction between a finite calculation and an unbounded family is in the quanti-
fiers. A statement such as ∀𝑎 ≥ 8 is uniform in 𝑎, whereas a list of computed scales
is finite and a condition ∀𝑁0 ∃𝑁 ≥ 𝑁0 asks for witnesses arbitrarily far out. The table
uses these distinctions even when a uniform statement is conditional on an unproved
hypothesis. A bound on a secondary variable, such as 𝐽 +(𝑎+6) < 2⋅2𝑎 in the positivity
row, does not bound 𝑎.

Some identities have no distinguished scale parameter. They are listed with the gen-
eral identities. An equivalence can hold for all parameters without establishing either
of the equivalent arithmetic assertions.

The LCM formulation of Problem 249 requires arbitrarily large scales: LEAN SOURCE

Irrational(∑
𝑛≥1

𝜑(𝑛)/2𝑛) ⟺ ∀𝑎0 ∃𝑎 ≥ 𝑎0, Ω𝑎 ∉ ℤ,

a cofinal statement in the exponent 𝑎 indexing 𝐻 = 𝐻(2𝑎). A finite calculation alone
does not establish it; a further theorem could propagate finite information to arbitrarily
large scales.

The table groups statements by their parameter ranges, not by proof status. In par-
ticular, some assertions with cofinal quantifiers are already proved, such as the prime
constructions and rational comparison sequences. Others are implications whose quan-
tified hypotheses remain open. The horizontal rule separates the cofinal group for ease
of reference; it does not mark a boundary between proved and unproved mathemat-
ics. The descriptions identify this distinction in that group. The prefixes summarise the
quantifiers; complete hypotheses are given in the cited statements. A definition records
an object or condition; it does not by itself prove the associated soundness or existence
assertion.

In the periodic-weight rows, write 𝑤 ∶ ℕ → ℤ and 𝑐𝑤(𝑛) = ∑𝑑∣𝑛 𝑤(𝑑) for 𝑛 ≥ 1.
Positivity and nonvanishing refer to these divisor coefficients, not to the weight 𝑤 itself.
Here “nonzero arbitrarily far out” means that for every 𝑁 there is 𝑛 > 𝑁 with 𝑐𝑤(𝑛) ≠
0; it does not mean nonvanishing on every arithmetic progression. The nonprincipal
character 𝜒4 modulo four is 0 on even integers and (−1)(𝑛−1)/2 on odd integers.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmOrbitNonintegrality.lean#L37
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Table 3: Results and unproved conditions, grouped by their quantifiers. The
dividing rule separates the cofinal group, not proof status. Complete hy-
potheses are given in the cited statements.

Result Source Quantifier prefix Representation

Uniform statements, including unconditional identities and implications
scaled totient tail (definition) LEAN SOURCE ∀𝑁 binary-weighted

series
integer prefix and real tail LEAN SOURCE ∀𝑁 binary-weighted

series
𝐷(ℎ, 𝑁, 𝐿) (definition) LEAN SOURCE ∀ℎ ∀𝑁 ∀𝐿 finite binary sums
𝒞(ℎ, 𝑁, 𝐿) (definition) LEAN SOURCE ∀ℎ ∀𝑁 ∀𝐿 finite binary sums
necessary depth inequality LEAN SOURCE ∀ℎ ∀𝑁 ∀𝐿, given 𝒞 ℎ 𝑁 𝐿 finite binary sums
residue test soundness LEAN SOURCE ∀ℎ ∀𝑁 ∀𝐿, given 𝒞 finite binary sums
completeness of the residue test LEAN SOURCE ∀ℎ ∀𝑁 finite binary sums
integrality from denominator divisibility LEAN SOURCE ∀𝑁 ∀ℎ ∀𝑟∶ℚ, given 𝑆 = 𝑟, 𝑟.den ∣ 2𝑁(2ℎ−1) binary-weighted

series
tail-period law LEAN SOURCE ¬Irrational𝑆 → ∃ℎ>0 ∃𝑁0 ∀𝑁≥𝑁0 binary-weighted

series
least common multiple 𝐻(𝑡) LEAN SOURCE ∀𝑡 LCM periods
a nondivisor below 2𝑡 is a prime power LEAN SOURCE ∀𝑡 ∀𝑗 (0<𝑗<2𝑡), given 𝑗 ∤ 𝐻 𝑡 LCM offsets
totient factorisation at divisor offsets LEAN SOURCE 𝑗 ∣ 𝐻(𝑡), with the prime-divisor hypotheses of Proposition 6.51 totient factorisation
integrality on the LCM grid under rationality LEAN SOURCE ¬Irrational𝑆 → ∃𝑡1 ∀𝑡≥𝑡1 ∀𝑞>0 ∀𝑚 LCM grids
second-difference residue test LEAN SOURCE ∀ℎ ∀𝑁 ∀𝐿, given second-difference residue condition finite binary sums
a nonintegral pair on a finite grid LEAN SOURCE finite 𝑄 ≠ ∅; all size and residue hypotheses of Theorem 6.56 finite LCM grids
finite exclusion of integer carries LEAN SOURCE ∀ℎ ∀𝑁 ∀𝐾, given finite carry exclusion integer recurrences
Farey neighbour denominator law LEAN SOURCE 𝑎, 𝑏, 𝑐, 𝑑, 𝑟, 𝑠 ∈ ℤ; 𝑏, 𝑑 > 0, 𝑏𝑐 − 𝑎𝑑 = 1, 𝑎𝑠 < 𝑏𝑟, 𝑑𝑟 < 𝑐𝑠 rational intervals
rational-approximation criterion LEAN SOURCE 𝑢𝑗 ∈ ℚ, 𝑥 ∈ ℝ; eventually 𝑢𝑗 ≠ 𝑥, and den(𝑢𝑗)|𝑢𝑗 − 𝑥| → 0 general criterion
near-integer irrationality criterion LEAN SOURCE ∀𝜉∶ℝ, ∀𝑞>0 ∃𝑚 𝑧 0<|𝑚𝜉−𝑧|<1/𝑞 general criterion

continued on next page

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L57
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L150
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L66
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L72
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L79
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L262
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/LcmConeFlatness.lean#L316
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L327
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L358
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CarrySurvivorExtinction.lean#L515
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/LcmDiagonalReduction.lean#L137
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/LcmDiagonalReduction.lean#L208
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L19002
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/LcmConeFlatness.lean#L493
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/LcmConeNonflat.lean#L126
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CarrySurvivorExtinction.lean#L428
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GapFareyBound.lean#L51
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L5371
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L6120
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Result Source Quantifier prefix Representation

independence from a nonsingular evaluation
matrix

LEAN SOURCE a finite family with a square evaluation matrix of nonzero
determinant

general criterion

dyadic totient-kernel rank = 2𝑒+1 LEAN SOURCE ∀𝑒 ≥ 1 dyadic sections
rationality forces unbounded carry-kernel rank LEAN SOURCE ¬Irrational𝑆 → ∃𝑣>0 ∃𝑢 ∀𝑒 carry sections
no fixed 𝐷 clears all 𝐴(𝑛)/𝑛 for 𝐴 = 𝜑 ∗ 𝜇 LEAN SOURCE ∀𝐷>0 Möbius sums
Lambert-series value identities LEAN SOURCE value identities, 𝐿(𝜇)= 1

2 , 𝐿(𝜑)=2, 𝐿(1)=Erdős–Borwein Möbius sums
prime-power unit-gap criterion LEAN SOURCE ∀𝑝 prime, 𝑒 > 0, 𝑁, 𝐾 ≥ 0 rational intervals
positive rational-difference lower bound LEAN SOURCE ∀ whole pfx∶ℚ, pfx<whole general criterion
𝐿2(𝜇) = 𝑆 − 1

2 LEAN SOURCE unconditional Möbius sums
weighted squared-denominator identity LEAN SOURCE ∀𝑤∶ℕ → ℝ (|𝑤(𝑑)|≤𝑑) ∀𝑟 ∈ [0, 1) Möbius sums
𝐿2(𝜇) = 𝑆 − 1

2 Proposition 5.14 unconditional Möbius sums
𝐿2(1) = 𝜁𝑞(2) − 𝜁𝑞(1) identity LEAN SOURCE unconditional Möbius sums
𝐿2(𝜑) = gcd moment LEAN SOURCE unconditional gcd moments
comparison of the weights Propositions 5.14–5.18 unconditional Möbius sums
gcd-divisibility factorizes LEAN SOURCE ∀𝑑∶ℕ, 𝑑>0 geometric weights
sum over positive coprime pairs equals 1 LEAN SOURCE unconditional (sum over all coprime pairs) geometric weights
Stern–Brocot recursion with stopping LEAN SOURCE positive integers 𝑎, 𝑏 Stern–Brocot tree
positive numerator coefficients LEAN SOURCE ∀𝑟 (Squarefree 𝑟) ∀𝑘<𝑟 divisor and

cyclotomic sums
evaluation at 2 gives the numerator LEAN SOURCE ∀𝑟 (Squarefree 𝑟) divisor and

cyclotomic sums
reduction to the radical of 𝐻 LEAN SOURCE ∀𝐻>0 ∀𝑟>0 Möbius sums
numerator congruence modulo Φ𝑚 LEAN SOURCE ∀𝑟 (Squarefree 𝑟) ∀𝑚 (𝑚∣𝑟) divisor and

cyclotomic sums
gcd of the numerator and Φ𝑟(2) LEAN SOURCE ∀𝑟 (Squarefree 𝑟) divisor and

cyclotomic sums
Mersenne factors retained in the denominator LEAN SOURCE 𝑡 ≥ 5, squarefree 𝑟; finite 𝑃 of primes dividing 𝑟 in (𝑡/2, 𝑡]; prime

factors of 𝑟 and the multiplier are at most 𝑡
divisor and
cyclotomic sums

continued on next page

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientMahlerDefect.lean#L91
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientMahlerDefect.lean#L935
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientCarryKernelRigidity.lean#L300
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/PrimitiveDeterminantLift.lean#L169
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L18415
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/PrimitiveWeightCertificate.lean#L54
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/PrimitiveRationalGapSupply.lean#L31
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/MersenneLambertLadder.lean#L665
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GcdMomentCalculus.lean#L105
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GcdMomentCalculus.lean#L216
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GcdMomentCalculus.lean#L235
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GcdMomentCalculus.lean#L266
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GcdMomentCalculus.lean#L349
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GcdMomentCalculus.lean#L474
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/RepunitMobiusNumerator.lean#L205
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/RepunitMobiusNumerator.lean#L445
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/RadicalMobiusShadow.lean#L125
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CyclotomicProjectionOfShadow.lean#L299
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CyclotomicProjectionOfShadow.lean#L350
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/MersenneShadowCyclotomicNoncollapse.lean#L809
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Result Source Quantifier prefix Representation

denominator lower bound / exact value LEAN SOURCE ∀𝑡 (exact-value); 𝑡≥5 (lower bound) Möbius sums
numerator congruence after adjoining a prime LEAN SOURCE 𝑟 ≥ 1, 𝑝 prime, 𝑝 ∤ 𝑟, 𝑚 ∣ 𝑟 divisor and

cyclotomic sums
squared-Mersenne series: partial sum plus tail LEAN SOURCE ∀𝐷∶ℕ Möbius sums
cancellation of the affine divisor terms LEAN SOURCE ∀𝑑>0 (𝑑∣𝐻); general: finite affine annihilator LCM diagonal
new-divisor counting identity LEAN SOURCE ∀𝑎∈𝐴 (𝑎>0) ∀𝑥>0 divisor counts
bound on zero blocks in divisor counts LEAN SOURCE ∀𝜀>0 ∃𝐵, given rationality of the base-2 support series divisor counts
equivalent shift condition for the target 1/2
(Problem 257)

LEAN SOURCE iff, no extra parameter Mersenne subsums

totient multiplication with common prime
factors

LEAN SOURCE ∀𝑥>0 (𝑗 fixed) totient identities

totient relative-Euler-product split LEAN SOURCE ∀𝑗 𝑥>0 totient identities
formula for 𝜑(2𝐻(𝑡) + 𝑗) − 𝜑(𝐻(𝑡) + 𝑗) LEAN SOURCE ∀𝑡 ∀𝑗 Möbius sums
the finite diagonal sum equals
𝐷(𝐻(𝑡), 𝐻(𝑡), 𝐿)

LEAN SOURCE ∀𝑡 ∀𝐿 Möbius sums

#249 ⟺ cofinal actual-orbit nonintegrality LEAN SOURCE iff Möbius sums
the LCM tail difference is an integer translate
of a multiple of 𝑆

LEAN SOURCE ∀𝑎 Möbius sums

explicit finite-block approximation LEAN SOURCE ∀𝑎 ∀𝑞 Möbius sums
an equivalent residue-interval condition LEAN SOURCE ∀ℎ 𝑁, iff integer recurrences
sign of the three-term totient difference under
the stated middle-value bound

LEAN SOURCE ∀𝐻 𝑗, given MiddleRankTotientExtremal totient differences

exact value on a specified dyadic family LEAN SOURCE ∀𝑛 (closed-form) totient differences
the rational parity comparison (definition) LEAN SOURCE ∀𝑛 (definition) binary-weighted

series
𝑅𝑁 as a sum over positive divisor indices LEAN SOURCE ∀𝑁 divisor and

cyclotomic sums
𝑅𝑁 as a shifted Möbius sum LEAN SOURCE ∀𝑁 divisor and

cyclotomic sums

continued on next page
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https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L844
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https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientFixedRankLcmAsymptotic.lean#L462
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientParityCoboundaryCountermodel.lean#L59
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https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientShiftedMobiusPulse.lean#L547
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absolute convergence and regrouping of
Lambert sums

LEAN SOURCE ∀𝑤 𝑣∶ℕ → ℝ (|𝑤(𝑑)|≤𝑑, |𝑣(𝑚)|≤𝑚) divisor and
cyclotomic sums

carry divisibility and integral tail differences LEAN SOURCE ∀𝑁 𝑘, given the carry recurrence and limit integer recurrences
rationality ⇒ periodicity & unbounded rank LEAN SOURCE ¬Irrational𝑆 → ∃𝑣 𝑢 ∀𝑒 integer recurrences
the stated reconstruction cost is at least 3 LEAN SOURCE ∀ finite 𝑤∶𝜄 → ℚ 𝑥∶𝜄 → ℕ, given ∑ 𝑤𝑖𝜑(𝑥𝑖)=1 weighted tail bounds
directed residue interval (definition) LEAN SOURCE ℎ, 𝑁, 𝐿 ≥ 0; soundness and the existential-depth equivalence are

proved in Proposition 6.69
integer recurrences

rationality and an integer carry with vanishing
boundary term

LEAN SOURCE ∀𝑐∶ℕ → ℕ (𝑐(𝑛)≤𝑛), iff binary-weighted
series

doubling-orbit rigidity LEAN SOURCE ∀𝑑∶ℕ → ℝ, doubling and 𝑑(𝑛)/2𝑛 → 0 imply 𝑑≡0 integer recurrences
number of labels needed for exact tail recovery LEAN SOURCE ∀𝑚 ∀State, collapsing-state → no decoder binary-weighted

series
endpoint residues do not determine the initial
carry

LEAN SOURCE ∀𝑎∶ℕ → ℤ ∀𝑢0 𝑣0 ∀𝐿 binary-weighted
series

integer-coefficient block-certificate dichotomy LEAN SOURCE ∀𝑏≥2 ∀𝑐 ∀𝑞, given full-block certificate at 𝑞 binary-weighted
series

divisibility under iterated forward differences LEAN SOURCE 𝑑 ∣ 𝑓 (𝑛) for every 𝑛; every finite list of shifts integer sequences
totient series as a coprime-pair sum LEAN SOURCE ∀𝑛; ∀𝑟 ∈ [0, 1) geometric weights
factorisation through a rational-valued linear
functional

LEAN SOURCE rational vector spaces 𝑉, 𝑊; surjective linear ev ∶ 𝑉 → ℚ, linear
𝐿 ∶ 𝑉 → 𝑊, ker(ev) ⊆ ker𝐿

divisibility and linear
algebra

divisibility of a reduced denominator LEAN SOURCE ∀𝐷>0 ∀𝑚∣𝐷 ∀𝑎 divisibility and linear
algebra

the complementary denominator divides the
integer multiplier

LEAN SOURCE ∀𝑥∶ℚ ∀𝐻 (𝐻∣𝑥.den) ∀𝑐 ((𝑐𝑥).den∣𝐻) divisibility and linear
algebra

largest-exponent nonvanishing criterion LEAN SOURCE ∃𝑚∈𝑠 (strictly maximal, odd coeff), ∀𝑖≠𝑚 𝑒(𝑖)<𝑒(𝑚) divisibility and linear
algebra

column rescaling and determinant
nonvanishing

LEAN SOURCE ∀𝑑 ∀𝑒∶Fin𝑑→ℕ ∀𝑧∶Fin𝑑→ℂ (𝑧 nonzero) complex matrices

determinant 1 for the divisor-incidence matrix LEAN SOURCE ∀𝑁∶ℕ Möbius sums
error bound from convergence LEAN SOURCE 2𝐻≤𝐷; convergence is supplied for 𝐻 > 0 in Section 6.6.8 Möbius sums

continued on next page
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carries realising fixed-precision unit residues LEAN SOURCE ∀𝑢>0 (fixed precision), ∀ finite carry word divisibility and linear
algebra

vanishing of iterated prime dilation differences LEAN SOURCE distinct primes 𝑝1, … , 𝑝𝑟, 𝑟 > 𝐾, gcd(𝑛, ∏ 𝑝𝑖) = 1; Ω(𝑎) ≤ 𝐾 on 𝐴 divisor counts
𝜑(𝑛) > 3

4 𝑛 for the stated rough integers LEAN SOURCE ∀𝑎≥8 ∀𝑛>0 (𝑛 is 𝑡-rough, 𝑡=2𝑎, 𝑛<22⋅2𝑎) Möbius sums
positivity of short-window totient differences LEAN SOURCE ∀𝑎≥8 ∀𝑗 (0<𝑗<2 ⋅ 2𝑎) Möbius sums
the negative representative of the true
endpoint

LEAN SOURCE ∀𝑎≥8 ∀𝐽 𝐾 (size bound) Möbius sums

integrality forces upper-endpoint residue LEAN SOURCE ∀𝑎≥8 ∀𝐽 𝐾 (size condition, 2𝐻+𝐽+𝐾+2<2𝐾) Möbius sums
terminal dyadic staircase impossible under the
size condition

LEAN SOURCE ∀𝑎≥8 ∀𝐽 𝐾 𝑚 (size condition, modulus-wide) Möbius sums

penultimate difference in a partial divisibility
pattern

LEAN SOURCE ∀𝑎≥8 ∀𝐽 𝐾 𝑚 (hypotheses of Proposition 6.86) Möbius sums

upper-endpoint residue-gap ⇒ nonintegral LEAN SOURCE ∀𝑎≥8 ∀𝐽 𝐾 𝑚 (size condition, one-sided) Möbius sums
relation between the centred residue and the
actual carry

LEAN SOURCE ∀𝑎≥8 ∀𝑞 (size condition, fit bound 2(𝐻+𝑞+2)≤4𝑞) Möbius sums

divisibility of the three-term totient difference LEAN SOURCE ∀𝑎≥4 ∀𝑗>0 (𝑗2≤2𝑎) totient differences
equality of two finite rational approximations LEAN SOURCE 𝐻 > 0, 𝐷 ≥ 2𝐻; no separation hypothesis for this equality Möbius sums
a Mersenne divisor need not divide a tail
difference

LEAN SOURCE ∀𝐾, 𝑞 (𝐾>0, 𝐾<𝑞, 𝑞∣2𝐾−1) Möbius sums

finite numerator separation implies
nonintegrality

LEAN SOURCE ∀𝐻, 𝐷 fixed, given uniform numerator-gap bound Möbius sums

periodic-weight Lambert dichotomy LEAN SOURCE ∀𝑏≥2 ∀𝑚>0 ∀𝑤 (𝑤(𝑛+𝑚)=𝑤(𝑛)) Möbius sums
periodic weight with nonnegative divisor
coefficients

LEAN SOURCE 𝑏 ≥ 2, 𝑚 > 0, 𝑤(𝑛 + 𝑚) = 𝑤(𝑛); 𝑐𝑤(𝑛) ≥ 0 and 𝑐𝑤(𝑛) ≠ 0
arbitrarily far out

Möbius sums

zeros on one progression for the character
modulo four

LEAN SOURCE 𝑐𝜒4 (𝑛) = 0 for every 𝑛 ≡ 3 (mod 4); the weight is fixed Möbius sums

positivity of the translated LCM tail difference LEAN SOURCE ∀𝑎≥8 ∀𝐽 (𝐽+(𝑎+6)<2 ⋅ 2𝑎), no rationality hypothesis Möbius sums
Finite ranges and parameter-bounded checks

continued on next page
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Farey window 𝐾=240 denominator bound LEAN SOURCE ∀𝑞∶ℕ, 0<𝑞≤
79,639,646,646,701,
375,323,355,774,875,831,053

rational intervals

denominator lower bound 𝑆≠𝑝/𝑞, 𝑞≤𝑄0 LEAN SOURCE ∀𝑝∶ℚ, 𝑝.den≤𝑄0 rational intervals
finite LCM certificates covering thresholds
𝑎0 ≤ 6

LEAN SOURCE ∀𝑎0≤6 ∃𝑎 𝐿 Möbius sums

contiguous diagonal certificate band through
𝑡≤82

LEAN SOURCE ∀𝑡≤82 ∃𝐿; no 𝑡=83 certificate claimed LCM diagonal

Listed examples
residue certificates for 1 ≤ ℎ ≤ 8, 𝑁 = 12,
𝐿 = 16

LEAN SOURCE ∀ℎ ∈ [1, 8], 𝒞 ℎ 12 16 (direct evaluation) finite binary sums

denominator exclusions for 1 ≤ ℎ ≤ 16, binary
exponent 14

LEAN SOURCE ∀ℎ ∈ [1, 16], denominator exponent 14 (direct evaluation) finite binary sums

the second-difference test uses more depth at
(ℎ, 𝑁) = (1, 8)

LEAN SOURCE first-difference certificate at 𝐿 = 8; no second-difference certificate
for 1 ≤ 𝐿 ≤ 8, and one at 𝐿 = 9

finite binary sums

28 listed diagonal certificates with 𝑡 ≤ 64 LEAN SOURCE 𝑡 ∈ {1, 2, 3, 4, 5, 7, 8, 9, 11, 13, 16, 17, … } (28 explicit values) LCM diagonal
LCM certificates at 𝑎 = 4 and 𝑎 = 6 LEAN SOURCE 𝑎=4, 𝑎=6 (concrete, formally checked) Möbius sums
square-CRT coprime-factor examples: zero /
nonzero differences

LEAN SOURCE witness 𝑛=52 (vanishes); witness 𝑛=27 (nonzero) totient factorisation

Statements with cofinal quantifiers: proved constructions and conditional implications

Cofinal statements; status specified in the description
certificate criterion (proved implication;
unproved premise)

LEAN SOURCE ∀ℎ≥1 ∀𝑁0≥0 ∃𝑁≥𝑁0 ∃𝐿, 𝒞 ℎ 𝑁 𝐿 finite binary sums

period-multiple criterion (equivalent;
unproved condition)

LEAN SOURCE ∀ℎ0>0 ∀𝑁0 ∃𝑚>0 ∃𝑁≥𝑁0 ∃𝐿 multiples of periods

LCM-diagonal criterion (unproved condition) LEAN SOURCE ∀𝑡0 ∃𝑡≥𝑡0 ∃𝐿 LCM diagonal
LCM-grid certificate criterion (unproved
premise)

LEAN SOURCE ∀𝑡0 ∃𝑡≥𝑡0 ∃𝑞>0 ∃𝑚 ∃𝐿 LCM grids

continued on next page

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GapFareyBound.lean#L176
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https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmShortKill.lean#L54
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https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmShortKill.lean#L18
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https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L394
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CarrySurvivorExtinction.lean#L502
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/LcmDiagonalReduction.lean#L112
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L19014
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Result Source Quantifier prefix Representation

LCM nonintegrality criterion (unproved
condition)

LEAN SOURCE ∀𝑡0 ∃𝑡≥𝑡0, 𝑅(2𝐻𝑡)−𝑅(𝐻𝑡) ∉ ℤ real tail differences

finite-grid residue criterion (unproved
premise)

LEAN SOURCE for every 𝑡0, data 𝑡 ≥ 𝑡0, 𝐿, 𝑄 satisfying Theorem 6.57 finite LCM grids

first-harmonic norm criterion (unproved
premise)

LEAN SOURCE ∀ℎ>0 ∀𝑋0 ∃𝑋≥max(𝑋0, 1) ∃𝐿, size condition 16(2𝑋+ℎ+𝐿+2)≤2𝐿 binary-weighted
series

four-tail residue criterion (unproved premise) LEAN SOURCE ∀𝑡0 ∃𝑡≥𝑡0 ∃𝑝, 𝐿>0 binary-weighted
series

short LCM-window criterion (unproved
premise)

LEAN SOURCE ∀𝑎0 ∃𝑎 𝐿, 𝑎0≤𝑎 ∧ 𝐿<2 ⋅ 2𝑎 Möbius sums

LCM-tail separation criterion (unproved
premise)

LEAN SOURCE cofinal 1/32+error separation at prescribed odd depths Möbius sums

five endpoint criteria (unproved premises) LEAN SOURCE one of the five quantified conditions in Proposition 9.14 Möbius sums
proved rational counterexample to bound,
parity and aperiodicity

LEAN SOURCE ∃𝑐∶ℕ → ℕ, 𝑐≤6, 𝑐≤𝑛, 𝑐≡𝜑(mod 2), arbitrarily-separated blocks binary-weighted
series

proved mod-4 prime construction (CRT and
Dirichlet)

LEAN SOURCE ∀ℎ>0 ∀𝐵 ∃prime𝑝>𝐵 Möbius sums

sufficient mod-4 condition (unproved
premise)

LEAN SOURCE the displayed mod-four residue condition at arbitrarily large scales Möbius sums

proved two-adic prime construction LEAN SOURCE ∀𝐾≥2 ∀𝐻>𝐾 ∀𝐵 ∃cofinally many primes𝑝>𝐵 divisibility and linear
algebra

proved implication from eventual integrality LEAN SOURCE ∀𝐾≥2, given the stated two-adic prime construction and eventual
integrality

divisibility and linear
algebra

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L19034
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L19140
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L83
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/PrimeJumpWindow.lean#L193
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmOrbitArithmetic.lean#L2107
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmOrbitSeparation.lean#L305
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L2221
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientParityCoboundaryCountermodel.lean#L637
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailCarryPeriod.lean#L384
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailCarryPeriod.lean#L1066
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTwoAdicPulseBlock.lean#L54
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTwoAdicPulseBlock.lean#L327
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7.1 Finite extension and cofinal estimates
Extending a computation supplies more finite witnesses. To reach a cofinal statement,
an argument must instead produce a witness beyond an arbitrary threshold. The exam-
ples below specify which of these extensions is needed; the largest computed scale is
not asserted to be a limit of the method.

1. Finite certificate tables. Results such as the diagonal certificates at 28 explicit values
of 𝑡 through 𝑡=64, now a strict subset of the aggregate band 𝑡 ≤ 82 (LEAN SOURCE),
the certificates for ℎ ∈ [1, 8] at fixed depth 16 (LEAN SOURCE), and the exclusions
for ℎ ∈ [1, 16] at exponent 14 (LEAN SOURCE) are each a finite list of independently
verified rows, not a single argument instantiated at a free parameter. The existing lists
do not establish further rows; an extension needs either additional computations or
an argument for a family of parameters.

2. Aboundedwindow inside a uniform theorem. The rough-integer boundof Proposi-
tion 6.79 and the positivity theorem of Proposition 6.84 hold for every 𝑎 ≥ 8, subject
to their stated bounds on the other parameters. In the sign theorem, for example,
𝐽 + 𝑎 + 6 < 2 ⋅ 2𝑎. Their proofs are therefore not merely enumerations of a fixed set of
exponents. Themissing conclusion is a suitable residue inequality at arbitrarily large
scales, not extension of the range of 𝑎 in the positivity theorem. No complexity lower
bound follows from these examples.

3. Parameter dependence in an approximation estimate. For reduced approximants
𝑝𝐾/𝑞𝐾 to 𝑆, the conditions 0 < |𝑆 − 𝑝𝐾/𝑞𝐾 | ≤ 𝜀𝐾 and 𝑞𝐾𝜀𝐾 → 0 imply irrationality.
A growing denominator alone does not control this product. In particular, the exact
reduced-denominator formula of Proposition 6.8 concerns a specified finite Möbius
sum; it does not estimate the complementary tail. Likewise, a bound proved with a
constant depending on afixed auxiliary parameter is not automatically uniformwhen
that parameter grows. Both the dependence of the constant and the error estimate
must be retained in any passage to an unbounded family.

The missing arithmetic inputs include the stated constant-saving exponential-sum
estimate and an upper-endpoint residue inequality. For the positivity theorem, the un-
resolved step is exclusion of that residue interval, not positivity at more exponents.

8 Relations between the representations
Binary tails, Möbius sums, rational approximations and exponential sums express re-
lated information about 𝑆. We give the identities that connect them and then check
which assumptions survive each change. This is necessary before transferring a coun-
terexample to another representation, as the finite-state decoding and polynomial de-
nominator examples illustrate.

Binary-weighted series and tails.
The coefficients in 𝑆 = ∑𝑛≥1 𝜑(𝑛)2−𝑛 are unbounded; this expression is not the
base-two digit expansion of 𝑆. The tail 𝑅𝑁 , finite difference numerator 𝐷(ℎ, 𝑁, 𝐿)
and test 𝒞(ℎ, 𝑁, 𝐿) retain this coefficient information. The identity

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DiagonalPincerCertificates.lean#L2870
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L404
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L18890
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𝑆 = 1
2 + ∑

𝑑≥1

𝜇(𝑑)
(2𝑑 − 1)2

(LEAN SOURCE) and its partial-sum version (LEAN SOURCE) express the same value
by Möbius sums. An equality of values does not by itself transfer a claim about
the original coefficient subsequences.

Lambert sums and finite numerator polynomials.
The Lambert identities for 𝜇, 1 and 𝜑 give the series relations in Section 5. For a
finite divisor sum, the polynomial evaluation (LEAN SOURCE) and the definition
(LEAN SOURCE) put its numerator into integer polynomial arithmetic. This evalu-
ates a finite contribution, not the complementary infinite tail.

Coprimality probability.
Let 𝑋, 𝑌 be independent with Pr(𝑋 = 𝑛) = Pr(𝑌 = 𝑛) = 2−𝑛 for 𝑛 ≥ 1. Then
𝑆 − 1

2 = Pr(gcd(𝑋, 𝑌) = 1). The divisibility probabilities are Pr(𝑑 ∣ 𝑋, 𝑑 ∣ 𝑌) =
(2𝑑 − 1)−2 (LEAN SOURCE). Möbius inversion converts these to the coprimality
probability. The decomposition by the greatest common divisor also gives the
weighted coprime-pair identity (LEAN SOURCE). Counting coprime pairs by their
sum gives the totient expression directly (LEAN SOURCE).

Cyclotomic factors of finite denominators.
The coefficient formula for 𝑃𝑟 (LEAN SOURCE) and the cyclotomic divisibility state-
ment (LEAN SOURCE) identify factors in the reduced denominators of the specified
finite sums. The product-divisibility theorem (LEAN SOURCE) is used in the exact
denominator formula (LEAN SOURCE). Growing finite denominators alone do not
exclude cancellation with the remaining tail.

Numerator divisibility and denominator bounds.
Write 𝑥 = 𝑎/𝑏 in lowest terms, with 𝑏 > 0. For 𝑐 ∈ ℤ and a positive divisor 𝐻
of 𝑏, if the reduced denominator of 𝑐𝑥 divides 𝐻, then 𝑏/𝐻 ∣ 𝑐 (LEAN SOURCE). In
particular, |𝑐| ≥ 𝑏/𝐻 when 𝑐 ≠ 0. A related bound is

0 < 𝑎
𝑏 < 2

2𝑛 − 1, 2𝑟 ∣ 𝑎, 𝑛 ≥ 1 ⟹ 2𝑟(2𝑛 − 1) < 2𝑏

for integers 𝑟 ≥ 0 (LEAN SOURCE). Here positivity gives 𝑎 ≥ 2𝑟; the size inequality
then gives the conclusion. These are arithmetic bounds on a reduced fraction, not
irrationality criteria without an additional approximation estimate.

Farey intervals.
The denominator bound (LEAN SOURCE) applied to the explicit window (𝑁, 𝐾) =
(1, 240) gives (LEAN SOURCE) and hence 𝑆 ≠ 𝑝/𝑞 for integers 𝑝 and 1 ≤ 𝑞 ≤ 𝑄0. The
finite input is a totient numerator modulo 2240. Its exact first failing denominator
is 𝑄0 + 1, the denominator of the relevant Farey mediant (LEAN SOURCE). This last
assertion concerns this fixed window.

Differences at least-common-multiple shifts.
For 𝐻𝑡 = lcm(1, … , 𝑡) (LEAN SOURCE), a jump in 𝐻𝑡 can occur only at a prime

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/MersenneLambertLadder.lean#L665
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/SquaredMersenneDiagonalEnclosure.lean#L94
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/RepunitMobiusNumerator.lean#L445
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/RadicalMobiusShadow.lean#L101
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GcdMomentCalculus.lean#L266
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GcdMomentCalculus.lean#L349
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GeometricCoprimality.lean#L120
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/RepunitMobiusNumerator.lean#L217
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CyclotomicProjectionOfShadow.lean#L389
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/MersenneShadowCyclotomicNoncollapse.lean#L809
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/MersenneShadowDenominatorGrowth.lean#L147
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/AdelicHeightObstruction.lean#L23
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/AdelicHeightObstruction.lean#L103
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GapFareyBound.lean#L51
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GapFareyBound.lean#L176
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GapFareyBound.lean#L225
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CarrySurvivorExtinction.lean#L515
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power (LEAN SOURCE). The identities (LEAN SOURCE) and (LEAN SOURCE) identify
the coefficient difference as 𝛿𝑡(𝑗) = 𝜑(2𝐻𝑡 + 𝑗) − 𝜑(𝐻𝑡 + 𝑗) and give 𝐷(𝐻𝑡, 𝐻𝑡, 𝐿) =
∑𝐿

𝑗=1 𝛿𝑡(𝑗)2𝐿−𝑗. Thus these arithmetic formulas concern particular instances of the
same finite residue test; additional window restrictions remain in force.

Exponential sums of the window residues.
For integers ℎ, 𝑋 ≥ 1, the relevant block statistic is

2𝑋−1
∑

𝑁=𝑋
cos(2𝜋 𝐷(ℎ, 𝑁, 𝐿)

2𝐿 ) .

A bound by 9𝑋/10, together with 𝐿 ≥ ℎ and 16(2𝑋 + ℎ + 𝐿 + 2) ≤ 2𝐿, yields a
certificate in the block (LEAN SOURCE). The linked irrationality implication uses
the stronger complex norm bound 21𝑋/25, for every ℎ on arbitrarily late blocks
satisfying the same size inequality (LEAN SOURCE). The finite implication uses
cos(𝜋/8) > 9/10; the required cancellation bound is still unproved. The norm
bound on the complex exponential sum is sufficient for the displayed real-part
bound, but is stronger.

8.1 Binary tails and Möbius sums
Erdős’s argument for ∑𝑛 1/(2𝑛 − 1) chooses congruences so that divisor counts along
a block are divisible by increasing powers of the base. A tail bound then forces a long
run of zero digits [11, pp. 63–66]. It uses no finite automaton.

A different proposal would recover each later block from a fixed finite summary of
the preceding history. The counterexample of Proposition 2.11(i) (LEAN SOURCE) shows
why that proposal fails for the family constructed there. For 𝑚 ≥ 2, its members have
the same earlier history but different successors. A state that identifies all those histories
cannot recover every successor. More generally, an exact label-and-decoder pair for that
family needs at least ⌊(𝑚+1)/2⌋+1 distinct labels. This is a lower bound on the number
of labels, not a linear lower bound on the number of bits, and it is not a state-complexity
theorem for the actual totient sequence.

The implication from the quantified certificate condition (LEAN SOURCE) is a sepa-
rate theorem. The counterexample above neither proves its hypothesis nor makes it the
only possible route to irrationality. Likewise, Proposition 10.4 shows that inverse-phase
column weights can preserve a determinant, and Theorem 6.3 gives the exact growing
ranks of totient sections. These are different statements with different hypotheses; none
is a general prohibition on other representations of 𝑆.

The Möbius representation instead allows the squared-Lambert identity of Propo-
sition 5.16 to be applied to 𝜇, since |𝜇(𝑑)| ≤ 𝑑 for 𝑑 ≥ 1. The polynomial identities of
Propositions 6.37–6.41 operate at each finite radical without an autonomous decoder.
The exact reduced denominator and its lower bound are then given by Propositions 6.8
and 6.7. Those formulas concern a finite rational contribution. They do not exclude
cancellation by the complementary tail and hence do not settle irrationality. The repre-
sentations are equal expressions for 𝑆; what differs is the information supplied by the
particular arguments.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/LcmDiagonalReduction.lean#L137
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmOrbitArithmetic.lean#L298
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmOrbitArithmetic.lean#L310
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicGap.lean#L128
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L83
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GenericTailOrbitRigidity.lean#L247
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L394
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9 Index of unproved conditions
Every condition in this index is accompanied by the implication that would turn it into
irrationality of 𝑆 = ∑𝑛≥0 𝜑(𝑛)2−𝑛. Those implications are proved. The arithmetic hy-
potheses still have to be established with the displayed quantifiers.

9.1 Scope of the index
The index compares particular quantified hypotheses and the results that use them. An
unsuccessful implication between two entries therefore says nothing by itself about ev-
ery argument using the same method.

Each entry states its quantifiers in full. A cofinal assertion, with a quantifier of the
form ∀𝑎0 ∃𝑎 ≥ 𝑎0, may itself be proved or may remain an unproved hypothesis; the
text of each entry says which. A cofinal assertion about a different quantity, or with a
different order of quantifiers, need not supply the irrationality condition.

The quantified residue condition for #249, stated in Definition 1.2 and proved suffi-
cient (LEAN SOURCE), is the following statement:

∀ℎ ≥ 1, ∀𝑁0, ∃𝑁 ≥ 𝑁0, ∃𝐿, 𝒞 ℎ 𝑁 𝐿.

The following catalogue compares fourteen proposed approaches to this condition.
It starts with the exponential-sum estimate, then gives thirteen further approaches with
their individual hypotheses and source references.

9.2 The exponential-sum criterion
We express the truncated tail difference as a phase and ask for cancellation when that
phase is summed over a block. The following implications explain how a saving gives
a residue certificate and, with the required quantifiers, Definition 1.2.

Definition 9.1 (The truncated difference). For ℎ, 𝑁, 𝐿 ∈ ℕ,

𝐷(ℎ, 𝑁, 𝐿) =
𝐿−1
∑
𝑗=0

(𝜑(𝑁 + ℎ + 1 + 𝑗) − 𝜑(𝑁 + 1 + 𝑗)) ⋅ 2 𝐿−1−𝑗 ∈ ℤ.

This is the depth-𝐿 truncation of 2𝐿 ⋅ (𝑅𝑁+ℎ − 𝑅𝑁), where 𝑅𝑁 = ∑𝑗≥1 𝜑(𝑁 + 𝑗)/2𝑗 is
the local totient tail (LEAN SOURCE). LEAN SOURCE

Definition 9.2 (The central-residue condition).

𝒞 ℎ 𝑁 𝐿 ∶⇔ (𝑁+ℎ+𝐿+2) < 𝐷(ℎ, 𝑁, 𝐿) mod 2𝐿 < 2𝐿 − (𝑁+ℎ+𝐿+2).

That is: the residue of 𝐷(ℎ, 𝑁, 𝐿) modulo 2𝐿 avoids the radius-(𝑁+ℎ+𝐿+2) neigh-
bourhood of 0. It forces the size condition 2(𝑁+ℎ+𝐿+2) < 2𝐿 (LEAN SOURCE). LEAN
SOURCE

Definition 9.3 (The complex phase and its real part). Put

Re𝐸(ℎ, 𝑁, 𝐿) = cos(2𝜋 𝐷(ℎ,𝑁,𝐿) mod 2𝐿

2𝐿 ), 𝐸(ℎ, 𝑁, 𝐿) = exp(𝑖 2𝜋 𝐷(ℎ,𝑁,𝐿) mod 2𝐿

2𝐿 ).

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L394
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L57
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L66
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L79
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L72
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L72
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The real part of 𝐸 is the displayed cosine (LEAN SOURCE), and |𝐸(ℎ, 𝑁, 𝐿)| = 1 (LEAN
SOURCE). Thus 𝐸 is the first additive character of the endpoint discrepancy modulo 2𝐿,
a standard exponential-sum object. LEAN SOURCE LEAN SOURCE

Theorem 9.4 (A real-part bound gives a certificate). For all ℎ, 𝑋, 𝐿 with 0 < 𝑋 and the size
condition 16(2𝑋+ℎ+𝐿+2) ≤ 2𝐿, if

2𝑋−1
∑

𝑁=𝑋
Re𝐸(ℎ, 𝑁, 𝐿) ≤ 9

10 𝑋,

then ∃𝑁 ∈ [𝑋, 2𝑋) with 𝒞 ℎ 𝑁 𝐿.

Theorem 9.5 (The same implication for a nonempty subset). For any nonempty finite
𝑇 ⊆ ℕ with 𝑇 ⊂ [0, 2𝑋) and the same size condition, if

∑
𝑁∈𝑇

Re𝐸(ℎ, 𝑁, 𝐿) ≤ 9
10 |𝑇|,

then ∃𝑁 ∈ 𝑇 with 𝒞 ℎ 𝑁 𝐿. This generalises Theorem 9.4: 𝑇 can be any explicitly chosen
nonempty finite subset of the dyadic block, not the whole block, and the proof (an averaging
pigeonhole) never uses that 𝑇 has positive density or comes from a partition.

Theorem 9.6 (A norm bound gives the real-part criterion). The complex norm bound im-
plies the real-part bound (|𝑧| ≥ Re(𝑧), and 21/25 < 9/10 absorbs the slack), so it composes
through Theorem 9.4 to the same certificate. Define

block norm condition ∶⇔ ∀ℎ>0 ∀𝑋0 ∃𝑋, 𝐿, max(𝑋0, 1) ≤ 𝑋 ∧ 16(2𝑋+ℎ+𝐿+2) ≤ 2𝐿 ∧

∥
2𝑋−1
∑

𝑁=𝑋
𝐸(ℎ, 𝑁, 𝐿) ∥ ≤ 21

25 𝑋.

This sufficient condition is unproved. Then

block norm condition ⟹ Irrational(∑
𝑛≥0

𝜑(𝑛)
2𝑛 ),

proved in full, with no further gap, by chaining Theorem 9.6→Theorem 9.4→ Theorem 6.47.

Observation 9.7 (What remains unproved). The implications above do not establish the
cofinal block estimate. Three further Lean statements retain a separation or gap hy-
pothesis: one uses the two-element set {𝑁, 𝑀} (LEAN SOURCE), and the other two use
a supplied finite set 𝑇 and the singleton {𝑁} (LEAN SOURCE, LEAN SOURCE). They prove
what follows from the relevant estimate; they do not provide that estimate at arbitrarily
large scales. The finite numerical observations in Table 6 are a different kind of evidence
and do not discharge this quantified hypothesis.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L42
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L48
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L48
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicGap.lean#L27
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L38
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/AdjacentPhaseSeparation.lean#L267
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/PivotAntiReconstruction.lean#L882
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/PivotAntiReconstruction.lean#L1572
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Remark 9.8 (What the reduction does and does not prove). The required savings are
explicit: a real-part bound of 9𝑋/10, or the stronger norm bound of 21𝑋/25, on blocks
at arbitrarily large scales for every positive shift ℎ. An unspecified nonzero saving is not
the stated hypothesis. A bound 𝑜(𝑋) would suffice, but it is more than the implication
needs.

The inequality 16(2𝑋 + ℎ + 𝐿 + 2) ≤ 2𝐿 can be met by increasing 𝐿 for fixed 𝑋, ℎ.
Doing so changes the exponential sum, and hence does not preserve an estimate proved
at another depth. The arithmetic estimatemust hold at a depth satisfying this inequality.

The subset theorem permits any nonempty finite sample inside [0, 2𝑋); no density
assumption is required. A prime-defined sample is one possible choice. The four-term
decomposition of §3.2 isolates one prime factor and the remaining totient-dependent
phase, but does not prove the required cancellation between them.

9.3 Proved results and the additional assumptions they need
Besides the exponential-sum condition, the sufficient hypotheses involve tail signs, end-
point residues, rational approximation, short windows, Farey bounds, divisibility, de-
nominator growth and carry rank. For each, we state the missing estimate used by the
proposed application. These are specific possibilities rather than a classification ofmeth-
ods for Problem #249.

9.3.1 Positivity and the remaining residue inequality

Definition 9.9. The actual LCM tail orbit at exponent 𝑎 is Ω𝑎 = 𝑅2𝐻 − 𝑅𝐻 , where 𝐻 =
𝐻(2𝑎) (LEAN SOURCE).

Theorem 9.10. For every 𝑎 ≥ 8 and every 𝐽 with 𝐽 + (𝑎+6) < 2 ⋅ 2𝑎,

0 < 𝑅(2𝐻+𝐽) − 𝑅(𝐻+𝐽), 𝐻 = 𝐻(2𝑎).

Hence 0 < Ω𝑎 for every 𝑎 ≥ 8. The proof is genuinely uniform in 𝑎: it rests on two facts
proved for all 𝑎 ≥ 8 and 0 < 𝑗 < 2𝑎+1, namely 𝛿2𝑎(𝑗) > 0 and 𝐻 < 8 ⋅ 2𝑎 𝛿2𝑎(𝑗), by a two-case
structural split (divisor letter vs. foreign prime power), with absolute constants 4, 8, 32 and no
lookup table.

Remark 9.11 (Which endpoint interval must be excluded). Under the hypotheses of
Proposition 6.85, integrality would force the residue to be 2𝐾 − 𝑒, where 𝑒 = 𝑅2𝐻+𝐽+𝐾 −
𝑅𝐻+𝐽+𝐾 is a positive integer smaller than 2𝐻+𝐽+𝐾+2. Thus the residue lies near the up-
per endpoint, not near zero in its least nonnegative representation. The representative
−𝑒 is negative; the carry 𝑒 is positive.

The one-sided test below excludes precisely that upper interval. This uses the bound
𝐽 + 𝐾 + (𝑎 + 6) < 2 ⋅ 2𝑎, as well as the modulus bound. It does not follow from posi-
tivity that the residue already satisfies half of a nonintegrality certificate without those
assumptions.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmOrbitSign.lean#L144
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9.3.2 An exact endpoint identity

Under the bounds below, positivity places an integral tail difference at the upper residue
endpoint. A one-sided inequality would exclude it. That additional inequality is a suf-
ficient condition, and is not claimed to be strictly weaker than irrationality.

Theorem 9.12 (The proved implications). For every 𝑎 ≥ 8 and every 𝐽, 𝐾, 𝑚 inside the
sign corridor (𝐽+𝐾+(𝑎+6) < 2 ⋅ 2𝑎), a one-sided residue gap at precision 𝑚 ≤ 𝐾 (size condi-
tion 2𝐻+𝐽+𝐾+2 < 2𝑚 and 𝐷(𝐻, 𝐻 + 𝐽, 𝐾) mod 2𝑚 ≤ 2𝑚 − (2𝐻+𝐽+𝐾+2)) already forces
𝑅(2𝐻+𝐽) − 𝑅(𝐻+𝐽) ∉ ℤ. No lower margin at all is demanded. The proof chain is complete:
the theorem holds for every 𝑎 ≥ 8, and cofinal upper-endpoint condition ⇒ Irrational 𝑆 is
proved.

Definition 9.13 (The unproved quantified condition). The upper-endpoint condition is

∀𝑎0 ∃𝑎, 𝐾, 𝑚, 𝑎0 ≤ 𝑎 ∧ 8 ≤ 𝑎 ∧ 𝐾+(𝑎+6) < 2 ⋅ 2𝑎 ∧ 𝒢𝑎(0, 𝐾, 𝑚).

No unconditional statement anywhere in the record locates the residue of the diag-
onal word 𝐷(𝐻, 𝐻, 𝐾) (where 𝐻 = 𝐻(2𝑎)) below the top strip at even one large 𝑎. The
condition reduces further to the last 𝑚 differences 𝛿2𝑎(𝑗) in the sum 𝐷(𝐻, 𝐻, 𝐾) (LEAN
SOURCE). LEAN SOURCE

Proposition 9.14 (Five sufficient conditions). Each of the five conditions below suffices for
irrationality; none of them is proved. The first four imply the upper-endpoint condition; the fifth
gives nonintegrality directly by the endpoint identity. These are not asserted to form a linear
hierarchy. Here 𝐻 = 𝐻(2𝑎), and every condition quantifies over arbitrarily large exponents 𝑎.
1. Adjacent-suffix band:

∀𝑎0 ∃𝑎, 𝑚, 𝑎0 ≤ 𝑎 ∧ 8 ≤ 𝑎 ∧ 𝑚+1+(𝑎+6) < 2 ⋅ 2𝑎 ∧ 2𝐻+𝑚+3 < 2𝑚∧

2𝐻+𝑚+2 ≤ suffix residue(2𝑎) 0 𝑚 ≤ 2𝑚 − (2𝐻+𝑚+2)

(a two-sided band on the adjacent-suffix residue directly, one candidate depth 𝑚).

2. Odd-prefix interval at the prescribed depth: at the prescribed odd depth 2𝑞+1, a two-
sided band of half-width 𝐻+𝑞+2 on the half-word residue modulo 4𝑞. The depth is fixed by
𝑞 = 𝑞𝑎; it cannot be chosen independently of 𝑎.

3. Centred-residue bound at the prescribed depth, proved equivalent to the previous one:

∀𝑎0 ∃𝑎, 𝑞, max(14, 𝑎0) ≤ 𝑎 ∧ 𝑞 = 𝑞𝑎 ∧ 𝐻+𝑞+2 ≤ |𝑢𝑎,𝑞|.

4. Centred-residue bound at a variable depth: the same magnitude bound with the depth
restriction relaxed from the prescribed value 𝑞 = 𝑞𝑎 to any odd 2𝑞+1 satisfying the half-cell
fit 2(𝐻+𝑞+2) ≤ 4𝑞 and the positivity range 2𝑞+2+(𝑎+6) < 2 ⋅ 2𝑎.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L909
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L909
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L1325
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5. Terminal dominance: under the same bounds as item 4, 𝛿2𝑎(2𝑞 + 2) ≤ 2𝑢𝑎,𝑞. This is a
different one-sided comparison, treated immediately below.

For the first four conditions, the relevant implications into the upper-endpoint condition are as
follows: adjacent-suffix band → upper-endpoint condition; odd-prefix interval at the prescribed
depth → adjacent-suffix band; centred-residue bound at the prescribed depth ⇔ odd-prefix inter-
val at the prescribed depth; centred-residue bound at a variable depth → adjacent-suffix band;
centred-residue bound at the prescribed depth → centred-residue bound at a variable depth.

9.3.3 A bound on the last totient difference

We compare the last totient difference with a centred residue. To use the comparison for
irrationality, it would have to hold for arbitrarily large 𝑎, with 𝑞 in the prescribed range.

Definition 9.15. The terminal dominance condition, which is unproved, is the following.
Writing 𝐻 = 𝐻(2𝑎),

∀𝑎0 ∃𝑎, 𝑞, 𝑎0 ≤ 𝑎 ∧ 8 ≤ 𝑎 ∧ 2𝑞+2+(𝑎+6) < 2 ⋅ 2𝑎 ∧ 2(𝐻+𝑞+2) ≤ 4𝑞∧

𝛿2𝑎(2𝑞+2) ≤ 2 ⋅ 𝑢𝑎,𝑞.

LEAN SOURCE

Theorem 9.16 (The proved implication). The dominance hypothesis at a single odd rank
already excludes integrality of Ω𝑎, and the terminal dominance condition implies 𝑆 ∉ ℚ.

Observation 9.17 (How the sign and size bounds enter the contradiction). Use the hy-
potheses and notation of Proposition 6.66. Under the assumption 𝑧 = Ω𝑎 ∈ ℤ, the exact
identity is

2𝑢𝑎,𝑞 = 𝛿2𝑎(2𝑞 + 2) − 𝑐𝐻,𝐻,𝑧(2𝑞 + 1), 0 < 𝑐𝐻,𝐻,𝑧(2𝑞 + 1) < 2𝐻 + 2𝑞 + 3.

Terminal dominance 𝛿2𝑎(2𝑞 + 2) ≤ 2𝑢𝑎,𝑞 would contradict the positive lower bound
on the carry. The other sufficient inequality, 2𝑢𝑎,𝑞 ≤ 𝛿2𝑎(2𝑞 + 2) − (2𝐻 + 2𝑞 + 3), would
contradict its upper bound. Both are valid ways to contradict integrality.

These bounds do not eliminate either approach: they hold under the integrality as-
sumption that the approach is intended to refute. They neither prove nor disprove an
unconditional estimate for 𝑢𝑎,𝑞. Finite examples lying between the two boundaries do
not establish an asymptotic exclusion of either inequality. The identities and conditional
bounds are proved in Lean (LEAN SOURCE, LEAN SOURCE, LEAN SOURCE).

Proposition 9.18 (A sufficient extension). Either of the following suffices: (i) the lower-
escape branch cofinally, as displayed just above; or (ii) the two-sided magnitude form (item
4 of Proposition 9.14), which asks only 𝐻+𝑞+2 ≤ |𝑢𝑎,𝑞| and which the Lean source proves
implies corridor escape via a clean sign split (positive branch escapes above the terminal letter,
negative branch escapes below the directed bound), without prescribing the sign of the centred
representative. Neither branch is supplied by the conditional sign identity itself.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L1908
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L1678
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmOrbitSign.lean#L172
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L1824
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9.3.4 Separation of a rational approximation

Theorem 9.19. Unconditionally, for every 𝑎 and 𝑞,

∣ Ω𝑎 − 𝜌𝑎,𝑞 ∣ < 4𝐻 + 2(2𝑞+1) + 4
22𝑞+2 ,

where 𝜌𝑎,𝑞 is an explicit finite computable rational block. For fixed 𝑎, the error tends to zero
as 𝑞 grows. In the quantified condition below, however, the depth is prescribed, so increasing 𝑞 is
not a free way to satisfy the separation hypothesis.

Remark 9.20 (Scope of the implication). A cofinal 1/32-separation of the raw approx-
imants at the prescribed indices 𝑞 = 𝑞𝑎 suffices for #249. Allowing arbitrary depths
would be a different hypothesis. The cited short-window theorem gives nonintegral-
ity of Ω𝑎 at 𝑎 = 4, 6 (Proposition 6.94). It neither asserts the 1/32 margin at those
exponents nor says that these are the only successful exponents. Indeed, the diago-
nal table also gives short-window certificates (𝑎, 𝐿) = (2, 7) and (3, 15), since 𝐻4 = 12,
𝐻8 = 840, and 7 < 8, 15 < 16. All these are finite nonintegrality examples, not the
cofinal approximation-separation condition.

Definition 9.21 (The additional hypothesis). The cofinal approximation-separation condi-
tion, which is unproved, is

∀𝑎0 ∃𝑎 ≥ max(2, 𝑎0) ∃𝑞, 𝑞 = 𝑞𝑎 ∧
∀𝑧 ∈ ℤ, 1

32 + 𝜀𝑎,𝑞 ≤ |Ω𝑎 − 𝑧|.

This hypothesis is about the real quantity Ω𝑎, not just a finite rational calculation. It
implies |𝜌𝑎,𝑞𝑎

−𝑧| > 1/32 for every integer 𝑧, by the displayed error bound and the triangle
inequality. A cofinal 1/32-separation condition on the finite approximants is another
sufficient input, through the residue-band implication. These sufficient conditions are
not asserted to be equivalent.

9.3.5 The short-window examples through exponent 6

Theorem 9.22.

∀𝑎0 ≤ 6, ∃𝑎, 𝐿, 𝑎0 ≤ 𝑎 ∧ 𝐿 < 2 ⋅ 2𝑎 ∧ 𝒞(𝐻2𝑎 , 𝐻2𝑎 , 𝐿)

The single witness (𝑎, 𝐿) = (6, 93) works for every threshold 𝑎0 ≤ 6. Its certificate is verified
by exact integer arithmetic on the finite totient windows. This proves the displayed bounded
statement. It does not construct witnesses for unbounded thresholds; further finite checks would
extend the verified range, not establish the universally quantified condition below.

Definition 9.23 (The additional hypothesis). The cofinal short-window condition, which
is unproved, is

∀𝑎0 ∃𝑎, 𝐿, 𝑎0 ≤ 𝑎 ∧ 𝐿 < 2 ⋅ 2𝑎 ∧ 𝒞(𝐻2𝑎 , 𝐻2𝑎 , 𝐿).

The depth restriction gives a useful description of the offsets: if 1 ≤ 𝑗 < 2 ⋅ 2𝑎 and
𝑗 ∤ 𝐻2𝑎 , then 𝑗 is a prime power greater than 2𝑎. Indeed, some prime-power divisor 𝑝𝑟
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of 𝑗 exceeds 2𝑎; if 𝑗/𝑝𝑟 ≥ 2, then 𝑗 > 2 ⋅ 2𝑎, a contradiction. This describes the possible
offsets, not the size of their weighted sum.

The condition restricts the depth in the ordinary diagonal certificate criterion. It
is not established by pointwise completeness, which permits arbitrarily large depths.
Nor does a successful short-window certificate by itself yield the fixed 1/32 separation
required by the preceding approximation condition. These are distinct sufficient hy-
potheses; no implication from this condition to that fixed-margin condition is proved
here.

9.3.6 The diagonal certificate table

Theorem 9.24.

∀𝑡 ∈ {1, 2, 3, 4, 5, 7, 8, 9, 11, 13, 16, 17}, ∃𝐿, 𝒞 (𝐻 𝑡) (𝐻 𝑡) 𝐿

at depths {6, 5, 7, 7, 9, 14, 15, 14, 21, 22, 23, 26} respectively, extended by separate computa-
tions to 28 historical values through 𝑡 = 64. The later aggregate theorem closes every scale 𝑡 ≤ 82
with no holes. Each witness is checked by exact integer arithmetic on two finite totient windows.
For example, 𝐻17 = 12252240 and 𝐿 = 26 use 𝜑(𝐻17 + 𝑖) and 𝜑(2𝐻17 + 𝑖) for 1 ≤ 𝑖 ≤ 26,
not every totient between the endpoints 12252241 and 24504506. These computations verify the
listed cases; they do not give a formula producing a certificate for every 𝑡.

Remark 9.25 (The observed depths are finite data). The necessary depth inequality of
Lemma 6.17 forces 2(2𝐻𝑡+𝐿+2) < 2𝐿, that is, 𝐿 ≳ log2(4𝐻𝑡) at any certified depth.
Comparing that bound with the recorded depths shows that every recorded certificate
depth lies within a small additive constant of that minimum, at every tested scale. This
is an observation from finite computation, and no general theorem asserts it.

Proposition 9.26 (A sufficient extension).

∃𝐶 ∀𝑡0 ∃𝑡 ≥ 𝑡0 ∃𝐿 ≤ log2(4 ⋅ 𝐻 𝑡) + 𝐶, 𝒞 (𝐻 𝑡) (𝐻 𝑡) 𝐿.

This asks for a certificate within a fixed additive constant of the necessary logarithmic depth
bound. The uniform constant is an additional requirement, not a consequence of the finite data.

9.3.7 One common certificate for sixteen shifts

Theorem 9.27.

𝒞(ℎ, 14, 9) (ℎ ∈ {1, … , 16}).

The basepoint 14 and depth 9 are common to all sixteen shifts. Consequently, 𝑆 ≠ 𝑟 whenever
𝑟 ∈ ℚ and den(𝑟) ∣ 214(2ℎ − 1) for some integer ℎ with 1 ≤ ℎ ≤ 16. The exact computation
uses two nine-term windows for each shift and reduces their discrepancy modulo 29. The earlier
eight-shift computation uses basepoint 12 and depth 16.
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Remark 9.28 (Finite simultaneity and the unbounded condition). The displayed compu-
tation concerns only 𝑁 = 14, 𝐿 = 9 and 1 ≤ ℎ ≤ 16. It does not provide certificates
beyond every basepoint threshold. Simultaneous certification of finitely many shifts at
a sufficiently large, unrestricted depth is not an additional obstacle: under irrationality
it follows from the same truncation estimate, as shown next. The argument below does
not prescribe the common depth in terms of the basepoint and number of shifts.

Proposition 9.29 (Simultaneous certificates with unrestricted depth). The existence of a
function 𝑓 ∶ ℕ → ℕ with 𝑓 (𝑁) → ∞ such that

∀𝑁0 ∃𝑁 ≥ 𝑁0 ∃𝐿 ∀ℎ ∈ {1, … , 𝑓 (𝑁)}, 𝒞(ℎ, 𝑁, 𝐿)

is equivalent to irrationality of 𝑆. Under irrationality, one can take 𝑓 (𝑁) = 𝑁 +1, and every
𝑁 has a suitable depth.

Proof. The displayed condition supplies Proposition 6.71’s quantified certificate condi-
tion: for fixed ℎ ≥ 1, choose the basepoint threshold so large that 𝑓 (𝑁) ≥ ℎ beyond it.
That proposition gives irrationality.

Conversely, suppose 𝑆 is irrational. For every ℎ ≥ 1 and 𝑁 ≥ 0,

𝑅𝑁+ℎ − 𝑅𝑁 = 2𝑁(2ℎ − 1)𝑆 − (Φ𝑁+ℎ − Φ𝑁)

is nonintegral. Fix 𝑁 and a positive integer 𝑀. Choose 𝐿 so large that

2(𝑁 + 𝑀 + 𝐿 + 2)
2𝐿 < min

1≤ℎ≤𝑀
dist(𝑅𝑁+ℎ − 𝑅𝑁 , ℤ).

The finite minimum is positive, whereas the left side tends to zero. For each ℎ ≤ 𝑀,
the truncation error between 𝐷(ℎ, 𝑁, 𝐿)/2𝐿 and 𝑅𝑁+ℎ − 𝑅𝑁 is at most (𝑁 + ℎ + 𝐿 + 2)/2𝐿.
The triangle inequality therefore puts 𝐷(ℎ, 𝑁, 𝐿)/2𝐿 at distance greater than (𝑁 +ℎ+𝐿+
2)/2𝐿 from every integer, which is precisely 𝒞(ℎ, 𝑁, 𝐿). Taking 𝑀 = 𝑁 + 1 proves the
converse.

This proof gives no quantitative lower bound for the finiteminimumas the basepoint
or number of shifts grows. It selects a common depth after those parameters are fixed;
it does not impose depth equal to the period.

9.3.8 The fixed Farey bound

Theorem 9.30. If 𝑆 is rational, its reduced denominator exceeds 7.963 964 664 670 137 532 335
577 487 583 105 3 × 1034. This is the finite denominator exclusion in the corpus, logically inde-
pendent of the certificate-supply reduction.
The proof combines the general Farey mediant lemma (Lemma 5.4) with an exact finite compu-
tation at the window 𝐾 = 240 (Proposition 5.5).

Remark 9.31 (What a larger Farey bound requires). Unbounded valid denominator ex-
clusions would imply 𝑆 ∉ ℚ. For the single window 𝐾 = 240, however, the first-failure
computation (LEAN SOURCE) proves that the residue inequality fails at the mediant de-
nominator 𝑏 + 𝑑 = 𝑄0 + 1. This exact first failure prevents a larger cutoff from that same

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GapFareyBound.lean#L225
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inequality at that same window. It is not an obstruction to other windows or to other
tests using the finite data.

The existing proofs for individual windows use explicit totient residues and rational
endpoint calculations. Extending that implementation calls for new finite data; a uni-
form proof of a growing bound need not use hard-coded convergents. If 𝑆 had reduced
denominator 𝑞, every valid exclusion bound would be smaller than 𝑞. Thus unbounded
exclusions suffice for irrationality; rationality would bound them, but would not force
eventual constancy. No converse or comparison with the continued-fraction denomina-
tors of 𝑆 is proved here.
Observation 9.32 (The limited gain from a unit-gap refinement). The finite unit-gap con-
dition of Observation 6.114 (LEAN SOURCE) and its quantified version (LEAN SOURCE) are
definitions; the latter is not asserted to hold. Two separate results (LEAN SOURCE, LEAN
SOURCE) show that, for 𝑝 prime and 𝑒 ≥ 1, a window at denominator 𝑝𝑒 that passes the
refined test contains at most one candidate integer. A window with two or more candi-
dates fails the test. This is a condition for successful certification, not a bound on all
windows or on the improvement in the denominator cutoff. It does not apply to all odd
denominators: Observation 6.114 gives an actual totient window with two admissible
nonunit candidates modulo 15.

Proposition 9.33 (A sufficient extension). Suppose 𝑔(𝐾) → ∞ and, for every 𝐾, the (𝑁 =
1, 𝐾) gap check excludes every rational of reduced denominator at most 𝑔(𝐾). Then 𝑆 is irrational:
any rational value of 𝑆would have a fixed finite denominator, contradicted at a sufficiently large𝐾.
Only unbounded exclusion bounds along a sequence of windows are needed for this argument.
No equivalence with a bound for the continued-fraction denominators of 𝑆 is asserted; such a
comparison would require its own proof connecting those convergents to the certified intervals.

9.3.9 A two-adic congruence that does not give a certificate

Theorem 9.34. The theorem is unconditional and holds for every 𝐾, 𝐻, 𝐵. For every 𝐾 ≥ 2,
every 𝐻 > 𝐾, and every bound 𝐵, there are primes 𝑝 > 𝐵 with a length-(𝐾−1) zero prefix and
a terminal half-modulus, giving

𝐷(𝐻, 𝑝 − 𝐾, 𝐾) ≡ 2𝐾−1 (mod 2𝐾).

Under eventual integrality this transfers to an integer 𝑧 with (𝑧 ∶ ℝ) = 𝑅(𝑝+𝐻) − 𝑅𝑝 and
𝑧 ≡ 2𝐾−1 (mod 2𝐾).

Remark 9.35 (Why the central residue still fails the test). This places the residue at the
centre of the residue interval: 2𝐾−1 is as far as possible from 0 modulo 2𝐾. Taking
𝑁=𝑝−𝐾, ℎ=𝐻, 𝐿=𝐾 gives radius 𝑁+ℎ+𝐿+2 = 𝑝+𝐻+2, so 𝒞 requires 2𝐾−1 > 𝑝+𝐻+2.
But 𝑧 ≡ 2𝐾−1 (mod 2𝐾) forces |𝑧| ≥ 2𝐾−1, while the directed tail bound forces |𝑧| <
𝑝+𝐻+2; and the construction’s own congruence 𝑝 ≡ 1+2𝐾−1 (mod 2𝐾) (equivalently
𝑣2(𝑝−1) = 𝐾−1) forces 𝑝 ≥ 1+2𝐾−1. So 𝑝+𝐻+2 > 2𝐾−1 always, and no choice of 𝑝 res-
cues it. The quantifier order is inverted: the theorem gives, for fixed 𝐾, cofinally many
large 𝑝; the certificate needs a 𝑝 small relative to 2𝐾−1, impossible for a single totient dif-
ference since |𝜑(𝑁+𝐻) − 𝜑(𝑁)| < 𝑁+𝐻. The depth is not the obstacle: the construction

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/PrimitiveWeightCertificate.lean#L30
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/PrimitiveWeightCertificate.lean#L47
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/PrimitiveWeightCertificate.lean#L54
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/PrimitiveWeightCertificate.lean#L111
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/PrimitiveWeightCertificate.lean#L111
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alreadyworks uniformly for every 𝐾, combining by the Chinese remainder theorem one
congruence for 𝑝+𝐻 and two for each of the𝐾−1preceding positions (Proposition 6.92).
Proposition 9.36 (A sufficient accumulated-residue condition). Suppose that for every
integer ℎ ≥ 1 and every 𝑁0 ∈ ℕ there are 𝑁 ≥ 𝑁0 and 𝐿 ≥ 1 such that

𝐷(ℎ, 𝑁, 𝐿) ≡ 2𝐿−1 (mod 2𝐿), 𝑁 + ℎ + 𝐿 + 2 < 2𝐿−1.

Then 𝑆 ∉ ℚ: these two inequalities imply 𝒞(ℎ, 𝑁, 𝐿), and the full quantified certificate
condition applies. The half-modulus condition here is imposed on the accumulated weighted
sum 𝐷(ℎ, 𝑁, 𝐿), not on a single totient difference. An unbounded set of triples with no control
of the shift does not supply the displayed quantifiers. The required family remains unproved.

9.3.10 The residue margin at an LCM jump

Theorem 9.37 (Arbitrarily large prime-power LCM jumps). For every 𝑡0 ∈ ℕ there is
𝑡 ≥ 𝑡0 with 𝐻(𝑡) < 𝐻(𝑡 + 1). One may take 𝑡 = 𝑝 − 1 for any prime 𝑝 > 𝑡0. The positions
𝑡 = 2𝑎 −1 are also strict LCM jumps for 𝑎 ≥ 1: 2𝑎 is the next required power of 2. The restriction
excludes 𝑎 = 0, since 𝐻(0) = 𝐻(1) = 1. The second condition in the next definition asks for
the additional residue margin along this explicit sequence. Knowing these jump positions does
not establish that margin.
Definition 9.38 (The remaining residue margin). For 𝑡 ≥ 3, put 𝐻 = 𝐻𝑡 and define

𝑚 = ⌊log2 𝐻⌋ + 10,
𝑑 = (𝐷(𝐻, 𝐻 + 1, 𝑚) − 𝐷(𝐻, 𝐻, 𝑚)) mod 2𝑚,

𝜎𝑡 = min{𝑑 − 2𝑚−5, 2𝑚 − 2𝑚−5 − 𝑑}.
Thus 𝑑 is the difference of two adjacent window numerators, reduced modulo 2𝑚,

not the residue of 𝐷(𝐻, 𝐻, 𝑚) alone. The integer 𝜎𝑡 is nonnegative exactly when 2𝑚−5 ≤
𝑑 ≤ 2𝑚 − 2𝑚−5. The choice of 𝑚 makes the error bound 3𝐻 + 2𝑚 + 5 smaller than 2𝑚−5;
nonnegativity is the additional arithmetic requirement, not a consequence of that choice.
LEAN SOURCE LEAN SOURCE LEAN SOURCE

The first unproved condition asks for every 𝑡0 for an index 𝑡 ≥ max(3, 𝑡0) with 𝐻𝑡 <
𝐻𝑡+1 and 𝜎𝑡+1 ≥ 0. The second restricts these endpoints to powers of two: for every 𝑎0,
theremust be 𝑎 ≥ max(2, 𝑎0) with 𝜎2𝑎 ≥ 0. They are defined in Lean (LEAN SOURCE, LEAN
SOURCE). Each condition implies 𝑆 ∉ ℚ (LEAN SOURCE, LEAN SOURCE). The implications
are proved; both conditions are unproved.
Remark 9.39 (Finite numerical evidence). All 40 strict jumps up to endpoint 113 pass,
closest margin ≈ 0.000221 of the modulus at 𝑡 = 100; the power-of-two endpoints
4, 8, 16, 32 pass with slack fractions 0.41, 0.036, 0.40, 0.19. This is a finite computation;
both conditions remain unproved at arbitrarily large endpoints. A strict jump has
𝑡 + 1 = 𝑝𝑘 for a prime 𝑝 and 𝑘 ≥ 1, with 𝐻𝑡+1 = 𝑝𝐻𝑡 (LEAN SOURCE). Thus 𝜎𝑡+1 uses the
new height 𝑝𝐻𝑡, not the pre-jump height 𝐻𝑡. Estimating its change would require infor-
mation about the adjacent-window residue, not just the LCM ratio. Moreover 𝜎𝑡 = 𝜎𝑢
whenever 𝐻𝑡 = 𝐻𝑢 (LEAN SOURCE). Thus the value changes only when the LCM height
changes. This reduces the number of distinct values to study; it does not determine their
signs.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DiagonalFreshLossBridge.lean#L2651
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DiagonalFreshLossBridge.lean#L1870
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DiagonalFreshLossBridge.lean#L525
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DiagonalFreshLossBridge.lean#L2686
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DiagonalFreshLossBridge.lean#L2693
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DiagonalFreshLossBridge.lean#L2693
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DiagonalFreshLossBridge.lean#L2941
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DiagonalFreshLossBridge.lean#L2948
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DiagonalFreshLossBridge.lean#L2332
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DiagonalFreshLossBridge.lean#L2658


Erdős #249: the binary totient series 98

Proposition 9.40 (A sufficient inequality). If, for every 𝑎0 ∈ ℕ, there is 𝑎 ≥ max(2, 𝑎0)
with 𝜎2𝑎 ≥ 0, then 𝑆 ∉ ℚ. This is the sufficient condition defined above, not a claim that the
inequality holds at arbitrarily large indices. Equality at the edge is allowed: the condition is
nonnegativity, not strict positivity.

9.3.11 A certificate for a four-tail combination

Theorem 9.41. Use 𝐽(𝐻, 𝑝), 𝑊(𝐻, 𝑝, 𝐿) and 𝐵(𝐻, 𝑝, 𝐿) from Theorem 6.60. For all 𝐻, 𝑝, 𝐿 ∈
ℕ,

𝐵(𝐻, 𝑝, 𝐿) < 𝑊(𝐻, 𝑝, 𝐿) mod 2𝐿 < 2𝐿 − 𝐵(𝐻, 𝑝, 𝐿) ⟹ 𝐽(𝐻, 𝑝) ∉ ℤ.

The bound 𝐵(𝐻, 𝑝, 𝐿) = 3𝑝𝐻 + (𝑝 + 1)(𝐿 + 2) follows by grouping the nonnegative remain-
ders as in that theorem. Compared with the 4𝑝𝐻 + (𝑝 + 1)(𝐿 + 2) bound obtained by treating
the two diagonal differences separately, it saves 𝑝𝐻. This is a strict improvement when 𝑝𝐻 > 0;
optimality for totient tails is not asserted.
Theorem 9.42 (One explicit witness). For 𝐻 = 𝐻(4) = 12, 𝑝 = 5 and 𝐿 = 15, direct integer
evaluation gives

𝑊(12, 5, 15) = 149906, 𝑊(12, 5, 15) mod 32768 = 18834, 𝐵(12, 5, 15) = 282.

Thus 282 < 18834 < 32486, and 𝐽(12, 5) ∉ ℤ. This is the one instance singled out in
Theorem 6.60, not a claim of uniqueness or of the smallest possible height. The implication from
a quantified family is Theorem 6.60.
Remark 9.43 (Scope of thewitness). The quantified hypothesis asks, for every 𝑡0 ∈ ℕ, for
𝑡 ≥ 𝑡0, 𝑝 ≥ 1 and 𝐿 ≥ 0 satisfying the displayed residue condition with 𝐻 = 𝐻(𝑡). The
multiplier 𝑝 need not be prime, and need not be tied to the next LCM jump. No compar-
ison of the difficulty of this condition with the prescribed-depth separation condition is
proved.

At a strict LCM jump, 𝐻(𝑡 + 1) = 𝑝𝐻(𝑡) for a prime 𝑝. This gives one natural choice
of multiplier, but the prime need not be a new divisor: 𝐻(4) = 2𝐻(3) and 2 already
divides 𝐻(3) = 6. The identity of Proposition 6.45 cancels contributions affine in the
multiplier. It does not bound the remaining terms of the four-tail combination. The
finite example above therefore does not establish the quantified condition.

9.3.12 Denominators of Möbius sums

Theorem 9.44. For every integer 𝑡 ≥ 5, with 𝒫𝑡 = {𝑝 prime ∶ 𝑡/2 < 𝑝 ≤ 𝑡} as above,

2⌊𝑡/2⌋ ≤ ∏
𝑝∈𝒫𝑡

(2𝑝 − 1) ≤ den(𝐻𝑡𝛽𝐻𝑡
).

Moreover, some 𝑝 ∈ 𝒫𝑡 satisfies

2⌊𝑡/2⌋ ≤ 2𝑝 − 1 < 2𝑡, 2𝑝 − 1 ∣ den(𝐻𝑡𝛽𝐻𝑡
).

Indeed, Bertrand’s postulate makes 𝒫𝑡 nonempty. Its members satisfy 𝑝 − 1 ≥ ⌊𝑡/2⌋ and
𝑝 ≤ 𝑡, giving the size bounds. The divisibility follows from Proposition 6.6; divisibility of a
positive reduced denominator also gives the product inequality.
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Remark 9.45 (Growth of these denominators does not give approximation of 𝑆). The
number 𝐻𝑡𝛽𝐻𝑡

is the finite rational contribution to a totient-tail decomposition. Its com-
plementary term can still cancel its fractional part. The stated denominator bound sup-
plies neither an error estimate for approximation of 𝑆 nor nonintegrality of 𝑅2𝐻𝑡

− 𝑅𝐻𝑡
.

To apply the diagonal criterion in Theorem 6.49, one must establish this tail noninte-
grality at arbitrarily large LCM scales. Denominator growth alone does not supply that
condition.

Proposition 9.46 (The additional approximation hypothesis). A sequence of rationals 𝑢𝑡
proves irrationality of 𝑆 if

𝑢𝑡 ≠ 𝑆 for all sufficiently large 𝑡, den(𝑢𝑡)|𝑆 − 𝑢𝑡| ⟶ 0.

This is the rational-separation criterion of Proposition 6.22: if 𝑆 = 𝑎/𝑏 were reduced, every
unequal 𝑢𝑡 would instead satisfy den(𝑢𝑡)|𝑆 − 𝑢𝑡| ≥ 1/𝑏. An upper bound tending to zero for
this product is needed. A lower bound for the denominator cannot establish it; improving a lower
bound does not change the actual approximation error.

A different argument could deduce a residue certificate from the surviving divisor and further
information about the complementary term. The denominator theorem alone contains no such
separation statement. Neither sufficient argument is established by its lower bound, and these
are not claimed to exhaust possible approaches.

9.3.13 Rationality and carry rank

The totient sections have a dimension lower bound, as do the sections of an integral
carry under the rationality hypothesis. An incompatible upper bound would finish a
rank argument. The rational comparison sequences showwhy rationality by itself gives
no such bound.

Theorem 9.47. For every 𝑒 ≥ 1, the retained dyadic totient sections form a basis for all sections
through level 𝑒, of dimension 2𝑒+1. The proof uses the Chinese remainder theorem andDirichlet’s
theorem. The complete level-zero truncation, consisting only of 𝜑, has dimension one.

Theorem 9.48. If 𝑆 ∈ ℚ, choose an integer 𝑣 > 0 with 𝑣𝑆 ∈ ℤ and put 𝑢𝑁 = 𝑣𝑅𝑁 . Then
𝑢𝑁 ∈ ℤ, 𝑢𝑁+1 = 2𝑢𝑁 − 𝑣𝜑(𝑁 + 1), and 0 ≤ 𝑢𝑁 ≤ 𝑣(𝑁 + 2). For every 𝑒 ≥ 0,

dimℚ span{𝑛 ↦ 𝑢2𝑗𝑛+𝑟 ∶ 1 ≤ 𝑗 ≤ 𝑒, 0 ≤ 𝑟 < 2𝑗} ≥ 2𝑒 − 1.

The proof is given in Section 10.8.

Remark 9.49 (The generic upper-bound inference is false). The bound 2𝑒 − 1 holds at
every level. An upper bound contradicting it would need additional information about
the totient, since the rational 5/4 comparison has the same lower bound. One proposed
system of integer equalities and strict inequalities is inconsistent: there are no integers
𝑄, 𝑣 > 0, 𝐴 ≠ 0 and 𝑏 with 𝑄𝑣𝐴 = 𝑏 and |𝑏| < 𝑄𝑣, since a nonzero integer multiple
of 𝑄𝑣 has absolute value at least 𝑄𝑣 (LEAN SOURCE). This excludes those simultaneous
requirements, not every argument using a matrix or its adjugate. Separately, the span
of all dyadic totient sections is infinite-dimensional (Proposition 1.6).

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientMahlerDefect.lean#L1183
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Proposition 9.50 (An additional hypothesis for a totient-specific rank argument). A rank
bound that contradicts the lower bound 2𝑒−1would have to use additional arithmetic of the actual
totient coefficients. The generic proposal that rationality bounds the rank of every integral carry
satisfying 𝑢(𝑛)/2𝑛 → 0 is disproved by the comparison sequence recorded in the short paper: its
carry rank is at least 2𝑒 − 1 at every level. It is therefore not a remaining general lemma from
which totient irrationality follows. The conditional Proposition 1.7 records eventual periodicity
modulo 𝑣 together with unbounded rational rank. Periodicity of the residue sequences concerns
values in a finite quotient; it does not bound the rational span of the integer-valued sections. The
5/4 comparison shows that this distinction persists for a rational coefficient series.

9.4 Relations between the sufficient conditions
A fixed saving for the real part or norm of the block exponential sum would give a cer-
tificate. The endpoint conditions seek a residue or size bound along an LCM sequence
instead. Proposition 9.14 relates the sufficient formulations; the arithmetic estimates
required by them remain open.

The generic bounded-rank argument fails for a separate reason: the rational com-
parison sequence has unbounded section rank. A totient-specific upper bound would
require hypotheses not shared by that sequence.

These are statements about the displayed conditions and comparisons, not an ex-
haustive classification of possible proofs. Some conditions are equivalent to irrational-
ity; others are only sufficient. No relative difficulty, truth probability, or independent
formal verification follows from their position in the table.

10 Counterexamples to proposed deductions
The next constructions produce rational series from coefficients satisfying selected to-
tient data. Others test a proposed estimatewithout changing the coefficients. We specify
the retained assumptions in each case, so that the failed deduction can be distinguished
from an argument using additional properties of 𝜑. None decides the irrationality of 𝑆.

10.1 Changing the coefficients after a finite prefix
Proposed argument. The quantified residue condition requires certificates beyond ev-
ery starting index. A finite computation can check many instances, but one fixed inspec-
tion bound cannot establish these quantifiers. The following comparison explains this
limitation without making any claim about all possible irrationality arguments. LEAN
SOURCE

Counterexample. Theorem 2.4 gives an explicit splice construction; its series value,
exact reduced denominator and failure of the separation condition are checked in Lean.
Choose an integer 𝑃 > 𝐵, set 𝛾(𝑛) = 𝜑(𝑛) for 𝑛 ≤ 𝐵, and 𝛾(𝑛) = 𝑛 − 1𝑃∣𝑛 for 𝑛 > 𝐵.
Then 0 ≤ 𝛾(𝑛) ≤ 𝑛, and the binary series ∑ 𝛾(𝑛)/2𝑛 is rational: it is a finite rational
prefix, plus the tail of ∑𝑛 𝑛2−𝑛, minus a geometric sum over the multiples of 𝑃 beyond
𝐵. Because 𝛾 agrees with 𝜑 on every index ≤ 𝐵, 𝛾 passes every finite certificate that
only inspects indices ≤ 𝐵; in particular it passes or fails every instance of 𝒞(ℎ, 𝑁, 𝐿) with
𝑁 + ℎ + 𝐿 ≤ 𝐵 exactly as 𝜑 does. Yet ∑ 𝛾(𝑛)/2𝑛 ∈ ℚ by construction.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/LcmConeFlatness.lean#L412
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/LcmConeFlatness.lean#L412
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Scope. For each fixed bound 𝐵, a different rational comparison sequence can agree
with 𝜑 on all inspected coefficients. This rules out a deduction from that finite prefix
alone. It does not rule out a proof that establishes the required instances for arbitrar-
ily large 𝐵 with the correct quantifiers. Such a proof would no longer be a single finite
inspection. The comparison also does not preserve multiplicativity or every other arith-
metic property of 𝜑.

Consequence. The finite-prefix example and the parity example below are distinct
constructions. The former preserves a prescribed finite prefix; the latter preserves parity
and has separated nonperiodic blocks. Each shows why its own list of assumptions is
insufficient. The recorded finite diagonal examples remain useful individual certificates,
but their number alone gives no assertion at arbitrarily large scales. LEAN SOURCE

10.2 A rational series with matching totient parity
Matching totient parity and the bound 𝑐(𝑛) ≤ 𝑛 does not determine the rationality of
a binary sum. The example below is bounded and aperiodic, yet its sum is rational.
Its paired changes can be placed beyond any threshold with any prescribed minimum
separation.

Construction. Start with the sequence 0, 1, 1, 2, 4, 4, 4, …. At each position 𝑚 = 2𝑘+3,
𝑘 ≥ 0, replace the pair (4, 4) at 𝑚, 𝑚 + 1 by (6, 0). Equivalently,

𝑐(𝑛) =

⎧{{{{{{
⎨{{{{{{⎩

0, 𝑛 = 0,
1, 𝑛 = 1, 2,
2, 𝑛 = 3,
6, 𝑛 = 2𝑘+3 for some 𝑘 ≥ 0,
0, 𝑛 = 2𝑘+3 + 1 for some 𝑘 ≥ 0,
4, otherwise.

Each replacement leaves the binary sum unchanged because 2 ⋅2−𝑚 −4⋅2−(𝑚+1) = 0.
The increasingly large gaps between replacements prevent eventual periodicity. The
strongest recorded result also quantifies their separation:

Proposition 10.1 (A rational series preserving totient parity and the stated separation
properties). There exists 𝑐 ∶ ℕ → ℕ such that: 𝑐(𝑛) ≤ 6 for all 𝑛; 𝑐(𝑛) ≤ 𝑛; 𝑐(𝑛) ≡ 𝜑(𝑛)
(mod 2) for every 𝑛; for every 𝑁, 𝐺, 𝐾 there are 𝐾 pairs of coefficients (6, 0) starting beyond 𝑁,
with starting positions separated by more than 𝐺; and ∑𝑛 𝑐(𝑛)/2𝑛 = 3/2.

Scope. The displayed bounds, parity agreement and aperiodicity, including the
stated number and separation of the edits, are jointly compatible with a rational binary
sum. They therefore do not imply irrationality. The sequence 𝑐 differs from 𝜑: the ex-
ample preserves its parity, not all its arithmetic properties. It excludes an argument
using only the listed assumptions, not every strengthening of an aperiodicity condition
or every use of totient coefficients.

Consequence. The paired edits have zero total contribution, since 2 ⋅ 2−𝑚 − 4 ⋅
2−(𝑚+1) = 0. Applied at the specified sparse positions of this particular base sequence,

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DiagonalPincerCertificatesT64.lean#L1967
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they preserve the rational sum and the required bounds while preventing eventual pe-
riodicity. This does not construct a rational series for every prescribed parity pattern,
and it is not the finite-prefix construction of Theorem 2.4. A proposed criterion using
only the assumptions of this example must fail; a criterion using further arithmetic in-
formation is not addressed.

10.3 Square-CRT factorisations
For a prime 𝑝 and 𝑚 ≥ 1, the identity

𝜑(𝑝𝑚) = (𝑝 − 1)𝜑(𝑚) + 1𝑝∣𝑚𝜑(𝑚)

separates the coprime and divisible cases. Prescribing a cofactor modulo 𝑝 by a con-
gruence modulo 𝑝2 can remove the second term over a chosen finite range. It simplifies
the product formula, but does not show that differences between the resulting values
are nonzero.

The examples in Observation 6.117 show both possibilities. At 𝑛 = 52, the offset
pairs (13, 13) and (26, 18) give respectively 𝜑(65) − 𝜑(65) = 0 and 𝜑(78) − 𝜑(70) = 0
(LEAN SOURCE). All four prime–cofactor products are coprime (LEAN SOURCE). At 𝑛 = 27,
the offset pairs (3, 3) and (6, 8) instead give 𝜑(30) − 𝜑(30) = 0 and 𝜑(33) − 𝜑(35) = −4
(LEAN SOURCE), again with coprime factors (LEAN SOURCE). These finite equalities are
checked by exact arithmetic. No minimality claim about either witness is needed. The
general existence theorem LEAN SOURCE supplies a common base for the stated finite
congruence requirements, not a nonvanishing assertion.

The vanishing example disproves the implication from correction-free factorisation
to nonvanishing; the other example shows that this factorisation does not force vanish-
ing either. This does not establish formal independence of two propositions, or exclude
an argument using additional hypotheses. The prime-dilation identity LEAN SOURCE and
the CRT constructions LEAN SOURCE, LEAN SOURCE remain available with their own prime
and residue hypotheses.

A separate elementary identity in the same file concerns alternating sums. Let 𝐼
be finite, let 𝑖 ∉ 𝐼, and suppose an integer-valued function 𝑓 on finite subsets satisfies
𝑓 (𝑇 ∪ {𝑖}) = 𝑓 (𝑇) for every 𝑇 ⊆ 𝐼. Pairing 𝑇 with 𝑇 ∪ {𝑖} gives

∑
𝑇⊆𝐼∪{𝑖}

(−1)|𝑇|𝑓 (𝑇) = 0.

This identity is proved in Lean (LEAN SOURCE). It has no totient hypothesis, but an
application must still verify invariance under the indicated insertion. Neither it nor the
congruence construction supplies the missing nonzero totient difference at a prescribed
LCM height.

10.4 The cost of clearing a rational denominator
Clearing a denominator changes the multiplier as well as the fraction. The example
4(5/12) = 5/3 illustrates the divisibility relation below for arbitrary reduced fractions;
no totient identity is needed.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/SquareCRTCube.lean#L459
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/SquareCRTCube.lean#L468
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/SquareCRTCube.lean#L477
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/SquareCRTCube.lean#L485
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/SquareCRTCube.lean#L327
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/SquareCRTCube.lean#L38
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/SquareCRTCube.lean#L230
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/SquareCRTCube.lean#L263
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/SquareCRTCube.lean#L363
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Lemma 10.2 (Complement divisibility after multiplication). Write 𝑥 = 𝑎/𝑏 in lowest
terms, where 𝑎 ∈ ℤ and 𝑏 ≥ 1. Let 𝑐 ∈ ℤ and let 𝐻 be a positive divisor of 𝑏. If the reduced
denominator of 𝑐𝑥 divides 𝐻, then

𝑏/𝐻 ∣ 𝑐.

Indeed, the hypothesis makes 𝐻𝑐𝑥 = 𝐻𝑐𝑎/𝑏 integral. Since gcd(𝑎, 𝑏) = 1, it follows
that 𝑏 ∣ 𝐻𝑐, hence 𝑏/𝐻 ∣ 𝑐. Writing 𝑐 = (𝑏/𝐻)𝑡 also gives 𝐻𝑐𝑥 = 𝑡𝑎; this equality is also
proved in Lean (LEAN SOURCE). If 𝑐 ≠ 0, the divisibility implies |𝑐| ≥ 𝑏/𝐻. The nonzero
hypothesis is essential for this size bound: 𝑐 = 0 has reduced denominator one and
satisfies the divisibility, but has no positive size cost. The lemma is about multiplication
of one rational value, not arbitrary cancellations among several values.

A related elementary inequality compares a positive numerator with its denomina-
tor. If 𝑎 > 0, 𝑟 ≥ 0, 𝑛 ≥ 1, 2𝑟 ∣ 𝑎, and 𝑎/𝑏 < 2/(2𝑛 − 1), then

2𝑟(2𝑛 − 1) ≤ 𝑎(2𝑛 − 1) < 2𝑏.

Lean proves this Mersenne instance (LEAN SOURCE) and the version with a general
positive denominator parameter (LEAN SOURCE). Positivity of 𝑎 is what turns numerator
divisibility into a lower bound; it cannot be omitted.

The accompanying linear-algebra statement has a one-dimensional quotient. Let
𝑉, 𝑊 be vector spaces over ℚ, let ev ∶ 𝑉 → ℚ and Λ ∶ 𝑉 → 𝑊 be linear, and suppose
ker ev ⊆ kerΛ. Choose 𝑒 ∈ 𝑉 with ev(𝑒) = 1. Then, for every 𝑣 ∈ 𝑉,

𝑣 − ev(𝑣)𝑒 ∈ ker ev, Λ(𝑣) = ev(𝑣)Λ(𝑒).

This is factorisation through the scalar quotient 𝑉/ker ev (LEAN SOURCE). A surjec-
tion onto a higher-dimensional space would imply only a linear factorisation through
that space, not multiplication by one fixed vector.

The denominator calculations use two lemmas proved in Lean (LEAN SOURCE, LEAN
SOURCE). For integers 𝑎 and 𝐷 ≥ 1, the reduced denominator of 𝑎/𝐷 is 𝐷/gcd(|𝑎|, 𝐷).
Hence a divisor of 𝐷 coprime to 𝑎 divides the reduced denominator. Coprimality is
sufficient, not necessary: 2/8 = 1/4 retains the divisor 2. More generally, if𝐶 is a positive
divisor of𝐷, gcd(𝐶, 𝑎) = 1, and ℎ ≥ 0 is an integer, then𝐶/gcd(𝐶, ℎ)divides the reduced
denominator of ℎ𝑎/𝐷. At ℎ = 0 this assertion retains only the divisor one.

For a nonzeromultiplier, a lower bound for 𝑏/𝐻 therefore gives a lower bound for its
absolute value. For an integer 𝑡 ≥ 5, the product estimate 2⌊𝑡/2⌋ ≤ ∏𝑝∈𝒫𝑡

(2𝑝 − 1) (LEAN
SOURCE) can be used when that product is shown to divide 𝑏/𝐻. Neither the product es-
timate nor the scalar lemma proves a quadratic growth law for arbitrary approximation
schemes.

The finite Farey exclusion for 𝑆 is a separate use of reduced denominators. Its certi-
fied interval contains no rational whose reduced denominator is at most

79,639,646,646,701,375,323,355,774,875,831,053

(LEAN SOURCE). That numerical exclusion requires the interval and Farey calculation;
it is not a consequence of the scalar lemma alone.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/AdelicHeightObstruction.lean#L56
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/AdelicHeightObstruction.lean#L103
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/AdelicHeightObstruction.lean#L77
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/AdelicHeightObstruction.lean#L120
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/RationalDenominatorSurvival.lean#L17
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/RationalDenominatorSurvival.lean#L38
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/RationalDenominatorSurvival.lean#L38
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/MersenneShadowDenominatorGrowth.lean#L60
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/MersenneShadowDenominatorGrowth.lean#L60
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L18384
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10.5 Signed moments and parity
A signed determinant can serve in rational approximation only with both a nonzero
numerator and a small error. Here parity proves the first requirement for the particular
finite signed sum.

Lemma 10.3 (Nonvanishing from a unique largest denominator exponent). Let 𝐼 be a
finite set, let 𝑢𝑖 ∈ ℤ and 𝑒𝑖 ∈ ℕ for 𝑖 ∈ 𝐼, and suppose that 𝑚 ∈ 𝐼 satisfies 𝑒𝑖 < 𝑒𝑚 for every
𝑖 ≠ 𝑚. If 𝑢𝑚 is odd, then

2𝑒𝑚 ∑
𝑖∈𝐼

𝑢𝑖
2𝑒𝑖

= ∑
𝑖∈𝐼

𝑢𝑖2𝑒𝑚−𝑒𝑖 ≡ 1 (mod 2).

In particular, the sum is nonzero.

Every term except 𝑢𝑚 is even, which proves the assertion. For example, 1/2 − 1/8 =
3/8 has odd cleared numerator. Uniqueness is necessary for this argument: two odd
contributions with the same largest exponent can cancel.

Lean also proves a separate determinant expansion from the Leibniz formula (LEAN
SOURCE) and defines the truncated signed moments ∑𝑌

𝑁=1 𝑎𝑁2−𝑁(𝑘+1) and their Hankel
determinants (LEAN SOURCE, LEAN SOURCE). The parity lemma is not derived from that
determinant identity. A determinant application must first identify a sum to which the
parity hypotheses apply.

For the totient series, one would still need suitable configurations at arbitrarily large
scales and a denominator-weighted error tending to zero. Nonvanishing alone provides
neither. No such family is supplied by these two algebraic statements; compare the sep-
arate rank discussion in §10.8. In another base, the analogous argument would require
divisibility by a prime factor of that base rather than an unchanged appeal to parity.

10.6 Column rescaling and cancellation
A nonzero determinant need not prevent one row from being constant. For example,

⎛⎜⎜
⎝

1 1
1 −1

⎞⎟⎟
⎠

⎛⎜⎜
⎝

1 0
0 −1

⎞⎟⎟
⎠

= ⎛⎜⎜
⎝

1 −1
1 1

⎞⎟⎟
⎠

.

The first and last matrices have determinants −2 and 2, respectively; the second row
of the resulting matrix is constant. This simple column rescaling matters when a deter-
minant is proposed as evidence for cancellation in the first-harmonic sums.

Proposition 10.4 (A nonzero minor survives inverse-phase column weights). Let 𝑑 ≥ 1
be an integer, let 𝑒0, … , 𝑒𝑑−1 be nonnegative integers, and let 𝑧0, … , 𝑧𝑑−1 be nonzero complex
numbers. Write 𝑃𝑖𝑗 = 𝑧𝑒𝑖

𝑗 , and suppose 𝑒𝑖0 = 1 for some 𝑖0. Multiplying column 𝑗 by 𝑊𝑗 = 𝑧−1
𝑗

gives

(𝑃diag(𝑊))𝑖0𝑗 = 1, det(𝑃diag(𝑊)) = det(𝑃)
𝑑−1
∏
𝑗=0

𝑧−1
𝑗 .

Thus a nonzero determinant remains nonzero while row 𝑖0 becomes constant. If all |𝑧𝑗| = 1,
its absolute value is also unchanged.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/SignedQMomentObstruction.lean#L29
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/SignedQMomentObstruction.lean#L29
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/SignedQMomentObstruction.lean#L108
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/SignedQMomentObstruction.lean#L117
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The entry formula and the determinant of a product prove the statement. If row-
dependent weights are allowed, the choice 𝑊𝑖𝑗 = 𝑧𝑖

𝑗/𝑧𝑒𝑖
𝑗 gives 𝑊𝑖𝑗𝑃𝑖𝑗 = 𝑧𝑖

𝑗 andmakes row
zero constant. It produces the ordinary Vandermonde matrix, which is nonsingular
when the 𝑧𝑗 are pairwise distinct (LEAN SOURCE, LEAN SOURCE).

These are statements about complexmatrices, not arithmetic properties of the totient
sequence. In particular, determinant nonvanishing, even with unit-modulus weights,
does not by itself exclude complete alignment in the indicated row. An application of
the first-harmonic criterion (LEAN SOURCE) needs additional information that excludes
suchweights or controls the resultingweighted sum. The example does not require that
information to take the form of an identity coupling different rows, and it does not rule
out determinant arguments that use appropriate additional hypotheses.

10.7 Tail integrality on an LCM grid
The comparison. The diagonal condition (LEAN SOURCE) uses the pair (𝐻𝑡, 2𝐻𝑡). Under
rationality, the same fractional part occurs at every positive multiple of 𝐻𝑡 once 𝑡 is suf-
ficiently large. A finite set of these multiples therefore gives another possible place to
test for a nonintegral difference. The criterion below does not assert a smaller successful
depth than the diagonal test.

Eventual equality of fractional parts.

Proposition 10.5 (Tail integrality on an LCM grid). 𝑆 ∈ ℚ ⟹ ∃𝑡1, ∀𝑡 ≥ 𝑡1, ∀𝑞, 𝑚 ∶
ℕ, 0 < 𝑞 ⟹ 𝑅(𝑞 ⋅ 𝐻(𝑡) + 𝑚 ⋅ 𝐻(𝑡)) − 𝑅(𝑞 ⋅ 𝐻(𝑡)) ∈ ℤ.

Rationality makes the fractional parts of 𝑅𝑘𝐻𝑡
equal for all 𝑘 ≥ 1 at each scale 𝑡 ≥ 𝑡1.

The corresponding implication, Theorem 6.53, shows that a certificate 𝒞(𝑚𝐻𝑡, 𝑞𝐻𝑡, 𝐿)
with 𝑞 ≥ 1 at arbitrarily large 𝑡 implies 𝑆 ∉ ℚ.

(b′) A finite test on the grid.

Proposition 10.6 (A finite-grid certificate gives a nonintegral pair). Let𝑄 ⊆ ℕ>0 be finite
and nonempty. For each 𝑞 ∈ 𝑄, put 𝐴𝑞 = ∑𝐿

𝑗=1 𝜑(𝑞𝐻 + 𝑗)2𝐿−𝑗 and 𝐵𝑞 = 𝑞𝐻 + 𝐿 + 2. Suppose
𝐵𝑞 < 2𝐿 for every 𝑞 ∈ 𝑄 and

∀𝑞𝑖 ∈ 𝑄 ∃𝑞𝑗 ∈ 𝑄, 𝐵𝑞𝑗
< (𝐴𝑞𝑖

− 𝐴𝑞𝑗
) mod 2𝐿.

Then 𝑅𝑞𝑗𝐻 − 𝑅𝑞𝑖𝐻 ∉ ℤ for some 𝑞𝑖, 𝑞𝑗 ∈ 𝑄. The proof and a four-point example are given
in Theorem 6.56.

Scope. Eventual integrality on the LCM grid is a necessary consequence of rational-
ity, not a claim about the actual series madewithout that hypothesis. The finite-grid test
uses the individual one-sided bounds 𝐵𝑞 < 2𝐿, rather than charging the larger radius
to both ends of a pairwise interval. This compares modulus bounds, not binary depths.
A finite nonempty set and every stated size inequality are needed; three or more points
and pairwise compatibility are not.

Neither statement supplies the unbounded family required to decide #249. Exhibit-
ing a nonintegral tail difference on the LCM grid at arbitrarily large 𝑡 would refute ra-
tionality. The finite-grid test is a way to certify such a difference, not a proof that these
tests succeed at arbitrarily large scales.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/ResidualGaugeObstruction.lean#L124
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/ResidualGaugeObstruction.lean#L145
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L83
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/LcmConeFlatness.lean#L426
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The implication from rationality to grid flatness (LEAN SOURCE) should not be con-
fused with an assertion of flatness for the actual series. The exact diagonal integrality
reformulation and its quantified converse (LEAN SOURCE, LEAN SOURCE) give other equiv-
alent forms of the problem. They are not the only such forms; Proposition 1.8 lists fur-
ther equivalent certificate conditions.

Consequence. Choosing the least deep tail is the step that turns a common-
fractional-part assumption into an intersection of arcs. A related finite comparison con-
cerns first and second differences: at (ℎ, 𝑁) = (1, 8) the first-difference test holds at
depth 8, while no second-difference certificate exists at depth at most 8 (LEAN SOURCE).
This disproves a universal claim of smaller depth for second differences; it does not
show that they can never improve a certificate.

10.8 Exact dyadic rank and the limits of a rank argument
At each level the scalar totient identities supply spanning, while affine independence
excludes any further relations. This computes the rank, rather than merely proving
its unboundedness. The latter already follows from Coons’s nonregularity theorem
in every base 𝑘 ≥ 2 [2, Theorem 3.2]. Martin’s stronger theorem supplies the affine
independence[4, Theorem 1]; the proportional arguments 𝑛 and 2𝑛 require a separate
two-evaluation argument. The all-base proof and integral relation calculation appear in
the short paper. We give the dyadic form needed for carry rank here.

Construction.

Theorem 10.7 (Exact dyadic rank and infinite-dimensionality). For every 𝑒 ≥ 1, the family

{𝑛 ↦ 𝜑(𝑛), 𝑛 ↦ 𝜑(2𝑛)} ∪ {𝑛 ↦ 𝜑(2𝑗𝑛 + 𝑟) ∶ 1 ≤ 𝑗 ≤ 𝑒, 0 < 𝑟 < 2𝑗, 𝑟 odd}

is linearly independent over ℚ. It contains 2𝑒 + 1 sequences and spans the sections through
level 𝑒 by the zero- and even-residue reductions.

The two zero-residue sections need separate treatment because their arguments 𝑛
and 2𝑛 are proportional. Restrict a proposed relation to 𝑛 = 2𝑚 + 1, where 𝜑(2𝑛) =
𝜑(𝑛). The odd-residue sections, togetherwith𝜑(𝑛), nowhave pairwise nonproportional
affine arguments. The evaluation-matrix construction chooses one input per row. At
that input a selected primitive form is prime, while each competing form has a prime
divisor whose predecessor is divisible by a fixed auxiliary prime. Thematrix is diagonal
and nonzero on the diagonal modulo that auxiliary prime. The check that the selected
prime progression is reduced is part of the construction.

Independence removes the positive-residue coefficients and leaves 𝐴 + 𝐵 = 0. The
same remaining relation at 𝑛 = 2 gives 𝐴 + 2𝐵 = 0, so both coefficients vanish. This
is the dyadic specialisation of the short paper’s proof. The Lean proof is uncondi-
tional; it uses the Chinese remainder theorem and Dirichlet’s theorem on primes in
arithmetic progressions from Mathlib. Consequently the full infinite family spans an
infinite-dimensional ℚ-space (LEAN SOURCE). A separate elementary observation con-
cerns a proposed integer identity. There are no 𝑄, 𝑣 ∈ ℕ>0 and 𝐴, 𝑏 ∈ ℤ with 𝑄𝑣𝐴 = 𝑏,
𝐴 ≠ 0, and |𝑏| < 𝑄𝑣: the identity forces |𝑏| = 𝑄𝑣|𝐴| ≥ 𝑄𝑣 (LEAN SOURCE).

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/LcmConeFlatness.lean#L90
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DiagonalPincerDecomposition.lean#L215
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DiagonalPincerDecomposition.lean#L290
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L19090
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientMahlerDefect.lean#L1145
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The Lean independence theorem is also stated for 𝑒 = 0, but its auxiliary canonical
index then still contains the two zero-residue sections 𝜑(𝑛) and 𝜑(2𝑛). It is therefore not
the actual truncation through level zero, which consists only of 𝜑(𝑛) and has dimension
one.

Integral relations. Rational independence becomes an integral normal form because
every omitted section is an integer multiple of a retained one. Keep the formal coeffi-
cient vectors separate from the sequences: a relation is nonzero in the former group
and evaluates to zero in the latter. Fix 𝑒 ≥ 1, write 𝐹𝑗,𝑟(𝑛) = 𝜑(2𝑗𝑛 + 𝑟), and let
𝐼𝑒 = {(𝑗, 𝑟) ∶ 0 ≤ 𝑗 ≤ 𝑒, 0 ≤ 𝑟 < 2𝑗}. Retain 𝐹0,0, 𝐹1,0, and the odd-residue sections
at levels 1, … , 𝑒; call this retained index set 𝐽𝑒. The totient identities reduce every omit-
ted section to 𝐹𝑖 = 𝑎𝑖𝐹𝑗(𝑖) for a retained section 𝑗(𝑖) and an integer 𝑎𝑖 ≥ 0. Thus the
retained family generates the lattice 𝐿𝑒 = ∑𝑖∈𝐼𝑒

ℤ𝐹𝑖. Its rational independence gives in-
teger independence as well: every element of 𝐿𝑒 has unique integer coordinates in these
2𝑒 + 1 retained sections.

To describe all integral relations, let 𝐸𝑖 denote the formal coordinate vector in ℤ𝐼𝑒

and use the evaluation map

ev𝑒 ∶ ℤ𝐼𝑒 ⟶ 𝐿𝑒, (𝑐𝑖) ⟼ ∑
𝑖∈𝐼𝑒

𝑐𝑖𝐹𝑖.

For each omitted index put 𝑅𝑖 = 𝐸𝑖 − 𝑎𝑖𝐸𝑗(𝑖). Then

ker(ev𝑒) = ⨁
𝑖∈𝐼𝑒\𝐽𝑒

ℤ𝑅𝑖, rankℤ ker(ev𝑒) = 2𝑒 − 2.

For a vector 𝑐, subtract ∑𝑖∉𝐽𝑒
𝑐𝑖𝑅𝑖. All omitted coordinates disappear, and the re-

tained coordinate at 𝑗 is 𝑐𝑗 + ∑𝑖∉𝐽𝑒, 𝑗(𝑖)=𝑗 𝑎𝑖𝑐𝑖. The vector is a relation exactly when every
retained coordinate is zero. In that case its relation coefficients are already known: they
are the original omitted coordinates 𝑐𝑖. Uniqueness follows because 𝑅𝑖 has coefficient 1
at its own omitted index and 0 at every other one. These unit coefficients explainwhy no
division, and no passage from ℚ back to ℤ, is required. The depth-two base-six example
in the short paper illustrates these two-term rows. The distinction between the retained
basis and the redundant spanning family of all sections already matters for 𝑘-regular
sequences that are not eventually zero: their growth exponent is the base-𝑘 logarithm
of the joint spectral radius of their section matrices in a basis, whereas a redundant
spanning family gives only an upper bound (Coons [3, Theorem 1, Proposition 4 and
Corollary 7]). The totient is not regular, so that theorem does not apply; the short paper
records how the section maps act on the retained bases from one level to the next.

The integral normal form and the full dyadic rational basis are formally checked in
Lean. The formal statement gives the same construction for every integer base 𝑘 ≥ 2,
with relation rank ∑𝑒−1

𝑗=1 𝑘𝑗. The full dyadic assembly separately gives a basis for the
infinite rational span and for its finitely supported rational relations. These finite and
infinite statements should not be confused with a claim about infinite sums of relations.

Relation to the series value. Infinite section rank does not imply irrationality of
𝑆. The result quantifies the nonregularity already cited above: it gives the rank, the re-
tained sections and their integral relations. Martin’s simultaneous inequalities supply

https://github.com/wcook04/plectis-erdos/blob/25ef6245d15a47548c6926369ae8f1a0f0a14a80/ErdosProblems/Erdos249/PaperCompleteR8/KernelRelationBasis.lean#L398
https://github.com/wcook04/plectis-erdos/blob/25ef6245d15a47548c6926369ae8f1a0f0a14a80/ErdosProblems/Erdos249/PaperCompleteR8/FullKernelAssemblies.lean#L156


Erdős #249: the binary totient series 108

another proof for pairwise nonproportional affine forms with positive slopes [4, Theo-
rem 1]. His theorem does not separate 𝑛 from 2𝑛; the two evaluations above do that.
The linked Lean proof is independent of Martin’s theorem.

The same independence argument also bounds the rank of an integral carry. If 𝑆 ∈
ℚ, choose an integer 𝑣 > 0 with 𝑣𝑆 ∈ ℤ and put 𝑢𝑁 = 𝑣𝑅𝑁 , where 𝑅𝑁 = ∑𝑗≥1 𝜑(𝑁 +
𝑗)2−𝑗. Then 𝑢𝑁 ∈ ℤ,

𝑢𝑁+1 = 2𝑢𝑁 − 𝑣𝜑(𝑁 + 1), 0 ≤ 𝑢𝑁 ≤ 𝑣(𝑁 + 2), 𝑢𝑁/2𝑁 ⟶ 0.

For every 𝑒 ≥ 0,

dimℚ span{𝑛 ↦ 𝑢2𝑗𝑛+𝑟 ∶ 1 ≤ 𝑗 ≤ 𝑒, 0 ≤ 𝑟 < 2𝑗} ≥ 2𝑒 − 1.

This is the finite family in the linked statement (LEAN SOURCE); it contains all carry
residues at levels 1, … , 𝑒, not just odd residues or an unspecified retained subfamily.
Indeed, for each odd 𝑟 with 0 < 𝑟 < 2𝑗, the recurrence gives

𝑣𝜑(2𝑗𝑛 + 𝑟) = 2𝑢2𝑗𝑛+𝑟−1 − 𝑢2𝑗𝑛+𝑟.

These 2𝑒 −1 totient sections are independent and belong to the span of the displayed
carry sections after multiplication by 𝑣 ≠ 0. The rank bound follows. The boundary
condition 𝑢𝑁/2𝑁 → 0 identifies the canonical carry, but is not used in this rank-transfer
argument.

A contradiction would require an upper bound on the same carry rank. Rationality
and the recurrence supply no such bound: Section 12.6 constructs a rational 5/4 series
whose unchanged odd totients force exactly this rank transfer. The changed even coef-
ficients break other totient identities. Hence the comparison rules out a rank argument
based only on rationality, linear growth and the recurrence, while leaving arguments
using those additional identities untouched.

A separate finite-dimensional calculation concerns the matrix 𝑈𝑁(𝑖, 𝑗) = 𝜇((𝑖 +
1)/(𝑗 + 1)) when (𝑗 + 1) ∣ (𝑖 + 1) and zero otherwise, for 0 ≤ 𝑖, 𝑗 < 𝑁. It is lower
triangular with diagonal entries one. Hence det𝑈𝑁 = 1 and the map 𝑥 ↦ 𝑈𝑁𝑥 is injec-
tive (LEAN SOURCE). This proves injectivity of that particular map, not the impossibility
of every finite-dimensional argument for irrationality.

The evaluation-matrix argument. For functions 𝑓1, … , 𝑓𝑠 with values in a field, points
𝑛1, … , 𝑛𝑠 for which det(𝑓𝑗(𝑛𝑖)) ≠ 0 prove linear independence: evaluating a relation
gives an invertible linear system for its coefficients. This elementary criterion is Propo-
sition 6.24. It does not, by itself, construct the points. Here the totient formula, CRT
and Dirichlet’s theorem provide them for nonproportional affine forms, followed by the
separate zero-residue argument. Another arithmetic function would require its own ar-
gument for nonvanishing of the evaluation determinant.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientCarryKernelRigidity.lean#L300
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/IncidenceQuotientHermitePade.lean#L56
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10.9 Further counterexamples and sharp bounds
The table records further counterexamples and sharp bounds. For each proposed deduction it lists the retained hypotheses and the
conclusion that fails, together with the source for that argument.

Approach Argument and source Scope and remaining question

Complete terminal
divisibility pattern

Under 𝑎 ≥ 8, 𝑚 ≤ 𝐾, 𝐽 + 𝐾 + 𝑎 + 6 < 2 ⋅ 2𝑎 and
2𝐻 + 𝐽 + 𝐾 + 2 < 2𝑚, the full set of divisibilities in
Observation 6.107 is impossible: the last difference
would be a positive multiple of 2𝑚 smaller than 2𝑚.
LEAN SOURCE.

The obstruction is specific to that pattern and those
bounds. If the last divisibility is omitted, the
additional terminal bound of Proposition 6.86 forces
the penultimate difference to be 2𝑚−1. It does not
prove that such partial patterns exist. LEAN SOURCE.

Finite linear combinations of
shifted carry recurrences

The explicit sequence in Observation 6.115 has
𝑎(𝑞−1)𝐻−1 = 𝜑(𝐻) for 2 ≤ 𝑞 < 𝑡 and a bounded state
satisfying 𝑎𝑖 = 2𝑐𝑖 − 𝑐𝑖+1. Every finite integer
combination of its shifts retains a recurrence of this
form, including products of differences along
multiples of 𝐻. Its bounds acquire the factor ∑𝑗 |𝜆𝑗|;
they are not uniform in the coefficients of the linear
combination. The explicit theorem and ordinary proof
are given in Observation 6.115.

The constructed coefficients are not asserted to be
actual totient differences. Preserving the displayed
recurrence under shifts therefore does not
distinguish them from the coefficients required in
the proposed argument. The full totient divisor
identity LEAN SOURCE retains information absent
from the recurrence alone. The counterexample
does not require every future proof to use that
particular identity.

Adding three multiplicative
scales to an integrality test

For 𝐻 ≥ 0 and positive integers 𝑝, 𝑞, requiring
𝑅2𝑘𝐻 − 𝑅𝑘𝐻 ∈ ℤ for every 𝑘 ∈ {1, 𝑝, 𝑞, 𝑝𝑞} is equivalent
to requiring only 𝑅2𝐻 − 𝑅𝐻 ∈ ℤ. Neither multiplier
need be prime. The affine transport formula along
𝐻 ↦ 𝑘𝐻 carries integrality at the first scale to each of
the other three. LEAN SOURCE.

Adding these three integrality assertions does not
strengthen the first one. A different test involving
part of the tail would need an estimate for the part
it discards; this equivalence provides no such
estimate. The result concerns the displayed four
conditions, not every test using several scales.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L251
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L1187
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/LcmFactorIdealPulseObstruction.lean#L328
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FullTargetPrimeAdjunctionNoGo.lean#L196
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Approach Argument and source Scope and remaining question

Prescribing valuations and
finite unit residues

For the valuations 𝜈𝑗 and odd residues 𝑎𝑗 of
Proposition 2.11(iii), the free integers 𝑧𝑗 can always be
chosen so that 𝑒𝑗+1 = 2𝑒𝑗 + 2𝜈𝑗(𝑎𝑗 + 2𝑢𝑧𝑗) lies in the
stated centred interval at every step. LEAN SOURCE.

The specified residues do not exclude all finite carry
sequences while the higher quotients 𝑧𝑗 remain
unrestricted. An argument would need further
constraints on those quotients or on the actual
coefficients. The lemma does not assert that its
freely chosen coefficients are totient differences.

The information retained by
an endpoint residue

For an integer sequence 𝑎 and integer initial values
𝑢0, 𝑣0, let 𝑢𝑛+1 = 2𝑢𝑛 − 𝑎(𝑛 + 1) and
𝑣𝑛+1 = 2𝑣𝑛 − 𝑎(𝑛 + 1). Induction gives
𝑢𝐿 − 𝑣𝐿 = 2𝐿(𝑢0 − 𝑣0) for every 𝐿 ≥ 0. LEAN SOURCE.

The endpoints agree modulo 2𝐿, but they are
distinct integers whenever 𝑢0 ≠ 𝑣0. Indeed, if the
forcing terms are known, then

𝑢0 =
𝑢𝐿 + ∑𝐿

𝑗=1 2𝐿−𝑗𝑎(𝑗)
2𝐿 .

Only reduction modulo 2𝐿 discards the initial value.
The identity does not exclude an argument that
retains the full endpoint or other information about
the sequence.

Bounded finite-state /
autonomous successor
decoder for the binary carry

For the family in Proposition 2.11(i), with 𝑚 ≥ 2, all
histories before 𝑚 agree but the next tail takes
⌊(𝑚 + 1)/2⌋ + 1 distinct values. A common state
cannot determine that tail; a set of labels permitting
exact recovery must have at least that many elements.
LEAN SOURCE.

This counterexample concerns states determined
only by the common history of the displayed family.
It does not exclude a state using additional
information specific to the totient sequence. The
bound counts labels, not bits; it is not a complexity
theorem about the binary digits of 𝑆.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TropicalCurvatureCarry.lean#L137
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GenericTailOrbitRigidity.lean#L307
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GenericTailOrbitRigidity.lean#L247
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Approach Argument and source Scope and remaining question

Zeros on a progression
versus nonzero coefficients
arbitrarily far out

Let 𝜒4(𝑛) be 0 for even 𝑛, 1 for 𝑛 ≡ 1 (mod 4), and −1
for 𝑛 ≡ 3 (mod 4), and put 𝑐(𝑛) = ∑𝑑∣𝑛 𝜒4(𝑑) for
𝑛 ≥ 1. Divisor pairing gives 𝑐(𝑛) = 0 when 𝑛 ≡ 3
(mod 4). LEAN SOURCE. Nevertheless 𝑐(2𝑘) = 1 for
every 𝑘 ≥ 0, since 1 is the only odd divisor of 2𝑘.

This rules out nonvanishing on an arbitrarily
prescribed progression, not nonzero coefficients
arbitrarily far out. In fact 𝑐 is multiplicative. Its
prime-power values are 1 at powers of 2, 𝑎 + 1 at 𝑝𝑎

with 𝑝 ≡ 1 (mod 4), and 1 or 0 at 𝑝𝑎 with 𝑝 ≡ 3
(mod 4) according as 𝑎 is even or odd. Thus
𝑐(𝑛) ≥ 0 for every 𝑛 ≥ 1. These elementary
calculations verify both coefficient hypotheses of
LEAN SOURCE: ∑𝑎≥1 𝜒4(𝑎)/(𝑏𝑎 − 1) is irrational for
every integer 𝑏 ≥ 2. This application concerns the
displayed weighted Lambert series, not the totient
series 𝑆.

Using a finite exclusion test
to prove membership

finite Mersenne-weight exclusion(𝑥, level, lookahead)
is a decidable, finite-depth certificate proving
non-membership only (LEAN SOURCE); a finite
computation excludes 3/4 at level 1 (LEAN SOURCE).

The cited test has a sound exclusion implication.
The analogous soundness statement for the residue
test of this record, Proposition 6.18, also does not
make a finite unsuccessful search a proof of
integrality. This is a limit of what follows from those
tests, not an impossibility theorem for rationality or
membership proofs using additional identities.

Reconstructing one totient
value from a two-tail
absolute-value linear
combination

For any finite 𝑤 ∶ 𝜄 → ℚ, 𝑥 ∶ 𝜄 → ℕ with ∑ 𝑤𝑖𝜑(𝑥𝑖) = 1
(exact isolation), the crude two-tail cost
∑ |𝑤𝑖|(2(𝑥𝑖 + 1) + (𝑥𝑖 + 2)) ≥ 3, using only 𝜑(𝑥) ≤ 𝑥.
LEAN SOURCE (see also LEAN SOURCE).

The displayed termwise absolute-value estimate
cannot be less than 1. The same inequality holds for
any coefficients 0 ≤ 𝑐(𝑛) ≤ 𝑛 with ∑𝑖 𝑤𝑖𝑐(𝑥𝑖) = 1. It
does not rule out a smaller error bound that uses
cancellation between the tails, or a different
approximation identity.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L14226
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L14583
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GreedyAchievementSet.lean#L1747
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GreedyAchievementSet.lean#L1778
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailCarryPeriod.lean#L266
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailCarryPeriod.lean#L307
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Approach Argument and source Scope and remaining question

Homogeneous
Mersenne-primitive prime
factor alone forces a
contradiction

For the completely multiplicative sequence 𝑐(𝑛) = 𝑛, if
0 < 𝐾 < 𝑞 and 𝑞 ∣ 2𝐾 − 1, then the scaled-tail difference
is the integer 𝐾 at every starting index, but 𝑞 ∤ 𝐾. LEAN
SOURCE.

A factor of 2𝐾 − 1 does not, from the recurrence
alone, have to divide the inhomogeneous tail
difference. The example 𝐾 = 3, 𝑞 = 7 already has a
primitive prime factor. An application to another
series would need a correspondence between its
coefficients and this recurrence; Mersenne
denominators alone do not provide one.

The unit-gap test at a
prime-power denominator

For 𝑝 prime and 𝑒 ≥ 1, if every candidate integer in the
interval at denominator 𝑝𝑒 is a nonunit modulo 𝑝𝑒,
then there is at most one candidate. Equivalently, the
notation of Observation 6.114 satisfies 𝐿 = 0, or 𝐿 = 1
with 𝑝 ∣ 𝐽 + 1. LEAN SOURCE (for the equivalent
characterisation, LEAN SOURCE).

This candidate-count bound does not apply to
every odd denominator; the example modulo 15 in
Observation 6.114 has two candidates. It also does
not bound the denominator cutoff obtainable by
changing the window or approximation. It supplies
no proof that the fixed exclusion in Section 10.4
extends to arbitrarily large denominators.

Extra divisibility of a
three-term totient difference

At 𝐻 = 2𝑛+2, 𝑗 = 3 ⋅ 2𝑛+1,
𝜑(3𝐻 + 𝑗) − 2𝜑(2𝐻 + 𝑗) + 𝜑(𝐻 + 𝑗) = −2𝑛+1 for every
𝑛 ≥ 0. LEAN SOURCE.

The exact valuation concerns this scaled family, not
the LCM family with 𝑗2 ≤ 2𝑎; see Observation 6.108.
The independent coefficient calculation says that
integer solutions of 𝑐1 + 𝑐2 + 𝑐3 = 𝑐1 + 2𝑐2 + 3𝑐3 = 0
are exactly the multiples of (1, −2, 1) (LEAN SOURCE).
It classifies these three coefficients; it does not
determine the valuation of their totient combination
on every restricted family.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailCarryPeriod.lean#L342
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailCarryPeriod.lean#L342
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/PrimitiveWeightCertificate.lean#L111
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/PrimitiveWeightCertificate.lean#L54
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientFixedRankLcmAsymptotic.lean#L462
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientFixedRankLcmAsymptotic.lean#L338
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10.10 Signed interpolation with entire Dirichlet defects
The small block

𝑧2 − 2𝑧4 + 𝑧6 = 𝑧2(1 − 𝑧2)2

has coefficient sum 1 − 2 + 1 = 0 and first moment 2 − 8 + 6 = 0, but its value at
𝑧 = 𝛽−1 is positive for 𝛽 ≥ 2. It can therefore alter an interior value while preserving
these two moments. This is a model for one block, not a construction satisfying all the
conditions below; translation, spacing and increasing the difference order supply the
additional requirements.

This construction assigns different jobs to the shape and amplitude of a correction.
High-order finite differences annihilate low-order moments; their integer amplitudes
adjust the series value. As the orders increase, later completed blocks contribute zero
to each fixed moment, so its defect stabilises between blocks. The prescribed initial
collection of moment defects is zero, not merely constant. Spacing the blocks controls
their density and analytic convergence. All corrections occur at even indices, leaving
every odd totient fixed. The three numbered remarks below have ordinary proofs; none
has yet been formalised in Lean.

For a sequence 𝑎, write 𝐹𝑎(𝑧) = ∑𝑛≥1 𝑎(𝑛)𝑧𝑛. For integers 𝑞 ≥ 1, 0 ≤ 𝑐 < 𝑞 and 𝑑 ≥ 0,
put

𝑀𝑞,𝑐,𝑑(𝑎; 𝑁) = ∑
1≤𝑛<𝑁

𝑛≡𝑐 (mod 𝑞)

𝑛𝑑𝑎(𝑛).

Let 𝜇𝑎,𝑋,𝑚 be the empirical distribution of the length-𝑚 blocks starting at the integers
𝑋 ≤ 𝑁 < 2𝑋, with mass 1/𝑋 per start. Upper Banach density means the limiting upper
density over all intervals of a given length, with their starting points unrestricted.
Remark 10.8 (Sparse interpolation around the totient). Fix integers 𝛽 ≥ 2, 𝐾 ≥ 1, 𝑃 ≥ 2,
and any function 𝑓 ∶ ℕ>0 → (0, ∞) with 𝑓 (𝑛) → ∞. There exist 𝑇 > 0 and target-
independent sets 𝑆 ⊆ 𝐻 ⊆ {𝑛 > 𝐾}, with every element of 𝑆 even, such that every

𝑟 ∈ [𝐹𝜑(𝛽−1) − 𝑇, 𝐹𝜑(𝛽−1) + 𝑇]

equals 𝐹𝑏(𝛽−1) for an integer sequence 𝑏 = 𝜑 + 𝑒 satisfying:
(i) 0 ≤ 𝑏(𝑛) ≤ 𝑛, |𝑒(𝑛)| ≤ 𝑓 (𝑛), and supp(𝑒) ⊆ 𝑆. In particular the prefix through 𝐾

and every odd coefficient are unchanged.

(ii) For every fixed 𝑞 ≥ 1, both 𝑒(𝑛) and ∑𝑖<𝑛 𝑒(𝑖) are divisible by 𝑞 eventually, with a
cutoff independent of 𝑟.

(iii) For every fixed (𝑞, 𝑐, 𝑑), the defect 𝑀𝑞,𝑐,𝑑(𝑏; 𝑁) − 𝑀𝑞,𝑐,𝑑(𝜑; 𝑁) equals an integer
𝐶𝑞,𝑐,𝑑,𝑟 for all sufficiently large 𝑁 ∉ 𝐻. The cutoff is independent of 𝑟. If 𝑞 ≤ 𝑃 and
𝑑 < 𝑃, this defect is zero at every 𝑁 ∉ 𝐻.

(iv) For each root of unity 𝜁 , the radial function 𝑥 ↦ 𝐹𝑏(𝑥𝜁)−𝐹𝜑(𝑥𝜁) extends smoothly
to 𝑥 = 1. Its Taylor coefficients there lie in ℤ[𝜁]. The coefficients of orders 𝑢 < 𝑃
are zero if the order of 𝜁 is at most 𝑃.
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(v) For every fixed (𝑞, 𝑐) the absolutely convergent series

𝐷𝑞,𝑐,𝑟(𝑠) = ∑
𝑛≥1

𝑛≡𝑐 (mod 𝑞)

𝑒(𝑛)𝑛−𝑠, Re 𝑠 > 3/2,

extends to an entire function, and 𝐷𝑞,𝑐,𝑟(−𝑑) = 𝐶𝑞,𝑐,𝑑,𝑟.
The set 𝑆 has upper Banach density zero. The set 𝐻 has ordinary density zero and upper
Banach density one. Define

𝑔(𝑛) = min( inf
𝑘≥𝑛

𝑓 (𝑘), (𝑛/2)1/4) , ℓ(𝑋) = 2
⎢⎢
⎣

log𝛽 𝑔(⌊𝑋/4⌋)
8

⎥⎥
⎦

.

For large 𝑋, ℓ(𝑋) > 0, and one constant 𝐶, independent of 𝑟, gives

𝑑TV(𝜇𝜑,𝑋,𝑚, 𝜇𝑏,𝑋,𝑚) ≤ min(1, 𝐶 [ 𝑚
ℓ(𝑋) + ℓ(𝑋)−1/2]) , 1 ≤ 𝑚 ≤ 𝑋.

Thus every block length 𝑚 = 𝑜(ℓ(𝑋)) is preserved asymptotically.
Ordinary proof; not formalised in Lean.

The allowance can grow as slowly as desired and need not be monotone. For
𝑓 (𝑛) = (log(𝑛 + 3))𝜖, 𝜖 > 0, the allowed block scale is 𝑜(log log𝑋); for 𝑓 (𝑛) = (𝑛 + 3)𝛼,
𝛼 > 0, it is 𝑜(log𝑋). The exact Taylor series, growing moduli, zeros and regular parts
of Dirichlet functions are not preserved. The correction has both signs, so the earlier
one-sided perturbation constraint is not retained. The construction makes no rational-
ity assertion about 𝐹𝜑(1/2). The two exceptional sets also have different roles. The
support 𝑆 contains the individual altered indices. The larger set 𝐻 contains the inter-
vals spanned by correction blocks, where a prefix may have included only part of a
cancelling block. Its upper Banach density is one because it contains arbitrarily long in-
tervals, even though its ordinary density is zero. Thus the moment conclusion outside
𝐻 does not assert exact cancellation at every sufficiently large cutoff.

Proof. We construct the blocks first, independently of the target value. Their increas-
ing order enforces the moment and boundary conditions; only their amplitudes will be
chosen afterwards to obtain that value. All blocks lie beyond the prescribed prefix.

The tail infimum in 𝑔 is positive, nondecreasing and tends to infinity. The cap gives
𝑔(𝑛) ≤ (𝑛/2)1/4, while 𝑔(𝑛) ≤ 𝑓 (𝑘) for every 𝑘 ≥ 𝑛. Choose a large even 𝑛−1 > 𝐾 so that
𝑔 ≥ 1 thereafter and the first spacing below is at least max(16, (2𝑃𝑃!)2). Define

𝑠𝑗 = 2 ⌊1
8 log𝛽 𝑔(𝑛𝑗−1)⌋ , 𝑛𝑗 = 𝑛𝑗−1 + 𝑠𝑗,

𝑘𝑗 = max{𝑘 ≥ 1 ∶ (2𝑘𝑘!)2 ≤ 𝑠𝑗}, 𝑀𝑗 = 𝑘𝑗!, 𝑡𝑗 = 2𝑘𝑗!, 𝑊𝑗 = 𝑘𝑗𝑡𝑗,

𝐴𝑗 = 𝛽𝑠𝑗+2.

These parameters serve two different constraints. The inequality 𝑊𝑗 ≤ √𝑠𝑗 < 𝑠𝑗+1
keeps one block clear of the next. The larger digit range |𝑑𝑗| ≤ 𝐴𝑗 will make the possible
values overlap, but its coefficient cost must still fit within 𝑔. The spacings and orders are
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nondecreasing and tend to infinity, with 𝑠𝑗 = 𝑂(log𝑛𝑗−1). For digits 𝑑𝑗 ∈ {−𝐴𝑗, … , 𝐴𝑗},
form

𝑃𝑗(𝑧) = 𝑑𝑗𝑀𝑗𝑧
𝑛𝑗(1 − 𝑧𝑡𝑗)𝑘𝑗 , 𝐸(𝑧) = ∑

𝑗≥0
𝑃𝑗(𝑧).

The factor (1 − 𝑧𝑡𝑗)𝑘𝑗 supplies cancellation of moments; 𝑀𝑗 supplies divisibility; and
the even 𝑛𝑗, 𝑡𝑗 leave every odd coefficient unchanged. The digit 𝑑𝑗 remains free to adjust
the value at 𝑧 = 1/𝛽. Let 𝑆 consist of all 𝑛𝑗 + 𝑙𝑡𝑗, 0 ≤ 𝑙 ≤ 𝑘𝑗, and let 𝐻 be the union of
their full integer hulls [𝑛𝑗, 𝑛𝑗 + 𝑊𝑗]. These hulls are disjoint and all points of 𝑆 are even.

Bounds for the coefficients. If 𝑠 ≥ 16 and 2𝑘𝑘! ≤ √𝑠, then 4𝑘!2𝑘 ≤ 2√𝑠 2√𝑠/2 ≤ 2𝑠. It
follows for 𝛽 ≥ 2 that 𝛽2𝑘!2𝑘 ≤ 𝛽𝑠. Therefore

‖𝑃𝑗‖1 ≤ 𝑀𝑗𝛽
𝑠𝑗+22𝑘𝑗 ≤ 𝛽2𝑠𝑗 ≤ √𝑔(𝑛𝑗−1). (1)

At every modified index 𝑛 this is at most 𝑓 (𝑛) and at most (𝑛𝑗−1/2)1/8 ≤ √𝑛/2. Both
signs of the correction are permitted at even indices, because the product formula gives

𝜑(𝑛)2

𝑛 = ∏
𝑝𝑎∥𝑛

𝑝𝑎−2(𝑝 − 1)2 ≥ 1
2,

because all odd-prime factors are at least one and the smallest possible factor at two
is 1/2. Also 𝜑(𝑛) ≤ 𝑛/2 for even 𝑛. Thus 𝑏 = 𝜑 + 𝑒, where 𝑒 is the coefficient sequence
of 𝐸, stays between zero and 𝑛. The coefficient bound ensures absolute convergence of
𝐸 inside the unit disk.

An interval of values. At 𝑧 = 1/𝛽, the contribution of block 𝑗 is 𝑑𝑗𝑤𝑗, where 𝑎𝑗 = (1 −
𝛽−𝑡𝑗)𝑘𝑗 and 𝑤𝑗 = 𝑀𝑗𝛽

−𝑛𝑗𝑎𝑗. We must check that the later blocks can fill the gaps between
successive choices of 𝑑𝑗. Bernoulli’s inequality gives 3/4 ≤ 𝑎𝑗 ≤ 1. Since 𝑀𝑗+1 ≥ 𝑀𝑗,

𝐴𝑗+1𝑤𝑗+1 = 𝛽2𝑀𝑗+1𝛽−𝑛𝑗𝑎𝑗+1 ≥ 3𝑀𝑗𝛽
−𝑛𝑗 ≥ 3𝑤𝑗.

The sum 𝑇 = ∑𝑗 𝐴𝑗𝑤𝑗 is positive and finite, by (1). After choosing 𝑑𝑗, the remaining
digits have total allowance 𝑇𝑗 = ∑𝑖>𝑗 𝐴𝑖𝑤𝑖. Consecutive choices of 𝑑𝑗 change the current
contribution by 𝑤𝑗, while 𝑇𝑗 ≥ 𝐴𝑗+1𝑤𝑗+1 ≥ 3𝑤𝑗. Hence the intervals [𝑑𝑤𝑗 − 𝑇𝑗, 𝑑𝑤𝑗 + 𝑇𝑗],
−𝐴𝑗 ≤ 𝑑 ≤ 𝐴𝑗, overlap and cover [−𝐴𝑗𝑤𝑗 − 𝑇𝑗, 𝐴𝑗𝑤𝑗 + 𝑇𝑗]. Successively choose a digit
whose interval contains the remaining target. The residual tends to zero with 𝑇𝑗, so the
digits represent every value in [−𝑇, 𝑇]. This is the finite-choice interval principle of Cr-
marić and Kovač [36, Lemma 4(a), Remark 5], here verified for signed finite differences.
It also shows 𝑇 can be made arbitrarily small, while positive, by increasing the initial
cutoff.

Congruences and moments. For every polynomial 𝑝 of degree less than 𝑘,

𝑘
∑
𝑙=0

(−1)𝑙(𝑘
𝑙)𝑝(𝑛 + 𝑙𝑡) = 0. (2)

This follows by iterating the forward-difference operator, which lowers polynomial de-
gree. Eventually 𝑞 ∣ 𝑀𝑗, so every later coefficient and every partial block sum vanish
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modulo 𝑞. Complete blocks have mass zero, giving the cumulative assertion. Eventu-
ally also 𝑞 ∣ 𝑡𝑗 and 𝑘𝑗 > 𝑑. Each such block lies in one residue class modulo 𝑞 and its
moment of degree 𝑑 is zero by (2). The restriction on the cutoff is needed here: outside
𝐻 it cannot split a block, so the moment sum contains only complete blocks. All suffi-
ciently late complete blocks cancel, leaving just the integer contribution of the finitely
many early blocks. If 𝑞 ≤ 𝑃 and 𝑑 < 𝑃, there are no exceptional early blocks. These
cutoffs depend on the block parameters, not on the later choice of digits.

Sparsity and blocks. Within the 𝑗th block the gaps in 𝑆 are 𝑡𝑗 → ∞; between blocks they
are at least 𝑠𝑗+1 −√𝑠𝑗+1 → ∞. Uniform spacing after a finite prefix implies upper Banach
density zero. To estimate the hullswithout assuming regular variation of 𝑓 , take any hull
meeting [𝑋, 2𝑋 + 𝑚), 𝑚 ≤ 𝑋. Its center lies in [𝑋/2, 3𝑋] eventually and its preceding
center is at least 𝑋/4, since its width and spacing are 𝑂(log𝑋). Thus 𝑠𝑗 ≥ ℓ(𝑋) for every
such block. There are 𝑂(𝑋/ℓ(𝑋) + 1) of them, and

𝑊𝑗 + 1 ≤ 2√𝑠𝑗 ≤
2𝑠𝑗+1

√ℓ(𝑋)
.

The following gaps telescope to 𝑂(𝑋) over these consecutive centers. Consequently
the total hull lengths are 𝑂(𝑋/√ℓ(𝑋)). A hull can meet length-𝑚 blocks at at most 𝑚 +
𝑊𝑗 + 1 starts. Coupling the two empirical laws at the same start proves the stated total-
variation bound; the extra 𝑚/𝑋 is absorbed by 𝑚/ℓ(𝑋). The hull estimate at 𝑚 = 1,
followed by dyadic summation, gives ordinary density zero for 𝐻. But 𝑊𝑗 → ∞, so 𝐻
contains arbitrarily long solid intervals and its upper Banach density is one.

Radial smoothness. The number of differences increases with the block index, so any
fixed derivative order is eventually controlled. Fix a root 𝜁 of order 𝑞, and integers 𝑢, 𝐴 ≥
0. Choose 𝐵 ≥ 𝑢 + 𝐴 + 2. For all sufficiently late blocks, 𝑞 ∣ 𝑡𝑗 and 𝑘𝑗 ≥ 𝐵. Factor

𝑃𝑗(𝑥𝜁) = (1 − 𝑥)𝐵𝑅𝑗(𝑥), 𝑅𝑗(𝑥) = 𝑑𝑗𝑀𝑗𝜁
𝑛𝑗𝑥𝑛𝑗(1 + 𝑥 + ⋯ + 𝑥𝑡𝑗−1)𝐵(1 − 𝑥𝑡𝑗)𝑘𝑗−𝐵.

Its coefficient norm is at most √𝑔(𝑛𝑗−1)𝑡𝐵
𝑗 = 𝑂𝐵(𝑛1/2

𝑗 ), because 𝑔(𝑛) ≤ (𝑛/2)1/4 and
𝑡𝑗 = 𝑂(√log𝑛𝑗). All exponents lie between 𝑛𝑗 and 2𝑛𝑗 eventually. For 𝑥 ∈ [1/2, 1),

∑
𝑗

|𝑅(𝑣)
𝑗 (𝑥)| ≤ 𝐶𝐵,𝑣 ∑

𝑛≥1
𝑛𝑣+1/2𝑥𝑛 ≤ 𝐶′

𝐵,𝑣(1 − 𝑥)−𝑣−3/2.

The series and derivatives converge normally on compact subintervals. After differ-
entiating (1 − 𝑥)𝐵 ∑𝑗 𝑅𝑗(𝑥) 𝑢 times, every term is 𝑂((1 − 𝑥)𝐵−𝑢−3/2) = 𝑂((1 − 𝑥)𝐴+1/2).
Thus, after subtracting a finite initial polynomial, all prescribed derivative orders vanish
to any prescribed order at the boundary. Integration of the continuous derivative lim-
its gives a single smooth extension. For an integer polynomial ∑ 𝑐𝑛𝑧𝑛, its radial Taylor
coefficient of order 𝑢 at 𝜁 is ∑ 𝑐𝑛(𝑛

𝑢)𝜁𝑛 ∈ ℤ[𝜁]. Every such coefficient stabilizes after
finitely many blocks. The first 𝑃 vanish at roots of order at most 𝑃.

Entire Dirichlet continuation. Here we apply the same finite differences to 𝑦−𝑠 rather
than to a polynomial. Fix (𝑞, 𝑐) and a compact set of complex 𝑠, with Re 𝑠 ≥ −𝑅. Choose
an integer 𝐵 > 𝑅 + 3/2. All sufficiently late blocks align modulo 𝑞 and have 𝑘𝑗 ≥ 𝐵. The
derivative of 𝑦−𝑠 of order 𝐵 is (−1)𝐵(𝑠)(𝑠 + 1) ⋯ (𝑠 + 𝐵 − 1)𝑦−𝑠−𝐵. Repeated integration
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expresses its 𝐵th finite difference as an integral over [0, 𝑡𝑗]𝐵. The remaining differences
contribute at most 2𝑘𝑗−𝐵, so the absolute Dirichlet contribution of one polynomial is at
most

𝐶|𝑑𝑗|𝑀𝑗2
𝑘𝑗−𝐵𝑡𝐵

𝑗 𝑛𝑅−𝐵
𝑗 ≤ 𝐶′𝑛𝑅−𝐵+1/2

𝑗 .

This is summable over the distinct positive centers. The Dirichlet polynomials of
the blocks therefore converge normally on every compact set and define an entire func-
tion. In Re 𝑠 > 3/2 they agree with the absolutely convergent ungrouped series. At
𝑠 = −𝑑, all late blocks vanish by their moment identity, leaving exactly 𝐶𝑞,𝑐,𝑑,𝑟. These
are analytic-continuation values; the original ungrouped series need not converge at
negative integers.

Remark 10.9 (Observations that do not determine irrationality). The following data,
taken together, do not determine whether 𝐹𝑏(𝛽−1) is rational: the fixed prefix and odd
coefficients; every fixed eventual coefficient and cumulative congruence; the block laws
on scales 𝑜(ℓ(𝑋)); fixed progression moments modulo eventual integer constants out-
side 𝐻; progression Dirichlet functions modulo entire functions; and radial germs at
all roots of unity modulo smooth functions with Taylor coefficients in ℤ[𝜁]. This re-
mains true with exact equality of the first 𝑃 moment degrees and first 𝑃 radial Taylor
coefficients at moduli and root orders at most 𝑃.
Ordinary proof; not formalised in Lean.

Proof. Every constructed sequence has the specified data of 𝜑, including the common
exceptional sets, while the nondegenerate interval of attained values contains both ra-
tional and irrational numbers.

Taking finite linear combinations of the Dirichlet series on arithmetic progressions
shows that every fixed periodic twist changes by an entire function. An entire summand
has no negative Laurent coefficients: it therefore preserves every pole and its principal
part wherever the original series has meromorphic continuation. The regular part and
zeros need not be preserved. In the untwisted case the classical identity gives

∑
𝑛≥1

𝑏(𝑛)𝑛−𝑠 = 𝜁(𝑠 − 1)
𝜁(𝑠) + 𝐷1,0,𝑟(𝑠), Re 𝑠 > 2.

The version used by Coons [37, Theorem 3.3] supplies this function identity, not
an irrationality theorem for one value of 𝐹𝜑. Likewise, Habiro’s injectivity of the exact
Taylor map for a cyclotomic completion [38, Theorem 5.2] concerns a different, stronger
datum. The full sequence of Taylor coefficients is not fixed here: the second Taylor coef-
ficient of 𝑀𝑧𝑛(1 − 𝑧𝑡)2 at one is 𝑀𝑡2.

The change of sign is indispensable for this construction. An infinitely supported
nonnegative integer correction has unbounded Abel limit at one. The Dirichlet series
of the correction also cannot extend to an entire function if its defining series converges
in a right half-plane. Indeed, choose a positive real 𝜎 inside that half-plane. Termwise
differentiation gives (−1)𝑘𝐷(𝑘)(𝜎) = ∑𝑛 𝑒(𝑛)𝑛−𝜎(log𝑛)𝑘 ≥ 0. The entire Taylor series
at zero and Tonelli’s theorem then give
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𝐷(0) = ∑
𝑘≥0

𝜎𝑘

𝑘! ∑
𝑛

𝑒(𝑛)𝑛−𝜎(log𝑛)𝑘 = ∑
𝑛

𝑒(𝑛) < ∞.

Integer nonnegativity forces finite support, and a finite correction at an integer re-
ciprocal base cannot change rationality. Signed differences are what allow the stronger
observation class above.
Remark 10.10 (The first-harmonic test on the rational members). Let 𝑏(𝑛) be integers
with 0 ≤ 𝑏(𝑛) ≤ 𝑛 and 𝐹𝑏(1/2) = 𝑢/(2𝑐𝑣), where 𝑐 ≥ 0 and 𝑣 is odd and positive.
Choose ℎ ≥ 1 with 𝑣 ∣ 2ℎ − 1. If 𝑋 ≥ max(𝑐, 1) and 16(2𝑋 + ℎ + 𝐿 + 2) ≤ 2𝐿, then for
every integer 𝑁 ∈ [𝑋, 2𝑋),

cos⎛⎜⎜
⎝

2𝜋 2−𝐿
𝐿−1
∑
𝑗=0

[𝑏(𝑁 + ℎ + 1 + 𝑗) − 𝑏(𝑁 + 1 + 𝑗)]2𝐿−1−𝑗⎞⎟⎟
⎠

≥ cos(𝜋/8) > 9
10.

Ordinary proof; not formalised in Lean.

Proof. The actual tail 𝑅𝑁 = ∑𝑗≥1 𝑏(𝑁 + 𝑗)2−𝑗 lies in [0, 𝑁 + 2] and satisfies 𝑅𝑁 ≡
2𝑁𝐹𝑏(1/2) (mod ℤ). Thus 𝑅𝑁+ℎ − 𝑅𝑁 is an integer for 𝑁 ≥ 𝑐. If 𝐷 denotes the in-
teger window sum in the statement, direct truncation gives 2𝐿(𝑅𝑁+ℎ − 𝑅𝑁) − 𝐷 =
𝑅𝑁+ℎ+𝐿 − 𝑅𝑁+𝐿. The right side has absolute value at most 𝑁 + ℎ + 𝐿 + 2, so 𝐷/2𝐿 is
within 1/16 of an integer. The cosine bound follows; its strict comparison with 9/10
follows from cos2(𝜋/8) = (2 + √2)/4 > 17/20 > 81/100.

This applies to every nonempty subset of the block, including the actual totient-
selected set 𝒢 of Theorem 3.5(b), at 𝑠 = 26, 𝜂 = 1/1000 and its minimal admissible depth
𝐿(𝑋). This set is held fixed rather than recomputed from 𝑏. Wherever it has more than
67𝑋/100 elements, the real first-harmonic sum exceeds 603𝑋/1000. The interpolation
interval has an explicit dyadic rational member: for sufficiently large 𝐽, the finite prefix
∑𝑛≤𝐽 𝜑(𝑛)2−𝑛 lies inside it, since the omitted tail is at most (𝐽 + 2)2−𝐽 . For this member
one may take ℎ = 1. Consequently the preserved observations cannot imply the good-
base saving for all admissible sequences. No counterexample to the saving for the actual
totient is asserted; additional structure, such as its exact multiplicative relations at the
relevant growing scales, is still required.

11 Hypotheses of the conditional implications
Uniformity in a parameter does not remove a hypothesis. An implication can hold at
every scale although the required arithmetic input is known at only finitely many scales,
or at none. We examine that distinction for the displayed implications, without drawing
conclusions about all arguments that use the same objects.

Implications concerning the totient series
Cancellation versus a certificate. The first-harmonic implication converts the stated
cosine bound on one block into a finite residue certificate (LEAN SOURCE). To prove ir-
rationality, the bound must hold with the quantifiers in Section 3: for every shift and

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicGap.lean#L128
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beyond every block threshold. A finite identity for the sum, or a computation at one
block, does not establish this assertion.

Sign versus distance from an integer. The positivity theorem for the LCM tail differ-
ence (LEAN SOURCE) identifies the relevant endpoint under the stated size and modulus
bounds. Nonintegrality follows only after excluding the corresponding residue inter-
val (LEAN SOURCE). Likewise, the terminal-dominance condition is a sufficient hypoth-
esis, not a construction of the required parameters (LEAN SOURCE). Under integrality
its inequality contradicts positivity of the terminal carry; the contradiction establishes
sufficiency, not the inequality itself.

An error bound versus a separated approximation. The finite-tail approximation has
a uniform error radius (LEAN SOURCE). The cited exact check supplies nonintegrality at
the two exponents 𝑎 = 4, 6 (LEAN SOURCE); it is not an assertion that no other exponent
works. To obtain irrationality by this criterion, separation must occur at arbitrarily large
LCM scales. In the nondivisor approximation of Section 6.6.8, the error bound is also
proved when 𝐷 ≥ 2𝐻. Its remaining requirement is finite rational separation, not an
additional convergence hypothesis.

Denominator growth versus approximation quality. The lower bound for the prod-
uct of the upper-half Mersenne factors (LEAN SOURCE) concerns a denominator expres-
sion. An irrationality argument needs a comparisonwith the error of the corresponding
approximation. Growth of that denominator expression alone does not give either a suc-
cessful residue test or a nonintegral totient tail.

A rank lower bound versus a contradiction. The coefficient independence and
hypothetical-carry rank bounds hold uniformly in the level (LEAN SOURCE, LEAN SOURCE).
A contradictionwould require an upper bound for the actual carry that is strictly smaller
than the lower bound at some level. The rational 5/4 comparison disproves the pro-
posed generic upper bound. The separate integer boundary conditions in the cited ad-
jugate calculation are inconsistent (LEAN SOURCE), but that calculation does not exclude
matrix arguments with different boundary conditions.

Related source comparisons for Problem #257
The following comparisons concern Problem #257 and are includedwith the hypotheses
of their cited sources. No statement in this subsection is an input to a proof about 𝑆.

The comparison of the middle-carry estimate (LEAN SOURCE) with the remainder es-
timate (LEAN SOURCE) distinguishes the direction of an inequality from control of the
required deviation. No unconditional proof of the associated sign claim is supplied,
and a sign alone would not give a lower bound for the magnitude.

The row-capacity and later-skip implications retain their respective local deficit and
skip hypotheses (LEAN SOURCE, LEAN SOURCE). The finite-shadow comparison distin-
guished an existential horizon, obtained from convergence, from the particular horizon
𝐽 = 𝑘 − 2 needed in that application (LEAN SOURCE). The terminal-strip formulation also
imposes its own support and carry restrictions (LEAN SOURCE); a bound on carry size
does not automatically replace a restriction on the positions of the nonzero coefficients.
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https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmOrbitSeparation.lean#L141
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmShortKill.lean#L35
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https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientMahlerDefect.lean#L935
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientCarryKernelRigidity.lean#L300
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientMahlerDefect.lean#L1183
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/HalfCylinderMiddleCarryLowerBound.lean#L2308
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/HalfCylinderSeamLimit.lean#L192
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/BooleanMobiusSkipRow.lean#L238
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/BooleanMobiusCriticalCapacityCofinal.lean#L603
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/HalfCylinderFiniteShadow.lean#L1198
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TerminalOnlyCofinal.lean#L34
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For finite sums of 1/(2𝑛−1), the commondenominator is odd. Their reduced denom-
inators are therefore odd, so they cannot equal a rational number with even reduced
denominator. This is the elementary reason behind the finite-support exclusion and
its denominator source (LEAN SOURCE, LEAN SOURCE). The cited infinite-skipping theo-
rem is stated for the target 1/2 (LEAN SOURCE). A proposed extension to other targets
requires checking that theorem’s hypotheses and proof; the finite-denominator obser-
vation alone does not prove such an extension or the needed infinite-orbit estimate.

Finally, the support-fraction statement and the more general collision bound have
distinct hypotheses (LEAN SOURCE, LEAN SOURCE). A broader use would need an addi-
tional mean-residue estimate, which is not supplied, and the endpoint proofs of the
dichotomy in the linked Lean source have not been checked for a changed target (LEAN
SOURCE). No such extension is used here.

Quantifiers must be checked independently. For example, a statement of the form
∃𝑁 ∃𝐿 ∀ℎ does not provide the required ∀ℎ ∀𝑁0 ∃𝑁 ≥ 𝑁0 ∃𝐿. The first assertion con-
trols many shifts at one location; the second requires arbitrarily late locations for each
fixed shift. Relabelling a source statement does not bridge this difference.

12 Additional mathematics required by the sufficient condi-
tions

We turn from the proved reductions to the estimates needed to apply them. The dou-
bling identity relateswindowphases to exact tails; the subsequent decompositions sepa-
rate the weighted sums for which cancellation is required. The suggested analytic appli-
cations remain proposals where those estimates are missing. Failure of one application
does not exclude the analytic method.

The section contains a doubling-orbit formulation with explicit thresholds, a lacu-
nary comparison sequence for the strength of a block estimate, and sufficient estimates
for the prime-factor decomposition. The discussion of a rank upper bound must also
be read with the rational 5/4 comparison sequence: rationality alone does not give
bounded rank. These are the scope distinctions needed to interpret the individual state-
ments, not priority claims.

The proved reductions identify explicit sufficient hypotheses. Those hypotheses re-
main to be established; the reductions do not prove them.

12.1 The doubling identity
Write 𝑆 = ∑𝑛≥1 𝜑(𝑛)/2𝑛, 𝑅𝑁 = ∑𝑚≥1 𝜑(𝑁 +𝑚)/2𝑚 for the local tail (LEAN SOURCE), and
Φ𝑁 = ∑𝑛≤𝑁 𝜑(𝑛)2𝑁−𝑛 ∈ ℤ for the integer prefix, so that 2𝑁𝑆 = Φ𝑁 + 𝑅𝑁 . For ℎ ≥ 1 set

𝛼ℎ ∶= (2ℎ − 1) 𝑆.

Lemma 12.1 (The doubling identity). For all 𝑁 ≥ 0 and ℎ ≥ 1,

𝑅𝑁+1 = 2𝑅𝑁 − 𝜑(𝑁 + 1), 𝑅𝑁+ℎ − 𝑅𝑁 = 2𝑁𝛼ℎ − (Φ𝑁+ℎ − Φ𝑁),

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/HalfCarryReachability.lean#L589
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DyadicPrefixCompression.lean#L1513
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GreedyAchievementSet.lean#L2547
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/RationalSupportCarrySkeleton.lean#L2210
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/RationalSupportCarrySkeleton.lean#L1968
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/HalfCutLocator.lean#L623
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/HalfCutLocator.lean#L623
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L57
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so 𝑅𝑁+ℎ − 𝑅𝑁 ≡ 2𝑁𝛼ℎ (mod 1), and consequently the exact first character of the tail
difference is the ×2 orbit of one real number:

𝑒(𝑅𝑁+ℎ − 𝑅𝑁) = 𝑒(2𝑁𝛼ℎ), 𝑒(𝑥) ∶= exp(2𝜋𝑖𝑥).

Hence, for fixed ℎ, the phases { 𝑅𝑁+ℎ − 𝑅𝑁 mod 1 }𝑁≥0 are the forward orbit of 𝛼ℎ mod 1
under 𝑥 ↦ 2𝑥.

The recurrence 𝑅𝑁+1 = 2𝑅𝑁 −𝜑(𝑁 +1) is one line from the definition and is used below
only for intuition.

These identities express the phases as a lacunary exponential sum in one real vari-
able. The next proposition transfers an estimate for that orbit to the truncated phases,
accounting for the truncation error. The identities themselves are already in the cited
sources.

Proposition 12.2 (Transfer to the doubling orbit). Suppose that

∀ℎ ≥ 1 ∀𝑋0 ∃𝑋 ≥ max(𝑋0, 1) ∶
2𝑋−1
∑

𝑁=𝑋
cos(2𝜋 2𝑁𝛼ℎ) ≤ 89

100 𝑋.

This hypothesis implies that 𝑆 is irrational.

Proof. Fix ℎ ≥ 1 and 𝑋0, and take 𝑋 as supplied. Choose 𝐿 ≥ ℎ with 2𝐿 ≥ 1024 (2𝑋 + ℎ +
𝐿 + 2); such 𝐿 exists because 2𝐿/𝐿 → ∞, and it satisfies the size inequality 16(2𝑋 + ℎ +
𝐿 + 2) ≤ 2𝐿 a fortiori. For every 𝑁 < 2𝑋 the proved truncation bound (LEAN SOURCE)
gives ∥ 𝐸(ℎ, 𝑁, 𝐿) − 𝑒(2𝑁𝛼ℎ) ∥ < 2𝜋(𝑁 + 𝐿 + ℎ + 2)/2𝐿 ≤ 2𝜋/1024 < 1/100, so, by the
corresponding cosine comparison (LEAN SOURCE), Re𝐸(ℎ, 𝑁, 𝐿) ≤ cos(2𝜋2𝑁𝛼ℎ) + 1/100.
Summing over the 𝑋 values 𝑁 ∈ [𝑋, 2𝑋) gives ∑𝑁 Re𝐸(ℎ, 𝑁, 𝐿) ≤ 89

100𝑋 + 1
100𝑋 = 9

10𝑋,
so Theorem 9.4 produces 𝑁 ∈ [𝑋, 2𝑋) with 𝒞(ℎ, 𝑁, 𝐿), and 𝑁 ≥ 𝑋 ≥ 𝑋0. This is exactly
the quantified certificate condition of Theorem 6.47.

The proof above makes the truncation margin explicit. The full implication is also
proved in Lean (LEAN SOURCE). It uses a real-part estimate for the exact phases and
spends 1/100 on truncation. Compare the sufficient norm condition of Theorem 6.59.
This is a separately sufficient condition. It is not asserted to be equivalent to the 21/25
norm bound or to the four separate estimates stated above. The constants account for
different quantities and different error margins.

Corollary 12.3 (A digit version of the analytic condition). Let 𝜌ℎ(𝑋) denote the proportion
of 𝑁 ∈ [𝑋, 2𝑋) with ‖2𝑁𝛼ℎ‖ℝ/ℤ ≥ 1/4. If for every ℎ ≥ 1 there are cofinally many 𝑋 with
𝜌ℎ(𝑋) ≥ 11/100, then 𝑆 is irrational. For nondyadic 𝛼ℎ, the condition counted by 𝜌ℎ(𝑋) is
exactly a change between binary digits 𝑁 + 1 and 𝑁 + 2. Thus the same sufficient hypothesis
asks for at least 11𝑋/100 such changes, counted with 𝑋 ≤ 𝑁 < 2𝑋, on arbitrarily large blocks
for every ℎ.

Proof. The inequality ‖𝑥‖ℝ/ℤ ≥ 1/4 gives cos(2𝜋𝑥) ≤ 0. Every remaining term is at most
1, so

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/PivotAntiReconstruction.lean#L202
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/PivotAntiReconstruction.lean#L220
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/ErdosProblems/Erdos249/TotientStrictPrimeEscape.lean#L96
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2𝑋−1
∑

𝑁=𝑋
cos(2𝜋2𝑁𝛼ℎ) ≤ (1 − 𝜌ℎ(𝑋))𝑋 ≤ 89

100𝑋.

Proposition 12.2 now applies. For the digit reading, for a nondyadic 𝛼ℎ the fractional
part of 2𝑁𝛼ℎ is in [1/4, 3/4] exactly when those two binary digits differ. The nondyadic
qualification excludes the endpoint ambiguity at 3/4.

The exact hypothesis is the digit-change inequality in the corollary. It is not a claim about
an average run length: the two boundary runs of a finite block need not be complete,
and their lengths are not specified by the number of interior digit changes. The finite
observations below satisfy the displayed bound at their sampled parameters. They do
not establish it on arbitrarily large blocks.

ℎ 𝑋 𝜌ℎ(𝑋) 𝑋−1 ∑𝑁∈[𝑋,2𝑋) cos(2𝜋2𝑁𝛼ℎ) required
1 256 0.4766 0.0037 ≤ 0.89
1 2048 0.5073 −0.0043 ≤ 0.89
3 256 0.4648 0.0296 ≤ 0.89
3 2048 0.5020 0.0027 ≤ 0.89
8 2048 0.5112 −0.0088 ≤ 0.89

13 2048 0.5049 −0.0195 ≤ 0.89

Table 6: Finite block statistics for 𝛼ℎ = (2ℎ − 1)𝑆. The exact digit-change
counts in the six rows are 122, 1039, 119, 1028, 1047 and 1034; the propor-
tions and cosine averages are rounded to four decimal places. The interval
calculation described below certifies these counts and displayed roundings.

For the numerical enclosure, compute 𝑃 = ∑6080
𝑛=1 𝜑(𝑛)26080−𝑛. The elementary tail

bound gives
𝑃 ≤ 26080𝑆 ≤ 𝑃 + 6082.

The endpoints have the same quotient on division by 280, which certifies ⌊26000𝑆⌋; an
error bound smaller than one would not alone certify a floor near an integer boundary.
Multiplying this interval by (2ℎ − 1)2𝑁−6080 encloses each phase. None of the resulting
intervals crosses a digit-test boundary, and interval evaluation of the cosine certifies
the rounded averages. Among the first 5800 fractional digits, the numbers of runs for
ℎ = 1, 3, 8 are 2864, 2964, 2927, and the longest runs have lengths 13, 12, 14. These count
the two boundary runs as observed, whether or not they continue outside the window.
No randomness assumption or asymptotic conclusion is part of these finite calculations.
Observation 12.4. Lemma 12.1 expresses each tail phase in terms of the doubling orbit
of 𝛼ℎ = (2ℎ − 1)𝑆. The block conditions average those phases, the prime condition sam-
ples prescribed prime-indexed positions, and the full-depth condition requires a finite
residue certificate for each (𝑑, 𝑁) at some multiple of 𝑑. Corollary 12.3 gives one suffi-
cient digit-change test for the real-part estimate; it is not an equivalence with the norm
bound or with the four separate budgets. Likewise, a bound on a binary run length is
not the exact prime-gap condition. Section 12.7 compares the original inequalities.
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12.2 The full-block exponential-sum estimate
The required inequality.

∀ℎ ≥ 1 ∀𝑋0 ∃𝑋, 𝐿 ∶ max(𝑋0, 1) ≤ 𝑋, 16(2𝑋 + ℎ + 𝐿 + 2) ≤ 2𝐿, ∥
2𝑋−1
∑

𝑁=𝑋
𝑒(𝐷(ℎ, 𝑁, 𝐿)/2𝐿)∥ ≤ 21

25𝑋,

where 𝐷(ℎ, 𝑁, 𝐿) = ∑𝑗<𝐿(𝜑(𝑁 + ℎ + 1 + 𝑗) − 𝜑(𝑁 + 1 + 𝑗))2𝐿−1−𝑗. This inequality is
unproved; it implies irrationality (LEAN SOURCE, LEAN SOURCE). By Proposition 12.2 the
real-part bound with constant 89/100 for the exact doubling phases suffices; its transfer to
the truncated phases uses the separate error estimate in that proposition.

The discrepancy in terms of the doubling map. For 𝐿 ≥ ℎ, dividing by 2𝐿 and rein-
dexing the two ranges gives

𝐷(ℎ, 𝑁, 𝐿)
2𝐿 = −

ℎ
∑
𝑡=1

𝜑(𝑁 + 𝑡)
2𝑡

⏟⏟⏟⏟⏟⏟⏟
head

+ (2ℎ − 1)
𝐿

∑
𝑡=ℎ+1

𝜑(𝑁 + 𝑡)
2𝑡

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
body

+
𝐿+ℎ
∑

𝑡=𝐿+1

𝜑(𝑁 + 𝑡)
2𝑡−ℎ

⏟⏟⏟⏟⏟⏟⏟
tail

. (3)

The phase is a geometricallyweighted sum of totients at 𝐿+ℎ consecutive arguments.
In the first two ranges, 1 ≤ 𝑡 ≤ 𝐿, the coefficient has denominator 2𝑡 and odd numerator.
Its contribution is therefore integral exactly when 𝑣2(𝜑(𝑁 + 𝑡)) ≥ 𝑡. In the last range,
𝐿 < 𝑡 ≤ 𝐿 + ℎ, the denominator is instead 2𝑡−ℎ, so the corresponding threshold is 𝑡 − ℎ.
Here 𝑣2(𝑎) denotes the exponent of 2 in the positive integer 𝑎. The selected offset in the
four-term decomposition lies in the middle range, where the odd multiplier is 2ℎ − 1.

Relevant comparison estimates. The following comparisons identify the estimates still
needed; they do not rule out these methods.

Weyl differencing and van der Corput. The van der Corput inequality applies to arbi-
trary bounded complex sequences [23, Theorem 2.1], but its use here requires estimates
for shifted correlations. For the exact phases 𝑥𝑁 = 2𝑁𝛼ℎ of Lemma 12.1,

𝑥𝑁+𝑞 − 𝑥𝑁 = (2𝑞 − 1)𝑥𝑁 .

Thus differencing gives another doubling orbit, not a polynomial phase of lower
degree. The finite phase 𝐷(ℎ, 𝑁, 𝐿)/2𝐿 approximates this orbit modulo 1; it is not the
exact orbit itself. No bound for the resulting correlations is established here.

The large sieve. A proposed application would need a suitable family of separated
frequencies and a way to recover a bound for each fixed ℎ. Averaging only over ℎ would
not suffice: the condition asks for a block estimate for every ℎ, not for most of them.

Bilinear sums over prime factors. Factoring 𝑁 + 𝑡 = 𝑚𝑝 and using 𝜑(𝑚𝑝) = 𝜑(𝑚)(𝑝 − 1)
makes the selected totient contribution linear in the prime 𝑝. Section 12.3 gives this
decomposition and identifies the remaining weight. A bound for that weight is still
needed before a Vaughan- or Vinogradov-type argument can be applied.

Erdős’s 1948 digit method. The comparison series is 𝐸 = ∑𝑛≥1 1/(2𝑛 − 1) =
∑𝑁≥1 𝑑(𝑁)/2𝑁 , whose irrationality Erdős proved [11]. For the totient series, the cor-
responding Möbius expansion is exact: 𝜑 = 𝜇 ∗ id gives

𝑆 = ∑
𝑑≥1

𝜇(𝑑) 2𝑑

(2𝑑 − 1)2 (4)

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L75
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The identity follows by Möbius inversion; a numerical computation gives 𝑆 =
1.3676308019850223 … to sixteen digits.

Erdős combines congruences forcing increasing powers of 2 to divide a block of di-
visor counts with an averaged tail bound, producing long zero blocks in the binary
expansion [11, pp. 63–66]. To adapt that argument here, one would need congruences
for the actual totient coefficients together with a compatible tail estimate. The identities
alone provide neither combination. In (4), the coefficients 𝜇(𝑑) can have either sign,
so positivity of the original totient series does not give positivity term by term in this
expansion. This is a limitation of the proposed direct transfer, not a proof that a digit
argument or a different use of the Möbius expansion cannot work.

The unresolved estimate. For general coefficients 0 ≤ 𝑐(𝑛) ≤ 𝑛, irrationality alone
does not imply the block norm condition. The following example has very sparse
nonzero coefficients. It is irrational, but almost all phases in each sufficiently large block
lie close to 1.

Theorem 12.5 (The block norm condition is stronger in the class 0 ≤ 𝑐(𝑛) ≤ 𝑛). Let
𝑐(𝑛) = 1 if 𝑛 = 𝑘! for some 𝑘 ≥ 1 and 𝑐(𝑛) = 0 otherwise, so 0 ≤ 𝑐(𝑛) ≤ 𝑛 for all 𝑛 ≥ 1,
and let 𝛽 = ∑𝑛≥1 𝑐(𝑛)/2𝑛 = ∑𝑘≥1 2−𝑘!. Then 𝛽 is irrational, and for every ℎ ≥ 1 and every
𝑋 ≥ 81(ℎ + 5),

2𝑋−1
∑

𝑁=𝑋
cos(2𝜋 2𝑁(2ℎ − 1)𝛽) > 9

10𝑋.

Consequently the block norm condition fails for 𝛽 at every sufficiently large scale, for every
admissible truncation depth, even though 𝛽 is irrational. Thus irrationality, nonnegative integer
coefficients and the bound 𝑐(𝑛) ≤ 𝑛 do not imply the block gap. A proof for 𝑆 needs an additional
property not shared by this example; the comparison does not specify which additional property
will suffice.

Proof. The binary expansion of 𝛽 has infinitely many ones separated by unbounded
strings of zeros. It is not eventually periodic, so 𝛽 is irrational. Write 𝛾 = (2ℎ − 1)𝛽,
and let 𝑘! be the least factorial greater than 𝑁. The earlier terms become integers after
multiplication by 2𝑁 , so

2𝑁𝛾 ≡ (2ℎ − 1) ∑
𝑗≥𝑘

2𝑁−𝑗! (mod ℤ).

If 𝑁 ≤ 𝑘! − ℎ − 5, the expression on the right lies between 0 and 2 ⋅ 2𝑁+ℎ−𝑘! ≤ 1/16.
Thus ‖2𝑁𝛾‖ℝ/ℤ ≤ 1/16 and cos(2𝜋2𝑁𝛾) ≥ cos(𝜋/8) > 9238/10000. The remaining 𝑁
lie in (𝑘! − ℎ − 5, 𝑘!], at most ℎ + 5 values per factorial. The relevant factorials have ratio
at least 3, and ℎ + 5 < 𝑋, so [𝑋, 2𝑋) meets at most one such interval. Hence the sum is
greater than

9238
10000(𝑋 − ℎ − 5) − (ℎ + 5) ≥ 9

10𝑋 + ℎ + 5
250

when 𝑋 ≥ 81(ℎ + 5).
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To pass from these exact phases to the finite residue test, note that 0 ≤ 𝑐(𝑛) ≤ 1
puts each scaled tail in [0, 1]. The error in the truncated tail difference is therefore at
most 2−𝐿, so each complex phase changes by at most 2𝜋2−𝐿. At an admissible depth,
2𝐿 ≥ 16(2𝑋 + ℎ + 𝐿 + 2) > 32𝑋, and the total change in the block sum is less than 𝜋/16.
Its real part is consequently greater than 9𝑋/10 − 𝜋/16 > 21𝑋/25 for 𝑋 ≥ 81(ℎ + 5). Its
norm cannot satisfy the 21𝑋/25 bound either.

This example rules out the implication from irrationality and the stated coefficient
bound to the block norm condition. It does not say that the totient sum is Liouville-like,
or that every argument based on its digits fails. A proof of the block estimate must use
information that distinguishes the actual totient phases from this comparison sequence.

The size of the required saving. Under Lebesgue measure on the phase circle, the
binary digitmaps are independent fair bits. The digit-change proportion therefore tends
to 1/2 for almost every phase. For almost every phase, the real-part block sum is also
𝑂(√𝑋 log log𝑋), by the law of the iterated logarithm of Erdős and Gál for lacunary
series [29, p. 65]. The block bound follows by subtracting two initial partial sums. An
almost-everywhere theorem supplies no conclusion at the particular phase 𝛼ℎ = (2ℎ −
1)𝑆. The requirement is 𝜌ℎ ≥ 0.11 and a saving of a constant factor. The finite values in
Table 6 have 𝜌ℎ near 0.50 and small block averages. They are compatible with square-
root cancellation, but do not establish its asymptotic order. The sufficient condition asks
only for the stated fixed saving on arbitrarily large blocks. No estimate in this record
supplies it for the totient phases.

12.3 The four-term decomposition
The simultaneous inequalities. Use the four finite sums defined in Section 3.2; in par-
ticular, each group mean averages the selected prime phase, not the residual weight.
For every ℎ ≥ 1 there must exist 𝑠 ≥ 1 and 𝜂 ∈ (0, 1) such that for every 𝑋0 there are
𝑋 ≥ max(𝑋0, 1) and 𝐿 with ℎ ≤ 𝐿 − 𝑠, 16(2𝑋 + ℎ + 𝐿 + 2) ≤ 2𝐿, and all four of

Re ∑
𝑁∈𝒢

𝑤𝑁(𝑧𝑁 − ̄𝑧𝑚𝑁
) ≤ 14

25𝑋,

∥∥∥∥∥
∑

𝑁∈𝒢
𝑤𝑁 ̄𝑧𝑚𝑁

∥∥∥∥∥
≤ 1

100𝑋,

∥∥∥∥∥
∑

𝑁∈𝒜∖𝒢
𝐸(ℎ, 𝑁, 𝐿)

∥∥∥∥∥
≤ 1

100𝑋,

∥∥∥∥∥∥

∑
𝑋≤𝑁<2𝑋

𝑁∉𝒜

𝐸(ℎ, 𝑁, 𝐿)
∥∥∥∥∥∥

≤ 8
25𝑋.

Their simultaneous validity remains unproved; together they imply irrationality
(LEAN SOURCE, LEAN SOURCE). The decomposition is an exact identity (LEAN SOURCE).
The last two sums are bounded by counting indices, since every phase has modulus

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L569
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L577
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L514
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one. Themean contribution is bounded by the triangle inequality once a uniform group-
mean estimate is available. The remaining sum retains a varying weight after centring,
and requires a separate real-part estimate. The parameters 𝑠, 𝜂 must be fixed before 𝑋0,
with the estimates valid for the same 𝑋, 𝐿; separate successful blocks do not suffice. For
𝑋 ≥ 4 and 𝑠 = 𝐿 − ℎ, the single cofactor group 𝑚𝑁 = 1, not the full assigned set, consists
of the indices for which 𝑁 + ℎ + 1 is prime (LEAN SOURCE).

An upper bound for the unassigned terms. Only an upper bound is needed here. We
enclose the unassigned arguments in a set of smooth numbers and count that larger set.
There is no claim that every smooth argument is unassigned.

Proposition 12.6 (A one-sided bound for the unassigned terms). Fix ℎ, 𝑠 and choose the
admissible depth 𝐿 minimally for each large 𝑋. Put 𝑡 = 𝐿 − 𝑠 + 1 = 𝑂ℎ,𝑠(log𝑋) and 𝑦𝑋 =
4√𝑋 + 2𝑡/√𝑋. If 𝑛 = 𝑁 + 𝑡 is unassigned, then its largest prime factor satisfies 𝑃(𝑛) ≤ 𝑦𝑋.
Consequently

#{𝑁 ∈ [𝑋, 2𝑋) ∶ 𝑁 ∉ 𝒜} ≤ Ψ(2𝑋 + 𝑡 − 1, 𝑦𝑋) − Ψ(𝑋 + 𝑡 − 1, 𝑦𝑋)
= (1 − log 2 + 𝑜(1))𝑋 < 8

25𝑋

for all sufficiently large 𝑋. Here Ψ(𝑥, 𝑦) counts the positive integers at most 𝑥 whose prime
factors are all at most 𝑦. This is an upper bound for the unassigned count, not an asymptotic
equality for that count.

Proof. Let 𝑝 = 𝑃(𝑛) and 𝑚 = 𝑛/𝑝. Since 𝑛 > 1, failure of the assignment conditionmeans
either 𝑝 ≤ 2⌊√𝑋⌋ or 𝑚 > ⌊√𝑋/2⌋. In the second case 𝑚 > √𝑋/2, so

𝑝 = 𝑛
𝑚 < 2(2𝑋 + 𝑡)

√𝑋
= 𝑦𝑋.

The first case also gives 𝑝 ≤ 𝑦𝑋. Counting the resulting smooth integers in [𝑋 +
𝑡, 2𝑋 + 𝑡) proves the first inequality.

For completeness, the classical fixed-parameter asymptotic Ψ(𝑥, 𝑥1/𝑢) ∼ 𝑥𝜌(𝑢) suf-
fices; no additional short-interval estimate is needed. Indeed, for either 𝑥 = 𝑋 + 𝑡 − 1 or
𝑥 = 2𝑋 + 𝑡 − 1, log 𝑦𝑋/ log 𝑥 → 1/2. For every fixed 0 < 𝜖 < 1, eventually

𝑥1/(2+𝜖) ≤ 𝑦𝑋 ≤ 𝑥1/(2−𝜖).

Monotonicity in 𝑦 bounds Ψ(𝑥, 𝑦𝑋)/𝑥 between quantities tending to 𝜌(2 + 𝜖) and
𝜌(2 − 𝜖). Letting 𝜖 → 0 and using continuity gives the limit 𝜌(2). Subtracting the two
endpoint asymptotics yields (𝜌(2) + 𝑜(1))𝑋. Since 𝜌(2) = 1 − log 2 < 8/25, the claimed
bound follows.

The Lean proof uses no smooth-number asymptotic. For large 𝑋, 𝑦2
𝑋 > 2𝑋 + 𝑡 − 1, so

an integer in (𝑋 + 𝑡 − 1, 2𝑋 + 𝑡 − 1] that is not 𝑦𝑋-smooth has exactly one prime factor
above 𝑦𝑋, and

Ψ(2𝑋 + 𝑡 − 1, 𝑦𝑋) − Ψ(𝑋 + 𝑡 − 1, 𝑦𝑋) = 𝑋 − ∑
𝑦𝑋<𝑝≤2𝑋+𝑡−1

(⌊2𝑋 + 𝑡 − 1
𝑝 ⌋ − ⌊𝑋 + 𝑡 − 1

𝑝 ⌋) .

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L423
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Mertens’ theorems, proved in Lean with explicit constants, then give (1 − log 2)𝑋 +
𝑂(𝑋/ log𝑋). The written proof above cites instead the fixed-𝑢 asymptotic [20, (1.1),
p. 268] and the value 𝜌(𝑢) = 1 − log𝑢 on [1, 2] [20, (1.3), p. 268]. No effective crossover
scale or exact density for the unassigned indices is asserted. The estimate uses the min-
imal admissible depth; it does not supply either weighted phase bound at that depth.

Proposition 12.7 (The excluded-cofactor estimate). Fix ℎ, 𝑠 and use the minimal admissible
depth 𝐿, as in Proposition 12.6; thus 𝑡 = 𝐿 − 𝑠 + 1 = 𝑂ℎ,𝑠(log𝑋). For 𝜂 ∈ (0, 1) let 𝐵(𝜂) =
{𝑚 ≥ 1 ∶ 𝜑(𝑚) < 𝜂𝑚}, with natural density 𝐷(𝜂); by Schoenberg’s theorem 𝐷 exists, is
continuous, and 𝐷(0+) = 0 [21, §17, p. 193], in the framework of [22, Theorem 1, pp. 318–319,
and §8, p. 323]. Then

#{𝑁 ∈ 𝒜 ∶ 𝑚𝑁 ∈ 𝐵(𝜂)} ≤ (𝐷(𝜂) + 𝑜(1))𝑋,

so a single choice of 𝜂 with 𝐷(𝜂) < 1/200 meets the 1
100𝑋 bound for all large 𝑋. This choice

fixes 𝜂 before 𝑋0, as required. It supplies only the excluded-cofactor bound: the mean and mean-
subtracted estimates must still hold for this same 𝜂, and do not follow from making 𝜂 smaller.
The Lean proof assumes the prime number theorem. It also takes the existence of the natural
density 𝐷(𝜂) as a hypothesis, which the statement supplies from Schoenberg’s theorem.

Proof. For a fixed cofactor 𝑚 ≤ √𝑋/2, each assigned index gives a prime 𝑝 with 𝑋 + 𝑡 ≤
𝑚𝑝 < 2𝑋 + 𝑡. Dropping the other assignment restrictions bounds the number of indices
by the number of primes in this interval. The prime number theorem, uniformly for
𝑋/𝑚 ≥ 2√𝑋, and 𝑡 = 𝑂ℎ,𝑠(log𝑋) give the upper bound

(2 + 𝑜(1)) 𝑋
𝑚 log𝑋 .

The possible endpoint contribution is 𝑂(1) for each 𝑚, hence 𝑜(𝑋) after summing
over 𝑚 ≤ √𝑋/2. Natural density and partial summation give

∑
𝑚≤√𝑋/2
𝑚∈𝐵(𝜂)

1
𝑚 = (𝐷(𝜂)

2 + 𝑜(1)) log𝑋.

Multiplying the two estimates proves the stated bound. If 𝐷(𝜂) < 1/200, its right
side is less than 𝑋/100 for all sufficiently large 𝑋.

The existence of a usable cutoff can also bemade explicit by an elementary estimate. For
𝑥 ≥ 1,

1
𝑥 ∑

𝑛≤𝑥

𝑛
𝜑(𝑛) ≤ ∑

𝑑≥1

𝜇(𝑑)2

𝑑𝜑(𝑑) = ∏
𝑝

(1 + 1
𝑝(𝑝 − 1))

≤ exp⎛⎜⎜
⎝

∑
𝑛≥2

1
𝑛(𝑛 − 1)

⎞⎟⎟
⎠

= exp(1) < 3.

The first step uses 𝑛/𝜑(𝑛) = ∑𝑑∣𝑛 𝜇(𝑑)2/𝜑(𝑑) and ⌊𝑥/𝑑⌋ ≤ 𝑥/𝑑; the Euler product
has nonnegative terms and converges by the displayed majorant. Markov’s inequality
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gives #(𝐵(𝜂) ∩ [1, 𝑥]) < 3𝜂𝑥, hence 𝐷(𝜂) ≤ 3𝜂. In particular, 𝜂 = 1/1000 gives 𝐷(𝜂) ≤
3/1000 < 1/200, an explicit sufficient choice for the excluded-cofactor bound. This does
not establish either weighted phase estimate for that choice, and it is not claimed to be
an optimal cutoff. Lean checks the estimate #(𝐵(𝜂)∩[1, 𝑥]) < 3𝜂𝑥 with no further input
(Lean proof) and the excluded-cofactor bound at 𝜂 = 1/1000 with no input at all (Lean
proof). For that bound Chebyshev’s bound replaces the prime number theorem in the
proof above: the primes 𝑝 with 𝑎 + 1 < 𝑝 ≤ 2𝑎 + 1 divide (2𝑎+1

𝑎 ) ≤ 4𝑎, so #{𝑝 prime ∶ 𝑎 <
𝑝 ≤ 2𝑎 + 1} log 𝑎 ≤ 𝑎 log 4 + log 𝑎, the fibre bound becomes (2 log 4 + 𝑜(1))𝑋/(𝑚 log𝑋),
and the count is at most (3 log 4/1000 + 𝑜(1))𝑋 with 3 log 4/1000 < 0.0042. The proof
uses 𝜂 = 1/1000 only through 3𝜂 log 4 < 1/100, so Lean checks the bound with no input
for every 𝜂 with 0 < 𝜂 < 1/(300 log 4) (Lean proof).

The first element of 𝐵(1/5) is 30030 = 2 ⋅ 3 ⋅ 5 ⋅ 7 ⋅ 11 ⋅ 13, and 𝜑(30030)/30030 =
5760/30030 ≈ 0.191808. Enumeration through 3 ⋅ 105 gives 38 elements of 𝐵(1/5) and

1
log(3 ⋅ 105)

∑
𝑚≤3⋅105

𝑚∈𝐵(1/5)

1
𝑚 ≈ 2.82 ⋅ 10−5.

This finite weighted proportion is not the limiting density 𝐷(1/5). Using 𝜂 = 1/5 in
the asymptotic boundwould require a rigorous bound for𝐷(1/5), including the integers
beyond the enumeration; the finite count does not supply one.

The growing dyadic modulus. The selected offset is 𝑡 = 𝐿−𝑠+1 in (3). The four-term
condition fixes 𝑠 after ℎ but before the threshold 𝑋0, whereas

2𝐿 ≥ 16(2𝑋 + ℎ + 𝐿 + 2) > 32𝑋, 2𝑡 > 26−𝑠𝑋.

On a group with cofactor 𝑚, the coefficient of 𝑝 − 1 in the phase has reduced denom-
inator 2max(𝑡−𝑣2(𝜑(𝑚)),0), because 2ℎ − 1 is odd. Assignment gives 𝜑(𝑚) ≤ 𝑚 ≤ √𝑋/2.
Thus, for fixed 𝑠 and all sufficiently large 𝑋, the reduced denominator is greater than
27−𝑠√𝑋. In particular, the assignment conditions do not reduce these moduli to a fixed
power of log𝑋. This is the modulus for variation in 𝑝, not a lower bound for the denom-
inator of the phase value at each individual prime.

Choosing 𝑡 = 𝑂(log log𝑋) would require 𝑠 to grow with 𝑋, contrary to the stated
quantifiers. Likewise, the formal observation that the phase is 1 when 𝑣2(𝜑(𝑚)) ≥ 𝑡
cannot provide such groups at large 𝑋 under these size bounds. The proposed small-
modulus prime-distribution argument therefore does not establish the mean estimate.
The prime-number-theorem argument in Section 3.3 instead uses prime counts in pro-
portional intervals, not equidistribution in these residue classes. Failure of the small-
modulus argument does not disprove the four-term condition.

The remaining prime-weighted correlation. Propositions 12.6 and 12.7 give the unas-
signed and excluded-cofactor bounds at minimal admissible depth. They must be com-
bined with mean and correlation estimates at the same 𝑋, 𝐿, 𝑠, 𝜂; bounds obtained at
unrelated depths cannot be substituted.

With the notation of Section 3.2, the correlation estimate still required is

https://github.com/wcook04/plectis-erdos/blob/76f44c5329c0e207f5376062c7d79125485fbceb/lean/ErdosProblems/Erdos249/PaperCompleteR21/ExcludedCofactorDensity.lean#L361
https://github.com/wcook04/plectis-erdos/blob/57941a741fceaae33ab7e2513a9cd11fee060081/lean/ErdosProblems/Erdos249/PaperCompleteR21/ExcludedCofactorEstimate.lean#L910
https://github.com/wcook04/plectis-erdos/blob/57941a741fceaae33ab7e2513a9cd11fee060081/lean/ErdosProblems/Erdos249/PaperCompleteR21/ExcludedCofactorEstimate.lean#L910
https://github.com/wcook04/plectis-erdos/blob/ab690b0aa515faa3a432e9d47de288704ebf6bb5/lean/ErdosProblems/Erdos249/PaperCompleteR21/ExcludedCofactorEstimate.lean#L930
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Re ∑
𝑁∈𝒢

𝑤𝑁 ⎛⎜
⎝

𝑒⎛⎜
⎝

(2ℎ − 1)𝜑(𝑚𝑁)(𝑝𝑁 − 1)
2𝑡

⎞⎟
⎠

− ̄𝑧𝑚𝑁
⎞⎟
⎠

≤ 14
25𝑋.

The sum is over the assigned indices with good cofactors, not all primes and cofac-
tors in the interval. By (3), 𝑤𝑁 is the phase with the selected offset 𝑡 removed.

Regrouping by 𝑚𝑁 = 𝑚 gives weighted sums over the primes 𝑝𝑁 = 𝑝. A bilinear
argument would need to separate the 𝑚- and 𝑝-dependence or estimate the resulting
two-variable weight directly. For 𝑁 = 𝑚𝑝 − 𝑡, that weight depends on 𝜑(𝑚𝑝 + 𝑗 − 𝑡) at
the other offsets 1 ≤ 𝑗 ≤ 𝐿 + ℎ, 𝑗 ≠ 𝑡. The identity 𝜑(𝑚𝑝) = 𝜑(𝑚)(𝑝 − 1) controls the
selected value, not these neighbouring totients. No bound for the resulting correlation
is established here; this is the missing step, not a limitation of every bilinear method.

A fixed-offset example illustrates the correlation at issue. At ℎ = 1 and offset 𝑡 = 2,
a prime 𝑝 ≥ 5 satisfies 𝜑(𝑝 − 1) ≡ 0 (mod 2) and 𝜑(𝑝) = 𝑝 − 1. The phase of 𝑅𝑝−2 is
therefore 𝜒−4(𝑝) times the phase of the following weighted totients, since 𝑒((𝑝−1)/4) =
𝑖𝑝−1 = 𝜒−4(𝑝). One possible fixed-saving estimate, with a fixed 𝛿 > 0, would be

Re ∑
𝑋<𝑝≤2𝑋

𝜒−4(𝑝) 𝑒(𝜑(𝑝 + 1)
8 + 𝜑(𝑝 + 2)

16 + ⋯) ≤ ( 9
10 − 𝛿) (𝜋(2𝑋) − 𝜋(𝑋)).

This fixed-offset example is not Definition 3.4: there 𝑠 is fixed while 𝑡 = 𝐿 − 𝑠 + 1
grows. The example isolates a correlation between a quadratic character at 𝑝 and the
binary phases of totients at 𝑝 + 1, 𝑝 + 2, …. It is analogous in this respect to shifted cor-
relations studied in the Chowla and Elliott problems, but the analogy does not supply
an applicable theorem. The cited theorems have different hypotheses and types of av-
erage: Matomäki and Radziwiłł compare short and long averages of real multiplicative
functions bounded by 1, outside an exceptional set of short intervals [24, Theorem 1];
Tao proves logarithmically averaged two-point Chowla and a corrected Elliott statement,
the latter under an explicit non-pretentiousness hypothesis on one of the boundedmulti-
plicative functions [25, Theorems 1.2–1.3]; and Tao and Teräväinen prove the odd-order
logarithmically averagedChowla conjecture [26, Theorem 1.1]. The phase here depends
on 𝜑 at a growing window of shifts, so none of these applies directly.

Averaging over the block parameter. For each fixed ℎ, an average of the nonnegative,
normalised block norms can establish the full-block condition. It is enough to prove

𝐾
∑
𝑘=1

2−𝑘
∣
∣∣
∣

2𝑘+1−1
∑

𝑁=2𝑘
𝑒(𝐷(ℎ, 𝑁, 𝐿𝑘)/2𝐿𝑘)

∣
∣∣
∣
= 𝑜(𝐾),

where every 𝐿𝑘 satisfies the size inequality for 𝑋 = 2𝑘. Indeed, the number of 𝑘 ≤
𝐾 for which the normalised norm exceeds 21/25 is at most 25/21 times the displayed
sum, hence is 𝑜(𝐾). There are therefore arbitrarily large admissible blocks satisfying
Definition 3.1. This argument does not establish the four-term condition: that condition
requires all four separate budgets with common 𝑋, 𝐿, 𝑠, 𝜂.

The displayed average is a Cesàro average of norms on dyadic blocks. It is not the
signed logarithmically weighted correlation appearing in the cited Chowla–Elliott theo-
rems. The position of the absolute value matters: cancellation between different blocks
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would not bound this sum of norms. Invoking entropy decrement would therefore re-
quire an additional argument yielding this particular estimate.

The finite phase depends on the 𝐿 + ℎ totient values at offsets 1, … , 𝐿 + ℎ, with the
coefficients in (3). Although its absolute value is 1, it is not amultiplicative function of𝑁.
Both the number of shifts and their dyadic denominators grow with 𝐿. The cited fixed-
shift correlation theorems do not supply the uniform bounds for this growing family.
No such extension is proved here.

12.4 Separation along prime positions
The quantified prime condition.

∀ℎ ≥ 1 ∀𝑁0 ∃𝑝 prime ∶ max(𝑁0 + ℎ + 1, ℎ + 5) ≤ 𝑝 ∧ Re(𝑒(𝑅𝑝−1 − 𝑅𝑝−ℎ−1)) < 9
10 .

This condition is unproved; it implies irrationality (LEAN SOURCE, LEAN SOURCE).

Its meaning for the doubling map. Re 𝑒(2𝑝−ℎ−1𝛼ℎ) < 9/10 says ‖2𝑝−ℎ−1𝛼ℎ‖ℝ/ℤ >
arccos(9/10)/2𝜋 = 0.0717831 …, so the requirement is exactly: for each ℎ, the indicated
prime-indexed ×2 orbit point stays more than 0.0717831 … from the nearest integer, for cofi-
nally many primes 𝑝. A short-run condition on the binary digits can be a sufficient proxy
for this circle-distance inequality, but it is not equivalent to it; a run-length description
alone does not determine the residual position inside the dyadic cylinder.

What the prime condition adds. The preceding condition asks for a separated point
at a prime-indexed position. The full-block average does not by itself locate such a point
on a prescribed sparse set. Conversely, the prime condition does not assert cancellation
over thewhole interval. They are different sufficient hypotheses; no general comparison
of their difficulty is proved here.

Finite comparison. Among the 501 primes in [1000, 5000), the strict inequality holds
at 432, 426 and 430 primes for ℎ = 1, 2, 5, respectively. The corresponding proportions
are 0.8623, 0.8503 and 0.8583 to four decimal places, and each sample has a cosine value
below −0.9999. These counts were recomputed using the same interval for 𝑆 as in Ta-
ble 6, with no interval meeting the threshold 9/10. They do not establish separation at
arbitrarily large primes.

An average over a prescribed prime sample. The subset implication, Theorem 9.5, al-
lows a nonempty finite set 𝑇. If 𝑇 is chosen after a separated point is known, the subset
formulationmay addno arithmetic content: the equivalence provedusing selected pairs,
Proposition 2.7(b), illustrates this issue. To avoid that particular choice, fix the sample
in advance by

𝑇ℎ,𝑋 = {𝑁 ∈ [𝑋, 2𝑋) ∶ 𝑁 + ℎ + 1 is prime}.

For 𝑋 ≥ 4 and 𝐿 ≥ ℎ, this is precisely the assigned group with cofactor 𝑚𝑁 = 1 of
§3.2, taken with 𝑠 = 𝐿 − ℎ (LEAN SOURCE).

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/ErdosProblems/Erdos249/TotientStrictPrimeEscape.lean#L157
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/ErdosProblems/Erdos249/TotientStrictPrimeEscape.lean#L524
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L423
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A sufficient, unproved condition is

∀ℎ ≥ 1 ∀𝑋0 ∃𝑋 ≥ max(𝑋0, 4) ∃𝐿 ≥ ℎ ∶
𝑇ℎ,𝑋 ≠ ∅, 16(2𝑋 + ℎ + 𝐿 + 2) ≤ 2𝐿,

∑
𝑁∈𝑇ℎ,𝑋

Re𝐸(ℎ, 𝑁, 𝐿) ≤ 9
10 |𝑇ℎ,𝑋 |.

(5)

The subset theorem then gives a certificate at some 𝑁 ≥ 𝑋 ≥ 𝑋0. Nonemptiness matters:
for the empty set the displayed sum inequality would hold automatically and would
produce no certificate. The bounds 𝑋 ≥ 4 and 𝐿 ≥ ℎ are also the hypotheses of the
identification with that cofactor group.

On this sample the selected cofactor is 1, so its coefficient is the odd integer 2ℎ − 1
and its modulus is 2ℎ+1, fixed once ℎ is fixed. The unweighted prime average has zero
Ramanujan main term, since 𝑐2ℎ+1(2ℎ − 1) = 𝜇(2ℎ+1) = 0. That observation does not
establish (5): the prime phase is multiplied by a residual phase built from the other
totient values. Their correlation is the missing estimate. Restricting the sample removes
the complement and unwanted cofactor terms, but not this residual correlation.
Remark 12.8. Fixing the sample rules out the particular argument that selects a pair only
after locating separation. It does not prove that (5) is inequivalent to irrationality, or
that it is a strictly stronger condition. No such comparison is established here.

12.5 Depth equal to a period multiple
The quantified residue condition.

full-depth condition ∶≡ ∀𝑑 ≥ 1 ∀𝑁 ∃𝑡 ≥ 1 ∶ 𝒞(𝑡𝑑, 𝑁, 𝑡𝑑),

unpacked, (𝑁 + 2𝑡𝑑 + 2 ∶ ℤ) < 𝐷(𝑡𝑑, 𝑁, 𝑡𝑑) mod 2𝑡𝑑 < 2𝑡𝑑 − (𝑁 + 2𝑡𝑑 + 2). This
condition is unproved. It is equivalent to irrationality (LEAN SOURCE, LEAN SOURCE); both
directions are proved, and the remaining gap is a nonintegral tail difference 𝑅𝑁+𝑑 − 𝑅𝑁
for every 𝑑 ≥ 1 and basepoint 𝑁.

The condition in terms of binary digits. Writing ℎ = 𝑡𝑑 and using 𝐷(ℎ, 𝑁, 𝐿)/2𝐿 =
(𝑅𝑁+ℎ − 𝑅𝑁) − (𝑅𝑁+𝐿+ℎ − 𝑅𝑁+𝐿)/2𝐿 at 𝐿 = ℎ, together with the proved strip |𝑅𝑀+ℎ −
𝑅𝑀| < 𝑀 + ℎ + 2 (LEAN SOURCE), applied at 𝑀 = 𝑁 + ℎ, one gets:

Proposition 12.9. 𝒞(ℎ, 𝑁, ℎ) holds whenever ∥2𝑁+ℎ𝑆 − 2𝑁𝑆∥ℝ/ℤ > 2(𝑁 + 2ℎ + 2)/2ℎ.

Proof. ‖𝐷(ℎ, 𝑁, ℎ)/2ℎ‖ ≥ ‖𝑅𝑁+ℎ − 𝑅𝑁‖ − |𝑅𝑁+2ℎ − 𝑅𝑁+ℎ|/2ℎ > 2(𝑁 + 2ℎ + 2)/2ℎ − (𝑁 +
2ℎ + 2)/2ℎ = (𝑁 + 2ℎ + 2)/2ℎ, and 𝑅𝑁+ℎ − 𝑅𝑁 ≡ 2𝑁(2ℎ − 1)𝑆 = 2𝑁+ℎ𝑆 − 2𝑁𝑆 (mod 1)
by Lemma 12.1. A residue at distance more than (𝑁 + 2ℎ + 2)/2ℎ from ℤ is exactly a
residue certificate at depth ℎ.

Proposition 12.9 gives a sufficient analytic criterion for the condition with depth equal
to the shift: for each 𝑑 ≥ 1 and 𝑁 ≥ 0, it is enough to find ℎ = 𝑡𝑑, 𝑡 ≥ 1, for which
the displayed distance exceeds the stated threshold. The criterion is not asserted to
be equivalent to each individual finite certificate. It involves the phase of 𝑆 itself, and

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/ErdosProblems/Erdos249/PeriodMultipleEscape.lean#L441
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/ErdosProblems/Erdos249/FullDepthRayAmplifier.lean#L406
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CarrySurvivorExtinction.lean#L79
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the threshold tends to zero exponentially as 𝑡 grows. The propagation theorem in Ap-
pendix A.1 explains why one nonintegral tail difference produces late certificates. It
does not supply such tail differences for all 𝑑, 𝑁.

Comparison with digit complexity. The phase inequality above is a quantitative state-
ment at specified positions and period multiples. A general block-complexity assertion
is a different quantified statement, of the kind treated by the Adamczewski–Bugeaud
method for algebraic numbers [27, Theorem 1, p. 549]. No implication from such an as-
sertion to the required inequality is established here. In particular, this record does not
justify describing one existing method as the only possible route, or algebraicity as the
sole missing input. The arithmetic nonintegrality obligation must be stated and proved
in its own right.

Finite examples. At 𝑁 = 300, the least 𝑡 with 𝒞(𝑡𝑑, 300, 𝑡𝑑) exists and is small for every
𝑑 ≤ 24: 𝑡 = 10 for 𝑑 = 1, 𝑡 = 5 for 𝑑 = 2, 𝑡 = 4 for 𝑑 = 3, 𝑡 = 3 for 𝑑 = 4, 𝑡 = 2 for
5 ≤ 𝑑 ≤ 9, and 𝑡 = 1 for 10 ≤ 𝑑 ≤ 24; in every case at or near the first depth admitted by
the lower bound on the depth. The residues are not marginal: 𝑟/2ℎ = 0.3594 at 𝑑 = 1,
0.5977 at 𝑑 = 3, 0.6853 at 𝑑 = 7, 0.2620 at 𝑑 = 17, 0.5887 at 𝑑 = 23, against edge radii
3.1 ⋅ 10−1, 8.0 ⋅ 10−2, 2.0 ⋅ 10−2, 2.6 ⋅ 10−3, 4.1 ⋅ 10−5. This is a finite verification at the
displayed basepoint and shifts. It neither bounds the required multiplier for arbitrary
𝑑, 𝑁 nor establishes the universally quantified condition.

A possible heuristic, not an estimate. If a phase 𝑈 were uniform on ℝ/ℤ, then
Pr(‖𝑈‖ ≤ 𝜖) = min(1, 2𝜖) for 𝜖 ≥ 0. At 𝜖 = 2(𝑁 + 2ℎ + 2)2−ℎ this gives the marginal
model min(1, 4(𝑁 + 2ℎ + 2)2−ℎ). The phases 2𝑁(2𝑡𝑑 − 1)𝑆 for fixed 𝑑 are arithmetically
dependent; no independence model or uniform distribution theorem for this orbit is
proved here. Consequently the marginal estimate cannot be multiplied across depths,
and no summability conclusion over all basepoints follows from it. The finite experi-
ments are finite evidence; the condition for every 𝑑 and 𝑁 remains unproved.

12.6 A rational series with unbounded carry rank
For an integer sequence 𝑢, write rk𝑒(𝑢) for the rational dimension of the span of all
sequences 𝑛 ↦ 𝑢2𝑗𝑛+𝑟 with 0 ≤ 𝑗 ≤ 𝑒 and 0 ≤ 𝑟 < 2𝑗. Rationality does not force
these ranks to be bounded, even for one fixed coefficient sequence. More precisely, the
assumptions

0 ≤ 𝑐(𝑛) ≤ 𝑛, ∑
𝑛≥1

𝑐(𝑛)2−𝑛 ∈ ℚ, 𝑣 ∈ ℕ>0, 𝑢𝑛 ∈ ℤ,

𝑢𝑛+1 = 2𝑢𝑛 − 𝑣𝑐(𝑛 + 1), 𝑢𝑛/2𝑛 ⟶ 0

do not imply sup𝑒 rk𝑒(𝑢) < ∞. Nor do they imply an upper bound that is 𝑜(2𝑒). Such
a bound for the actual totient carry would contradict the lower bound of Proposition 1.6,
but the following rational comparison already has that lower bound.

The limit condition fixes the value of the series. Dividing the recurrence by 2𝑛+1 and
summing gives
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𝑣
𝑁

∑
𝑛=1

𝑐(𝑛)2−𝑛 = 𝑢0 − 2−𝑁𝑢𝑁 .

Thus 𝑢𝑁/2𝑁 → 0 identifies the sum as 𝑢0/𝑣; it imposes no finite-dimensional de-
scription of the carry sections. In the construction below 𝑢0 = 5 and 𝑣 = 4. For fixed 𝑐
and 𝑣 this boundary condition also makes the carry unique: two solutions of the recur-
rence differ by 𝐶2𝑁 , whose quotient by 2𝑁 tends to 𝐶. Uniqueness therefore leaves no
freedom to choose a simpler carry. The comparison shows that this unique carry can
nevertheless have unbounded section rank.

The comparison with value 5/4. We alter only even coefficients, whose weights are
2−2𝑚 = 4−𝑚. Thus we need a base-four expansion of 5/4 − 𝑆, with signed digits small
enough to keep the corrected coefficients between zero and their indices. The digits
−2, −1, 0, 1 will do this; the first even coefficient will require its own check. The ele-
mentary bounds 9/8 ≤ 𝑆 ≤ 3/2 follow respectively from the first four terms and from
𝜑(𝑛) ≤ 𝑛 − 1 for 𝑛 ≥ 2. Put 𝑥0 = 5/4 − 𝑆 and, for 𝑚 ≥ 1, define

𝑑𝑚 = ⌊4𝑥𝑚−1 + 2
3⌋ , 𝑥𝑚 = 4𝑥𝑚−1 − 𝑑𝑚.

The interval [−2/3, 1/3) contains 𝑥0 and is preserved by this recurrence, so 𝑑𝑚 ∈
{−2, −1, 0, 1}. Iteration gives

𝑥0 =
𝑀
∑
𝑚=1

𝑑𝑚4−𝑚 + 4−𝑀𝑥𝑀, |𝑥𝑀| ≤ 2
3.

Consequently 𝑥0 = ∑𝑚≥1 𝑑𝑚4−𝑚. Define
𝑐(0) = 0, 𝑐(2𝑚 − 1) = 𝜑(2𝑚 − 1), 𝑐(2𝑚) = 𝜑(2𝑚) + 𝑑𝑚 (𝑚 ≥ 1).

These are nonnegative integers: for 𝑚 ≥ 2, 𝜑(2𝑚) ≥ 2; for 𝑚 = 1, the sharper bound
𝑥0 ≥ −1/4 gives 𝑑1 ≥ −1. The inequalities 𝑑𝑚 ≤ 1 and 𝜑(2𝑚) ≤ 2𝑚−1 also give 𝑐(𝑛) ≤ 𝑛.
Thus |𝑐(𝑛) − 𝜑(𝑛)| ≤ 2 and

∑
𝑛≥1

𝑐(𝑛)2−𝑛 = 𝑆 + ∑
𝑚≥1

𝑑𝑚4−𝑚 = 5
4.

This is the centred base-four construction in the Lean comparison-series theorem.
The construction has separated value from rank: the even coefficients set the value,

while the unchanged odd coefficients force large rank. For the latter, take 𝑣 = 4 and
𝑢𝑁 = 4 ∑𝑗≥1 𝑐(𝑁 + 𝑗)2−𝑗. The rational sum makes 𝑢𝑁 integral; the coefficient bound
gives 0 ≤ 𝑢𝑁 ≤ 4(𝑁 + 2). For odd 𝑟, the carry recurrence and 𝑐(2𝑗𝑛 + 𝑟) = 𝜑(2𝑗𝑛 + 𝑟)
give

4𝜑(2𝑗𝑛 + 𝑟) = 2𝑢2𝑗𝑛+𝑟−1 − 𝑢2𝑗𝑛+𝑟.
The same 2𝑒 − 1 independent totient sections therefore lie in the span of the carry

sections at levels 1, … , 𝑒, proving rk𝑒(𝑢) ≥ 2𝑒 − 1 for every 𝑒 ≥ 0. The corresponding
formal statement is the unbounded-rank theorem for this comparison. This example
is distinct from the bounded 3/2 parity comparison in Proposition 1.9. It disproves an
inference from the listed assumptions alone, not one that also uses identities of the actual
totient coefficients.

https://github.com/wcook04/plectis-erdos-lean/blob/52f29ad173b04e3bac941b3663f2b9aebe5de0bb/ErdosProblems/Erdos249/ParityPerturbedRationalControl.lean#L379
https://github.com/wcook04/plectis-erdos-lean/blob/52f29ad173b04e3bac941b3663f2b9aebe5de0bb/ErdosProblems/Erdos249/ParityPerturbedRationalControl.lean#L478
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The rank quantities. Finite-dimensional span of all dyadic sections is the definition of
a 2-regular sequence in the sense of Allouche and Shallit [1, Definition 2.1]. For integer-
valued sequences this is equivalent to finite generation of the ℤ-module generated by
the sections: if their span has dimension 𝑑, some 𝑑 evaluations embed it in ℚ𝑑 and that
module in ℤ𝑑. Coons [2, Theorem 3.2] proved that 𝜑 is not 𝑘-regular for any 𝑘 ≥ 2. The
unconditional Lean theorem (LEAN SOURCE) proves the case 𝑘 = 2 independently. For
integer coefficient and carry sequences, the recurrence transfers non-2-regularity of the
coefficients to non-2-regularity of the carry. A proof must include the zero-residue sec-
tions, not just the positive residues. The following argument gives an explicit dimension
bound.

For a rational-valued sequence 𝑓 , let 𝑉𝑒(𝑓 ) be the span of all its sections through
levels 0, … , 𝑒. Define the backward shift by (𝐵𝑓 )(0) = 0 and (𝐵𝑓 )(𝑛) = 𝑓 (𝑛−1) for 𝑛 ≥ 1,
and let 𝛿0 be 1 at 0 and 0 elsewhere. A level-𝑗 section of 𝐵𝑓 is a section of 𝑓 if its residue
is positive. At residue zero it is the backward shift of 𝑛 ↦ 𝑓 (2𝑗𝑛 + 2𝑗 − 1). Hence

𝑉𝑒(𝐵𝑓 ) ⊆ 𝑉𝑒(𝑓 ) + 𝐵(𝑉𝑒(𝑓 )).

For integer sequences 𝑐, 𝑢 and a positive integer 𝑣, the recurrence 𝑣𝑐(𝑛+1) = 2𝑢(𝑛)−
𝑢(𝑛 + 1) gives

𝑐 = 2𝐵𝑢 − 𝑢
𝑣 + (𝑐(0) + 𝑢(0)

𝑣 ) 𝛿0.

Since every section of 𝛿0 is 0 or 𝛿0, it follows that

𝑉𝑒(𝑐) ⊆ 𝑉𝑒(𝑢) + 𝐵(𝑉𝑒(𝑢)) + ℚ𝛿0, dimℚ 𝑉𝑒(𝑐) ≤ 2dimℚ 𝑉𝑒(𝑢) + 1.

In particular, bounded carry ranks would force bounded coefficient ranks. Non-2-
regularity of 𝑐 therefore forces unbounded carry ranks. This is an ordinary proof, not a
claim of a new Lean declaration. It also gives the generic bound dimℚ 𝑉𝑒(𝑢) ≥ 2𝑒−1 for
𝑐 = 𝜑 and 𝑒 ≥ 1, using the coefficient rank 2𝑒 + 1. The factor 2 is not an additive 𝑂(1)
loss, and this bound concerns all sections, including level zero.

The theorem for 𝜑 in Proposition 1.6 is sharper: the carry sections at all residues
of levels 1, … , 𝑒 have rank at least 2𝑒 − 1. It uses the independence of the odd-residue
totient sections. Neither lower bound is an irrationality proof, since rational coefficient
series can have nonregular carries. The separate 5/4 comparison verifies this directly.
Any proposed rank upper bound must use additional totient-specific hypotheses not
satisfied by the 5/4 comparison sequence.

12.7 Finite observations and quantified conditions
The finite observations can be compared with the quantified conditions, but they do
not establish an asymptotic digit distribution. They also supply no basis for ranking
possible proof methods.

Comparison of conditions. The following table records the conditions themselves,
rather than sufficient digit proxies. Lemma 12.1 explains how their phases are related.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientMahlerDefect.lean#L1145
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Condition Required assertion Indices and quantifiers
Block norm Norm at most 21𝑋/25 for the

truncated phase sum
All 𝑁 ∈ [𝑋, 2𝑋) at one
depth; arbitrarily large 𝑋
for each ℎ

Four terms The four separate budgets of
Definition 3.4

One common 𝑋, 𝐿, 𝑠, 𝜂; 𝑠, 𝜂
fixed before 𝑋0

Prime gap Distance from ℤ greater than
arccos(9/10)/(2𝜋)

The phase 2𝑝−ℎ−1𝛼ℎ at
arbitrarily large primes for
each ℎ

Full depth 𝒞(𝑡𝑑, 𝑁, 𝑡𝑑) for some 𝑡 ≥ 1 Every 𝑑 ≥ 1 and every
𝑁 ≥ 0

Generic rank
bound (false)

A uniform or subexponential upper
bound for carries of rational
coefficient series

All finite dyadic levels;
refuted by the 5/4
comparison

The first four conditions concern the same constant but impose different averaging, sam-
pling and separation requirements. The 11/100 digit-change test in Corollary 12.3 is
sufficient for a real-part bound; it is not a replacement for the norm or four-term rows.
Only the full-depth row is proved here to be equivalent to irrationality. The last row
records a false generic upper bound, not an additional open hypothesis.

Quantitative estimates. The counterexamples identifymissing assumptions in the spe-
cific arguments tested here. They do not imply that the binary digits of 𝑆 are random,
normal, or unusually structured. A constructed counterexample can disprove an im-
plication without resembling 𝑆 in other respects. Likewise, failure of one congruence
construction does not exclude every use of the Chinese remainder theorem.

Additional arithmetic information. Table 6 records finite observations: the sampled
digit-change proportions are near 0.50, above the sufficient threshold 0.11, and the dis-
played normalized cosine sums are below 0.89. These computations are compatiblewith
the proposed conditions. They do not establish those conditions for every shift and ar-
bitrarily large blocks, or prove a fair-coin model for the digits. The relevant quantified
estimates remain unproved here.

The recorded small margins near a forbidden endpoint also require careful interpre-
tation. One small margin disproves a proposed lower bound larger than that margin at
that index. It does not rule out every positivemargin on a suitable subsequence, or every
estimate with scale-dependent bounds. No numerical census in this record determines
which of these possibilities holds asymptotically.

Scope of the comparison. Corollary 12.3 specifies one sufficient digit statistic: for ev-
ery fixed ℎ, the digit-change proportion must reach at least 11/100 on arbitrarily large
blocks. A statement for one shift, a smaller positive proportion, or finitely many blocks
is not this hypothesis. An upper bound 𝑜(𝑁) on the longest run alone would not imply
irrationality; a periodic alternating expansion has bounded runs. The prime-index con-
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dition in (5) is another proposed sufficient estimate. Its exact algebraic decomposition
does not establish the required correlation bound.

13 Remaining arithmetic questions
The remaining questions ask for witnesses with unbounded indices. We collect them in
residue and exponential-sum form, retaining the quantifiers needed to imply irrational-
ity of 𝑆 = ∑𝑛≥0 𝜑(𝑛)2−𝑛. Erdős Problem #249 remains open.

This section collects quantified conditions on the scaled tail 𝑅𝑁 = ∑𝑗≥0 𝜑(𝑁 + 1 +
𝑗)2−(𝑗+1) that suffice for irrationality. The implication theorems and the arithmetic as-
sumptions have different status: the former are proved in the indicated sources, while
the latter are not supplied for the actual totient sequence. LEAN SOURCE

Each condition is statedwith its quantifiers and linked to its formal source. The com-
parison distinguishes proved equivalences from one-way sufficient conditions. It is not
an exhaustive list of possible methods. A finite list of certificates does not stand in for a
condition beyond every threshold, and an implication does not establish its antecedent.

Recall that 𝐻𝑡 = 𝐻(𝑡) = lcm(1, … , 𝑡) (LEAN SOURCE). For nonnegative integers ℎ, 𝑁, 𝐿,
put

𝐷(ℎ, 𝑁, 𝐿) =
𝐿−1
∑
𝑗=0

(𝜑(𝑁 + ℎ + 1 + 𝑗) − 𝜑(𝑁 + 1 + 𝑗))2𝐿−1−𝑗.

LEAN SOURCE The certificate 𝒞(ℎ, 𝑁, 𝐿) is the pair of strict inequalities

𝑁 + ℎ + 𝐿 + 2 < 𝐷(ℎ, 𝑁, 𝐿) mod 2𝐿 < 2𝐿 − (𝑁 + ℎ + 𝐿 + 2).

LEAN SOURCE This condition is decidable. Thus the least nonnegative residue must
lie more than 𝑁 + ℎ + 𝐿 + 2 from either endpoint. For fixed ℎ, 𝑁, this excluded radius
grows linearly with 𝐿, while its proportion of the modulus tends to zero.

13.1 Certificate completeness
For each fixed ℎ, 𝑁 ≥ 0, a certificate at some unrestricted depth exists exactly when the
tail difference is nonintegral:

(∃𝐿 ≥ 0, 𝒞(ℎ, 𝑁, 𝐿)) ⟺ 𝑅𝑁+ℎ − 𝑅𝑁 ∉ ℤ.

LEAN SOURCE (The same equivalence is also stated at LEAN SOURCE.)
This equivalence removes the existential depth from the unrestricted certificate con-

ditions below, including the diagonal and LCM-grid forms. It does not by itself supply
a depth bound, a prescribed separation margin, a common depth for a family, or an
exponential-sum estimate. Such requirements must be retained unless a separate argu-
ment removes them. In particular, completeness does not establish any of the quantified
nonintegrality assertions needed for irrationality.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L57
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CarrySurvivorExtinction.lean#L515
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L66
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L72
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/LcmConeFlatness.lean#L316
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L19025
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13.2 The original quantified residue condition
The threshold quantifier excludes every possible starting point for a rational tail period.

The quantified residue condition.

𝑆 ∉ ℚ ⟺ ∀ℎ ≥ 1 ∀𝑁0 ∃𝑁 ≥ 𝑁0 ∃𝐿, 𝒞(ℎ, 𝑁, 𝐿).

Here 𝒞(ℎ, 𝑁, 𝐿) is the finite residue test defined earlier; the universal quantifiers over
ℎ and 𝑁0 belong to the displayed assertion, not to that finite test. LEAN SOURCE The
equivalence is proved; the quantified existence assertion is not proved.

The reverse direction is by contradiction against the tail-period law: if 𝑆 were ratio-
nal, the eventual-period theorem (LEAN SOURCE, unconditional) supplies a period ℎ > 0
and pre-period 𝑁0 with 𝑅𝑁+ℎ − 𝑅𝑁 ∈ ℤ for all 𝑁 ≥ 𝑁0; the certificate hypothesis in-
stantiated at that (ℎ, 𝑁0) produces an 𝑁 ≥ 𝑁0 where 𝑅𝑁+ℎ − 𝑅𝑁 ∉ ℤ, a contradiction
via nonintegrality from a certificate (LEAN SOURCE).

For the forward direction, irrationality gives pointwise non-integrality of every pos-
itive tail shift and certificate completeness supplies a witness already at 𝑁 = 𝑁0.

For fixed ℎ, the required certificate may choose both 𝑁 ≥ 𝑁0 and 𝐿. It is not required
at every 𝑁 or every depth. Its error radius is 𝑁 + ℎ + 𝐿 + 2, so for fixed ℎ, 𝑁 it grows
only linearly in 𝐿, whereas themodulus is 2𝐿. Themissing assertion is that an admissible
residue lies outside both endpoint intervals beyond every threshold, for every positive ℎ.
The reformulations below specify other ways to choose suchwitnesses; none establishes
this assertion for the actual totient sequence.

13.3 Multiples, diagonals, and LCM grids
Completeness allows the irrationality question to be expressed using multiples of a pe-
riod, diagonal tails or an LCM grid. The implications below prove these equivalences.
Each formulation permits a different estimate to be attempted, but none supplies the
witnesses it requires.

Multiples of a period.

∀ℎ0 > 0, ∀𝑁0, ∃𝑚 > 0, ∃𝑁 ≥ 𝑁0, ∃𝐿, 𝒞(𝑚 ⋅ ℎ0, 𝑁, 𝐿) ⟹ 𝑆 ∉ ℚ.

LEAN SOURCE
The preceding residue condition implies this one by taking 𝑚 = 1. Conversely, a hy-

pothetical period ℎ0 alsomakes every positivemultiple 𝑚ℎ0 a period of the tail fractional
parts. A certificate for one such multiple contradicts that consequence. The freedom to
choose 𝑚 changes the allowed witnesses, while the quantified assertion remains equiv-
alent to irrationality.

The diagonal.

𝑆 ∉ ℚ ⟺ ∀𝑡0, ∃𝑡 ≥ 𝑡0, ∃𝐿, 𝒞(𝐻𝑡, 𝐻𝑡, 𝐿).

LEAN SOURCE

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/LcmConeFlatness.lean#L412
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L358
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailPeriodKiller.lean#L262
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CarrySurvivorExtinction.lean#L502
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/LcmConeFlatness.lean#L426
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The two parameters in a hypothetical rational tail period are absorbed by one LCM
index. For 𝑡 ≥ max(ℎ0, 𝑁0), both ℎ0 ∣ 𝐻𝑡 and 𝐻𝑡 ≥ 𝑡 ≥ 𝑁0 hold. A diagonal cer-
tificate then contradicts periodicity through the multiple-period argument; the precise
intermediate implication is proved in Lean (LEAN SOURCE). Conversely, irrationality and
pointwise completeness give a diagonal certificate already at 𝑡 = 𝑡0.

The finite assertion 𝑃(𝑡) ∶≡ ∃𝐿 𝒞(𝐻𝑡, 𝐻𝑡, 𝐿) is verified for every 𝑡 ≤ 82 (LEAN
SOURCE). The historical list contained 28 explicit values through 𝑡 = 64, with depths
[6, 5, 7, 7, 9, 14, 15, 14, 21, 22, 23, 26, … ] for 𝑡 ∈ {1, 2, 3, 4, 5, 7, 8, 9, 11, 13, 16, 17, … } (LEAN
SOURCE; endpoint LEAN SOURCE). These are finite computations. The current contigu-
ous range is still finite and does not establish witnesses at arbitrarily large indices; no
certificate at 𝑡 = 83 is claimed here.

The LCM grid.

∀𝑡0, ∃𝑡 ≥ 𝑡0, ∃𝑞, 𝑚, 𝐿, 0 < 𝑞 ∧ 𝒞(𝑚 ⋅ 𝐻𝑡, 𝑞 ⋅ 𝐻𝑡, 𝐿) ⟹ 𝑆 ∉ ℚ.

LEAN SOURCE The diagonal choice is 𝑞 = 𝑚 = 1. Allowing other positive grid points
therefore enlarges the choice of finite witnesses. To prove sufficiency, suppose rational-
ity supplies a period ℎ and pre-period 𝑁0. For 𝑡 ≥ max(ℎ, 𝑁0), all positive multiples of
𝐻𝑡 are past the pre-period and their differences are multiples of ℎ. Consequently their
tails have the same fractional part: 𝑅𝑞𝐻𝑡+𝑚𝐻𝑡

− 𝑅𝑞𝐻𝑡
∈ ℤ for every 𝑞 > 0 and 𝑚 ≥ 0

(LEAN SOURCE). A certificate for any such difference is a contradiction.
The finite-grid condition of Theorem 6.56 offers a second test. At 𝐻 = 𝐻𝑡, choose a

finite nonempty 𝑄 ⊆ ℕ>0 with 𝐵𝑞 = 𝑞𝐻𝑡 + 𝐿 + 2 < 2𝐿 for every 𝑞. It requires

∀𝑞𝑖 ∈ 𝑄 ∃𝑞𝑗 ∈ 𝑄, 𝐵𝑞𝑗
< (𝐴𝑞𝑖

− 𝐴𝑞𝑗
) mod 2𝐿, 𝐴𝑞 =

𝐿
∑
𝑗=1

𝜑(𝑞𝐻𝑡 + 𝑗)2𝐿−𝑗.

For every threshold 𝑡0, such data at some 𝑡 ≥ 𝑡0 would imply irrationality. This quan-
tified condition, including the nonemptiness and size assumptions, remains unproved
(LEAN SOURCE). The modulus bound is one-sided at each point; it does not imply a
factor-of-two reduction in the number of binary digits.

Equivalent nonintegrality statements Via the completeness iff above, the diagonal
and cone forms restate, exactly, with no reference to 𝒞 at all:

∀𝑡0, ∃𝑡 ≥ 𝑡0, 𝑅2𝐻𝑡
− 𝑅𝐻𝑡

∉ ℤ ⟺ diagonal certificate condition ⟹ 𝑆 ∉ ℚ,

LEAN SOURCE (cone analogue at LEAN SOURCE)
Thus one can ask directly whether 𝑅2𝐻𝑡

− 𝑅𝐻𝑡
∉ ℤ for arbitrarily large 𝑡. Finite

instances are known in this record; the universally quantified assertion is not proved
here.

13.4 The block exponential-sum condition
A bound for an exponential sum is sufficient for the quantified residue condition. With
𝑒(𝑥) = exp(2𝜋𝑖𝑥), the assertion is

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/LcmDiagonalReduction.lean#L92
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/ErdosProblems/Skip/LadderT67.lean#L71264
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/ErdosProblems/Skip/LadderT67.lean#L71264
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DiagonalPincerCertificates.lean#L2870
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DiagonalPincerCertificates.lean#L2870
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/DiagonalPincerCertificateT64Endpoint.lean#L1928
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L19014
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L19002
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L19140
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L19034
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L19046
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block norm condition ∶≡ ∀ℎ > 0, ∀𝑋0, ∃𝑋, 𝐿, max(𝑋0, 1) ≤ 𝑋 ∧ 16 (2𝑋 + ℎ + 𝐿 + 2) ≤ 2𝐿 ∧ ∥ ∑
𝑁∈[𝑋,2𝑋)

𝑒(𝐷(ℎ, 𝑁, 𝐿)/2𝐿)∥ ≤ 21
25𝑋.

LEAN SOURCE The universally quantified assertion is not proved.

block norm condition ⟹ 𝑆 ∉ ℚ.

LEAN SOURCE The threshold is 𝑋0, while 𝑋 and 𝐿 are chosen witnesses and may de-
pend on both ℎ and 𝑋0. Taking 𝑋0 = 𝑁0 gives a certificate at some 𝑁 ∈ [𝑋, 2𝑋), hence
at 𝑁 ≥ 𝑁0. The elementary reason is that, if every residue failed the test, each would
be within (2𝑋 + ℎ + 𝐿 + 2)/2𝐿 ≤ 1/16 of an integer. Every summand would then have
real part at least cos(𝜋/8) > 21/25, contradicting the norm bound. The implication is
proved; the bound on suitable blocks beyond every threshold remains to be established.

The underlying finite lemma is more general: it applies to any nonempty finite 𝑇 ⊆
[0, 2𝑋) with the stated size bound and ‖ ∑𝑁∈𝑇 𝑒(𝐷(ℎ, 𝑁, 𝐿)/2𝐿)‖ ≤ (21/25)|𝑇|. Taking
𝑇 = [𝑋, 2𝑋) gives the full-block implication. Allowing a chosen subset weakens the
hypothesis; it does not strengthen it. The Lean proof (LEAN SOURCE) uses the elementary
block lemma of Theorem 9.4, which is unconditional as an implication. The real-part
version uses Re∑𝑁∈𝑇 𝑒(𝐷(ℎ, 𝑁, 𝐿)/2𝐿) ≤ (9/10)|𝑇|. Its proof uses cos(𝜋/8) > 9/10 and
averaging. An unspecified saving below |𝑇| is not the stated hypothesis.

What supplying this form would take: genuine cancellation for the additive character
𝑒(𝐷(ℎ, 𝑁, 𝐿)/2𝐿) at the growing dyadic moduli permitted by the size bound. The quan-
tifiers require suitable blocks beyond every threshold for each fixed ℎ > 0; they do not
require one threshold that works simultaneously for all ℎ. A determinant identity (LEAN
SOURCE) gives a comparison in which every weighted phase equals 1 while the specified
determinant remains nonzero. Thus nonvanishing of that determinant alone cannot
prove cancellation. A successful use of a determinant would need further information
connecting its entries to the phase sum; the comparison does not exclude every such
argument.

13.5 The actual tail difference on the LCM diagonal
For 𝐻 = 𝐻2𝑎 , the actual difference Ω𝑎 = 𝑅2𝐻 − 𝑅𝐻 removes the auxiliary rational ap-
proximation from the LCM criterion. The equivalence below restricts attention to this
sparse sequence of tails. Its required nonintegrality is still an arithmetic assertion to
prove.

The exact equivalence.

𝑆 ∉ ℚ ⟺ ∀𝑎0, ∃𝑎 ≥ 𝑎0, Ω𝑎 ∉ ℤ.

LEAN SOURCE This is an unconditional equivalence, where Ω𝑎 ∶= 2𝐻(2𝐻 − 1)𝑆 − (Φ2𝐻 −
Φ𝐻), 𝐻 = 𝐻2𝑎 (LEAN SOURCE). The right-hand side is an equivalent reformulation of
irrationality, not a weaker hypothesis already established by the finite examples. The
following sufficient conditions are attempts to prove it.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L75
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L83
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L53
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/ResidualGaugeObstruction.lean#L47
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/ResidualGaugeObstruction.lean#L47
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmOrbitNonintegrality.lean#L37
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmOrbitSeparation.lean#L68
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An impossible complete divisibility pattern Let 𝑎 ≥ 8, 𝐻 = 𝐻2𝑎 and 𝐽, 𝐾, 𝑚 ∈ ℕ, with

𝑚 ≤ 𝐾, 𝐽 + 𝐾 + 𝑎 + 6 < 2 ⋅ 2𝑎, 𝐵 ∶= 2𝐻 + 𝐽 + 𝐾 + 2 < 2𝑚.

It is impossible that

2𝑟+1 ∣ 𝛿2𝑎(𝐽 + 𝐾 − 𝑚 + 𝑟 + 1) for every 0 ≤ 𝑟 < 𝑚.

LEAN SOURCE Indeed, the last requirement would make 𝛿2𝑎(𝐽 + 𝐾) a multiple of 2𝑚,
whereas the short-window bounds give 0 < 𝛿2𝑎(𝐽 + 𝐾) < 𝐵 < 2𝑚. The positivity input
is

𝛿2𝑎(𝑗) > 0 (𝑎 ≥ 8, 0 < 𝑗 < 2 ⋅ 2𝑎),

LEAN SOURCE, without a rationality hypothesis.
Omitting only the last divisibility requirement leaves the partial pattern in Proposi-

tion 6.86. It additionally requires 𝛿2𝑎(𝐽 + 𝐾) ≤ 2𝑚 − 𝐵. The resulting necessary equality
is penultimate:

𝛿2𝑎(𝐽 + 𝐾 − 1) = 2𝑚−1, 𝐵 < 2𝑚 < 2𝐵.

LEAN SOURCE The terminal difference is not pinned to 2𝑚−1. Neither this necessary
restriction nor the full-pattern impossibility supplies an unbounded family of successful
partial patterns.

The remaining upper-endpoint residue

𝒢𝑎(𝐽, 𝐾, 𝑚) ∶≡ 𝑚 ≤ 𝐾 ∧ 2𝐻 + 𝐽 + 𝐾 + 2 < 2𝑚 ∧ 𝐷(𝐻, 𝐻 + 𝐽, 𝐾) mod 2𝑚 ≤ 2𝑚 − (2𝐻 + 𝐽 + 𝐾 + 2).

LEAN SOURCE No unbounded family satisfying this condition is known.
The positivity theorem gives

𝑅2𝐻+𝐽 − 𝑅𝐻+𝐽 > 0 if 𝑎 ≥ 8 and 𝐽 + 𝑎 + 6 < 2 ⋅ 2𝑎.

LEAN SOURCE For 𝑎 ≥ 8, the residue test at depth 𝐾 uses the stronger bound 𝐽 + 𝐾 +
𝑎 + 6 < 2 ⋅ 2𝑎. Under these hypotheses, an integral initial tail difference would give an
integer terminal carry 𝑒 = 𝑅2𝐻+𝐽+𝐾 − 𝑅𝐻+𝐽+𝐾 with 0 < 𝑒 < 2𝐻 + 𝐽 + 𝐾 + 2. The tail
identity is

𝐷(𝐻, 𝐻 + 𝐽, 𝐾) = 2𝐾(𝑅2𝐻+𝐽 − 𝑅𝐻+𝐽) − 𝑒.

Hence, when 2𝐻 + 𝐽 + 𝐾 + 2 < 2𝐾, it is the residue of 𝐷(𝐻, 𝐻 + 𝐽, 𝐾), not of 𝑒, that
equals 2𝐾 −𝑒 (LEAN SOURCE). More generally, the bounds 𝑚 ≤ 𝐾 and 2𝐻 +𝐽 +𝐾 +2 < 2𝑚

give

𝐷(𝐻, 𝐻 + 𝐽, 𝐾) mod 2𝑚 = 2𝑚 − 𝑒 > 2𝑚 − (2𝐻 + 𝐽 + 𝐾 + 2),

because 2𝑚 divides 2𝐾 and 0 < 𝑒 < 2𝑚. This contradicts 𝒢𝑎(𝐽, 𝐾, 𝑚). Consequently,
for 𝑎 ≥ 8 and 𝐽 + 𝐾 + 𝑎 + 6 < 2 ⋅ 2𝑎,

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L251
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmOrbitArithmetic.lean#L1703
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L1187
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L900
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmOrbitSign.lean#L39
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmOrbitSign.lean#L211
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𝒢𝑎(𝐽, 𝐾, 𝑚) ⟹ 𝑅2𝐻+𝐽 − 𝑅𝐻+𝐽 ∉ ℤ.

LEAN SOURCE The one-sided inequality excludes the upper-endpoint interval forced
by integrality. Positivity alone does not establish that inequality.

The cofinal target built from it is

cofinal upper-endpoint condition ∶≡ ∀𝑎0, ∃𝑎, 𝐾, 𝑚, 𝑎0 ≤ 𝑎 ∧ 8 ≤ 𝑎 ∧ 𝐾 + (𝑎+6) < 2 ⋅ 2𝑎 ∧ 𝒢𝑎(0, 𝐾, 𝑚).

LEAN SOURCE This condition is unproved; its implication is proved:

cofinal upper-endpoint condition ⟹ 𝑆 ∉ ℚ.

LEAN SOURCE

Five sufficient conditions for that residue inequality The next five quantified con-
ditions each imply irrationality. Conditions (i)–(iv) reach the upper-endpoint test; (v)
gives nonintegrality directly. Their proven relations are summarised in Proposition 6.65.

(i) For every 𝑎0, there are 𝑎 ≥ max(𝑎0, 8) and 𝑚 ≥ 0 with 𝐻 = 𝐻2𝑎 such that

𝑚 + 1 + 𝑎 + 6 < 2 ⋅ 2𝑎, 2𝐻 + 𝑚 + 3 < 2𝑚,
2𝐻 + 𝑚 + 2 ≤ (𝐷(𝐻, 𝐻, 𝑚) + 𝛿2𝑎(𝑚 + 1)) mod 2𝑚 ≤ 2𝑚 − (2𝐻 + 𝑚 + 3),

where 𝛿2𝑎(𝑗) = 𝜑(2𝐻 + 𝑗) − 𝜑(𝐻 + 𝑗). The size condition includes the larger depth
𝑚 + 1, so the conclusion remains valid whichever of the two adjacent depths gives
the certificate. This condition is unproved (LEAN SOURCE); its sufficiency is proved
(LEAN SOURCE, LEAN SOURCE).

(ii) For every 𝑎0, there is 𝑎 ≥ max(𝑎0, 14) with the following property. Put 𝐻 = 𝐻2𝑎

and choose 𝑞 so that 2𝑞 + 1 is the least odd integer not smaller than ⌊log2 𝐻⌋ + 10.
Define integers 𝑊𝑎,𝑗 recursively by

𝑊𝑎,0 = 0,

𝑊𝑎,𝑗+1 = 4𝑊𝑎,𝑗 + 𝛿2𝑎(2𝑗 + 3) − 2𝛿2𝑎(2𝑗 + 2) + 𝛿2𝑎(2𝑗 + 4)
2 .

The increments 𝛿2𝑎(𝑠) are even, so the recurrence is integral. The required inequal-
ity is

𝐻 + 𝑞 + 2 ≤ 𝑊𝑎,𝑞 mod 4𝑞 ≤ 4𝑞 − (𝐻 + 𝑞 + 2).

At depth 𝑚 = 2𝑞 + 1, the residue in (i) equals 2(𝑊𝑎,𝑞 mod 4𝑞). Dividing its two
endpoint bounds by 2 and using integrality gives exactly the threshold 𝐻 + 𝑞 + 2.
This condition is unproved (LEAN SOURCE). The width is 𝐻 + 𝑞 + 2 and the depth
is the prescribed depth; both must be retained when comparing this with a fixed-
fraction band. Its sufficiency is proved (LEAN SOURCE).

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L1260
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https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L2184
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L1334
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(iii) Use exactly the quantifiers and prescribed depth of (ii). Let 𝑟 = 𝑊𝑎,𝑞 mod 4𝑞 and
define its centred representative by

𝑢𝑎,𝑞 =
⎧{
⎨{⎩

𝑟, 2𝑟 ≤ 4𝑞,
𝑟 − 4𝑞, 2𝑟 > 4𝑞.

Thus −4𝑞/2 < 𝑢𝑎,𝑞 ≤ 4𝑞/2; when a midpoint occurs, the positive representative is
used. The equivalent inequality is

𝐻 + 𝑞 + 2 ≤ |𝑢𝑎,𝑞|.

This condition is unproved (LEAN SOURCE). At the prescribed depth the size bound
2(𝐻 +𝑞+2) ≤ 4𝑞 holds. For a residue in [0, 4𝑞), the band in (ii) is therefore exactly
this absolute-value condition. The equivalence, including its quantifiers, is proved
(LEAN SOURCE).

(iv) Allow the odd depth to vary, but retain both size bounds. For every 𝑎0, require
𝑎 ≥ max(𝑎0, 8) and 𝑞 ∈ ℕ with

2𝑞 + 2 + 𝑎 + 6 < 2 ⋅ 2𝑎, 2(𝐻 + 𝑞 + 2) ≤ 4𝑞,
𝐻 + 𝑞 + 2 ≤ |𝑢𝑎,𝑞|, 𝐻 = 𝐻2𝑎 .

This condition is unproved (LEAN SOURCE). The first bound keeps the adjacent
depth inside the short window; the second makes the required residue band
nonempty. One implication passes through (i), and another gives the two-sided
carry exclusion below (LEAN SOURCE, LEAN SOURCE).

(v) Retain the full quantifiers and the two size bounds in (iv), but replace its absolute-
value inequality by

𝛿2𝑎(2𝑞 + 2) ≤ 2𝑢𝑎,𝑞.

This compares the signed centred residue with the terminal totient difference. It
is not an unrestricted assertion at an arbitrary 𝑞. This condition is unproved (LEAN
SOURCE); its sufficiency is proved (LEAN SOURCE).

A further sufficient terminal-carry condition With 𝐻 = 𝐻2𝑎 , the unproved quantified
condition is

∀𝑎0 ∃𝑎 ≥ max(𝑎0, 8) ∃𝑞 ∶
2𝑞 + 2 + (𝑎 + 6) < 2 ⋅ 2𝑎, 2(𝐻 + 𝑞 + 2) ≤ 4𝑞,
2𝑢𝑎,𝑞 ≤ 𝛿2𝑎(2𝑞 + 2) − (2𝐻 + 2𝑞 + 3) or 𝛿2𝑎(2𝑞 + 2) ≤ 2𝑢𝑎,𝑞.

LEAN SOURCE Either alternative gives nonintegrality at that scale, so the quantified
condition implies irrationality (LEAN SOURCE).

The proof assumes an integer 𝑧 = Ω𝑎 and uses

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L1471
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L1479
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L1927
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L2007
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L2213
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L1908
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L1908
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L2221
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L1895
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L2230
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2𝑢𝑎,𝑞 = 𝛿2𝑎(2𝑞 + 2) − 𝑐𝐻,𝐻,𝑧(2𝑞 + 1).

LEAN SOURCE The carry is then a positive tail difference, strictly smaller than 2𝐻 +
2𝑞+3. The negative endpoint representative isminus this carry (LEAN SOURCE). The first
alternative contradicts the upper bound; the second contradicts positivity, which is the
terminal-dominance argument (LEAN SOURCE).

Both arguments are conditional contradictions, not evidence against either unproved
estimate. No converse from nonintegrality to either finite inequality is asserted. In par-
ticular, the exact identity must not be described as making this sufficient condition nec-
essary.

Certificates in short windows For every 𝑡, 𝑗 ∈ ℕ, the arithmetic difference on the LCM
progression is exactly

𝛿𝑡(𝑗) = 𝜑(2𝐻𝑡 + 𝑗) − 𝜑(𝐻𝑡 + 𝑗).

No coprimality restriction on 𝑗 is needed (LEAN SOURCE). Consequently the corre-
sponding window numerator is

𝐷(𝐻𝑡, 𝐻𝑡, 𝐿) =
𝐿

∑
𝑗=1

𝛿𝑡(𝑗)2𝐿−𝑗,

and applying the same residue and error bounds gives precisely the test 𝒞(𝐻𝑡, 𝐻𝑡, 𝐿)
(LEAN SOURCE). Thus the quantified assertion

∀𝑎0 ∃𝑎 ≥ 𝑎0 ∃𝐿 < 2 ⋅ 2𝑎, 𝒞(𝐻2𝑎 , 𝐻2𝑎 , 𝐿)

implies irrationality (LEAN SOURCE, LEAN SOURCE); the assertion itself is unproved.
It restricts the diagonal indices to powers of two and imposes the additional bound
𝐿 < 2 ⋅ 2𝑎. Pointwise completeness allows an unspecified finite depth; it does not imply
a witness within this short window.

The displayed certified examples have 𝑎 = 4, 𝐿 = 23 and 𝑎 = 6, 𝐿 = 93 (LEAN SOURCE);
these are finite computations. The bounded statement of Theorem 9.22 uses the single
witness (𝑎, 𝐿) = (6, 93) to cover all thresholds 𝑎0 ≤ 6. It makes no assertion for larger
thresholds, or that these are the only successful exponents.

A sufficient approximation bound Put 𝐻 = 𝐻2𝑎 and define the finite rational and its
error bound by

𝜌𝑎,𝑞 = 𝐷(𝐻, 𝐻, 2𝑞 + 1) + 𝛿2𝑎(2𝑞 + 2)
22𝑞+1 , 𝜀𝑎,𝑞 = 2𝐻 + 2𝑞 + 3

22𝑞+1 .

For every 𝑎, 𝑞 ∈ ℕ,

|Ω𝑎 − 𝜌𝑎,𝑞| < 𝜀𝑎,𝑞.

LEAN SOURCE Let 2𝑞𝑎 + 1 be the least odd integer not smaller than ⌊log2 𝐻⌋ + 10, as in
condition (ii). The sufficient quantified separation condition is

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L1678
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmOrbitSign.lean#L172
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L1880
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmOrbitArithmetic.lean#L298
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmOrbitArithmetic.lean#L2045
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmOrbitArithmetic.lean#L2107
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmOrbitArithmetic.lean#L2152
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmShortKill.lean#L35
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmOrbitSeparation.lean#L141
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∀𝑎0 ∃𝑎 ≥ max(2, 𝑎0) ∀𝑧 ∈ ℤ, 1
32 + 𝜀𝑎,𝑞𝑎

≤ |Ω𝑎 − 𝑧|.

This condition is unproved; its sufficiency is proved (LEAN SOURCE). The triangle
inequality then gives |𝜌𝑎,𝑞𝑎

− 𝑧| > 1/32 for every integer 𝑧. The hypothesis concerns the
real tail Ω𝑎, not merely its computable approximant. The truncation estimate transfers
the stated separation, but does not itself establish it. Also, the depth is prescribed by 𝑎;
it is not a free parameter in this hypothesis.

13.6 An equivalent test using two leading residue bits
Proposition 6.87 gives an equivalent certificate condition: there are 𝑠, 𝑏 ∈ ℕ such that
either 𝒞(ℎ, 𝑁 + 𝑠, 𝑏 + 1) holds, or both

𝑁 + 𝑠 + ℎ + 𝑏 + 4 < 2𝑏, 2𝑏 ≤ 𝐷(ℎ, 𝑁 + 𝑠, 𝑏 + 2) mod 2𝑏+2 < 3 ⋅ 2𝑏.

LEAN SOURCE The forward proof selects 𝑏 using the depth 𝐿 of the first certificate, so
this is an encoding of a witness rather than a bound on how far one must search. Exis-
tence for the actual totient sequence remains the missing assertion. A use for another
coefficient sequence would require its own recurrence and tail bounds.

13.7 Farey growth and the failed generic rank argument
The Farey growth law is an open sufficient hypothesis. The generic rank bound listed
beside it is false for rational comparison sequences, and is retained to explain that failed
input rather than as another open problem.

Thehypothetical rankbound. Unconditionally, for every level 𝑒 ≥ 1, the dyadic totient
basis of 2𝑒+1 sequences is linearly independent overℚ (viaCRT andDirichlet’s theorem
on primes in arithmetic progression) (LEAN SOURCE). Consequently, if 𝑆 ∈ ℚ, there is
an integer 𝑣 > 0 with 𝑣𝑆 ∈ ℤ. Its integral carry 𝑢𝑁 = 𝑣𝑅𝑁 satisfies, for every 𝑒 ≥ 0,

dimℚ span{𝑛 ↦ 𝑢2𝑗𝑛+𝑟 ∶ 1 ≤ 𝑗 ≤ 𝑒, 0 ≤ 𝑟 < 2𝑗} ≥ 2𝑒 − 1.

It obeys 𝑢𝑁+1 = 2𝑢𝑁 − 𝑣𝜑(𝑁 + 1) and 0 ≤ 𝑢𝑁 ≤ 𝑣(𝑁 + 2). LEAN SOURCE
A bound independent of 𝑒 for these same carry-section ranks would contradict the

displayed lower bound; so would an upper bound that is 𝑜(2𝑒). Rationality and linear
coefficient growth alone do not give either conclusion: the fixed sequence constructed
in Section 12.6 has sum 5/4 and the same rank lower bound. An incompatible upper
bound for the actual totient carry would have to use information not shared by that
comparison sequence.

The most direct generic construction is also impossible: no integer certificate satisfy-
ing the following conditions (𝑄 ⋅ 𝑣 ⋅ 𝐴 = boundary with |boundary| < 𝑄 ⋅ 𝑣 and 𝐴 ≠ 0)
can exist (LEAN SOURCE); and the full family is proved infinite-dimensional in span, the
case 𝑘 = 2 of Coons’s non-regularity theorem (§10.8; LEAN SOURCE).

Proposition 1.7 gives a common eventual period modulo 𝑣 for the sections of this
same 𝑢, together with their unbounded rational ranks. These conclusions concern dif-
ferent properties of the same carry; they supply no rank upper bound.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmOrbitSeparation.lean#L305
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmTopEdgeStaircase.lean#L844
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientMahlerDefect.lean#L935
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientCarryKernelRigidity.lean#L300
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientMahlerDefect.lean#L1183
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientMahlerDefect.lean#L1145
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Growth of the Farey denominator bound. The finite denominator exclusion for 𝑆
comes from a Farey-gap denominator exclusion at a single fixed window 𝐾 = 240:

𝑆 ≠ 𝑎/𝑏 for all 𝑎 ∈ ℤ, 1 ≤ 𝑏 ≤ 79639646646701375323355774875831053, gcd(𝑎, 𝑏) = 1.

LEAN SOURCE This bound is sharp at 𝐾 = 240; the mediant denominator 𝑞 =
79639646646701375323355774875831054 is the exact first failing denominator (LEAN
SOURCE); so the same interval cannot exclude every rational at the next denominator. A
different window requires a new certificate or a uniform argument; the fixed-window
calculation supplies neither.

A sufficient extension is a function 𝑔(𝐾) → ∞ for which every (𝑁 = 1, 𝐾) gap check
excludes all rationals of reduced denominator atmost 𝑔(𝐾). More generally, unbounded
valid exclusion bounds along a sequence of windows suffice. This is a statement about
the certified intervals. The record does not prove it equivalent to a lower bound on the
continued-fraction denominators of 𝑆. This extension is unproved.

For 𝑝 prime and 𝑒 ≥ 1, a successful unit-gap certificate at denominator 𝑝𝑒 has zero
candidates or a single candidate divisible by 𝑝 (LEAN SOURCE). The success hypothesis
is essential: the bound is not a statement about every window at that denominator. Nor
does it bound the eventual denominator cutoff. The prime-power restriction cannot be
omitted, as the modulo-15 example in Observation 6.114 shows. No obstruction to a
uniform estimate as 𝐾 varies is proved here.

13.8 Summary of implications
For each condition, the second column states its relation to the quantified residue test
or to the named intermediate assertion.

Reading the table. “Sufficient” records only the indicated implication. It does not
assert a converse or a strict comparison of strength. “Equivalent” records two proved
directions, either directly or through the base equivalence with 𝑆 ∉ ℚ. Logical equiv-
alence does not by itself provide a direct construction from the finite witnesses in one
formulation to those in another.

13.9 Remaining estimates
Two explicit estimates for 𝜑 remain: weighted cancellation in the exponential sums and
a residue inequality involving the final totient difference. Neither is derived here from
the cited methods. Other approaches to the irrationality question are not excluded.

Exponential sums. For each fixed ℎ > 0 and every threshold 𝑋0, the block norm con-
dition asks for some 𝑋 ≥ max(𝑋0, 1) and 𝐿 satisfying both the modulus bound and

∣∣∣∣
∑

𝑁∈[𝑋,2𝑋)
𝑒(𝐷(ℎ, 𝑁, 𝐿)/2𝐿)

∣∣∣∣
≤ 21

25𝑋.

The saving 21/25 is fixed, but the chosen block and depth may depend on ℎ and
𝑋0; uniformity of these choices in ℎ is not required. The preceding four-term decom-
position and the proved counting bounds identify contributions to this sum. By Theo-
rem 3.5(b) the two remaining weighted estimates may be replaced by the single bound

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/CertificateKernel.lean#L18384
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GapFareyBound.lean#L225
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/GapFareyBound.lean#L225
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/PrimitiveWeightCertificate.lean#L111
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Re∑𝑁∈𝒢 𝐸(ℎ, 𝑁, 𝐿(𝑋)) ≤ 603𝑋/1000 at 𝑠 = 26, 𝜂 = 1/1000 and minimal depth, for ar-
bitrarily large 𝑋; that bound is open. The record therefore gives an exact reduction and
some of its estimates; the displayed cancellation bound remains unproved.

The last totient difference. The endpoint criteria compare

𝛿2𝑎(2𝑞 + 2) = 𝜑(2𝐻 + 2𝑞 + 2) − 𝜑(𝐻 + 2𝑞 + 2), 𝐻 = 𝐻2𝑎 ,

with twice the centred residue 𝑢𝑎,𝑞. An appropriate inequality, proved for arbitrarily
large 𝑎 with the stated bounds on 𝑞, would contradict the carry interval required by
integrality. The exact identity explains why such an inequality would suffice; it does
not supply the inequality. The finite examples through 𝑡 = 82, and the short-window
examples at 𝑎 = 4, 6, do not establish an asymptotic pattern.
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A Complementary proofs for the short paper
The basis theorem, the integral relation theorem and the bounded residue theorem have
complete proofs in the short paper. This appendix supplies the longer arguments be-
hind its discussion of 𝑆: propagation from a nonintegral tail, Mersenne residues, ratio-
nal comparisons and the sharp rank-one bound. Throughout, 𝐾(ℎ, 𝑁, 𝐿) is the residue
condition 𝒞(ℎ, 𝑁, 𝐿) defined in the main text.

A.1 Propagation of nonintegral tail differences
Write

𝑆 = ∑
𝑛≥1

𝜑(𝑛)2−𝑛, 𝑅𝑁 = ∑
𝑗≥1

𝜑(𝑁 + 𝑗)2−𝑗, Δℎ(𝑁) = 𝑅𝑁+ℎ − 𝑅𝑁 .

The identity

2𝑁𝑆 =
𝑁

∑
𝑛=1

𝜑(𝑛)2𝑁−𝑛 + 𝑅𝑁

has an integer finite sum. Subtracting the identities at 𝑁 + ℎ and 𝑁 gives

Δℎ(𝑁) ≡ 2𝑁(2ℎ − 1)𝑆 (mod ℤ). (6)

In particular, a nonintegral tail difference excludes every rational value whose denomi-
nator divides 2𝑁(2ℎ − 1).

The finite test. For ℎ, 𝑁, 𝐿 ∈ ℕ, let

𝐷ℎ,𝑁,𝐿 =
𝐿−1
∑
𝑗=0

(𝜑(𝑁 + ℎ + 1 + 𝑗) − 𝜑(𝑁 + 1 + 𝑗))2𝐿−1−𝑗, 𝐵 = 𝑁 + ℎ + 𝐿 + 2.

All residues below are least nonnegative residues. Write 𝐾(ℎ, 𝑁, 𝐿) for

𝐵 < 𝐷ℎ,𝑁,𝐿 mod 2𝐿 < 2𝐿 − 𝐵.

The omitted terms form another difference of scaled tails:

2𝐿Δℎ(𝑁) − 𝐷ℎ,𝑁,𝐿 = 𝑅𝑁+ℎ+𝐿 − 𝑅𝑁+𝐿.

Since 0 ≤ 𝑅𝑀 ≤ ∑𝑗≥1(𝑀 + 𝑗)2−𝑗 = 𝑀 + 2, their absolute difference is bounded by
𝑁 + ℎ + 𝐿 + 2. Thus

|2𝐿Δℎ(𝑁) − 𝐷ℎ,𝑁,𝐿| ≤ 𝐵. (7)
If 𝐾(ℎ, 𝑁, 𝐿) holds, the interval [𝐷ℎ,𝑁,𝐿 − 𝐵, 𝐷ℎ,𝑁,𝐿 + 𝐵] lies strictly between two con-
secutive multiples of 2𝐿. It contains 2𝐿Δℎ(𝑁), so Δℎ(𝑁) ∉ ℤ. Conversely, write
‖𝑥‖ℝ/ℤ = min𝑧∈ℤ |𝑥 − 𝑧| for the distance to the nearest integer. If Δℎ(𝑁) ∉ ℤ, choose
𝐿 so that 2𝐿‖Δℎ(𝑁)‖ℝ/ℤ > 2𝐵. Such a choice exists: ℎ, 𝑁 are fixed, the distance is posi-
tive, and 𝐵 = 𝑁 + ℎ + 𝐿 + 2 grows only linearly in 𝐿. The error estimate then puts the
residue of 𝐷ℎ,𝑁,𝐿 more than 𝐵 from either endpoint. Thus nonintegrality is equivalent
to a certificate at some unrestricted depth. This is a one-sided finite test: success proves
nonintegrality, but failure at a particular depth does not prove integrality. The converse
guarantees eventual success only after a fixed nonintegral difference has been supplied.
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Theorem A.1 (Propagation of one nonintegral tail difference). Fix 𝑑 ≥ 1 and 𝑁 ≥ 0. If
Δ𝑑(𝑁) ∉ ℤ, then every sufficiently late pair {𝑡, 𝑡 + 1} contains an 𝑚 such that 𝐾(𝑚𝑑, 𝑁, 𝑚𝑑)
holds. Consequently

∃𝑡 ≥ 1 ∶ 𝐾(𝑡𝑑, 𝑁, 𝑡𝑑) ⟺ Δ𝑑(𝑁) ∉ ℤ.

Requiring this for every 𝑑 ≥ 1, 𝑁 ≥ 0 is equivalent to 𝑆 ∉ ℚ.

Unrestricted completeness cannot simply set 𝐿 equal to the shift: it supplies a depth
only after the shift is fixed. The theorem couples them by varying both along multiples
of 𝑑. The recurrence below prevents two adjacent failures. Its starting hypothesis is
still just one nonintegral difference; only the requirement for every 𝑑, 𝑁 is equivalent to
irrationality.

Proof. Set 𝐹𝑡 = Δ𝑡𝑑(𝑁). Equation (6) yields 𝐹𝑡+1 ≡ 2𝑑𝐹𝑡 + 𝐹1 (mod ℤ). This recurrence
expresses the fixed 𝐹1 in terms of two adjacent differences. A failed certificate makes
one of those differences close to an integer: if 𝐾(𝑡𝑑, 𝑁, 𝑡𝑑) fails, (7) gives

‖𝐹𝑡‖ℝ/ℤ ≤ 𝜖𝑡, 𝜖𝑡 = 2(𝑁 + 2𝑡𝑑 + 2)2−𝑡𝑑.

If the test also fails at 𝑡 + 1, the triangle inequality on ℝ/ℤ and the recurrence give

‖𝐹1‖ℝ/ℤ ≤ ‖𝐹𝑡+1‖ℝ/ℤ + 2𝑑‖𝐹𝑡‖ℝ/ℤ ≤ 𝜖𝑡+1 + 2𝑑𝜖𝑡.

The recurrence has transferred two shrinking errors to the same fixed number 𝐹1.
Its distance from ℤ is positive, whereas 𝜖𝑡+1 + 2𝑑𝜖𝑡 → 0; hence adjacent failures are
impossible for large 𝑡. Conversely, integral 𝐹1 makes every 𝐹𝑡 integral by the recurrence,
so soundness excludes every certificate.

Finally, (6) is nonintegral for every 𝑑, 𝑁 when 𝑆 is irrational. If 𝑆 = 𝑎/(2𝑐𝑣) with 𝑣
odd, take 𝑁 = 𝑐 and 𝑑 = 𝜑(𝑣) to make it integral.

For instance 𝐷1,12,16 = −143140, with residue 53468 modulo 216 and 𝐵 = 31, verifies
the hypothesis at 𝑑 = 1, 𝑁 = 12. More explicitly,

Δ1(12) ∈ [−143171
65536 , −143109

65536 ] ⊂ (−3, −2).

This enclosure proves nonintegrality without evaluating the infinite tails. The theo-
rem gives infinitely many certificates with depth equal to the shift for this pair, not for
every 𝑑, 𝑁.

A.2 Residues modulo divisors of Mersenne numbers
Fix a hypothetical denominator 2𝑐𝑣, with 𝑐 ≥ 0 and odd 𝑣 ≥ 1. For a positive multiple
𝐻 of 𝜑(𝑣), Euler’s theorem makes

𝑀 = 2𝐻 − 1
𝑣 , 𝐵𝐻,𝑐 =

𝐻−1
∑
𝑗=0

𝜑(𝑐 + 1 + 𝑗)2𝐻−1−𝑗

an integer modulus and an integer prefix, respectively. The test below asks whether
the residue of −𝐵𝐻,𝑐 stays away from the endpoints by more than the tail error.



Erdős #249: the binary totient series 149

Equivalent formulation A.2 (A residue test modulo a divisor of 2𝐻 − 1). The series 𝑆 is
irrational if and only if, for every 𝑐 ≥ 0 and odd 𝑣 ≥ 1, some positive multiple 𝐻 of 𝜑(𝑣) satisfies

𝑐 + 𝐻 + 1 < (−𝐵𝐻,𝑐) mod 𝑀 < 𝑀 − (𝑐 + 𝐻 + 1). (8)

Proof. The identity

𝐵𝐻,𝑐 = 2𝐻𝑅𝑐 − 𝑅𝑐+𝐻 = 𝑀(𝑣𝑅𝑐) − Δ𝐻(𝑐)

is exact. For 𝐻 ≥ 1, |Δ𝐻(𝑐)| < 𝑐 + 𝐻 + 1. Indeed 𝑅𝑁 ≤ 𝑁 + 1 for 𝑁 ≥ 1 and
0 < 𝑅0 ≤ 3/2; the strict inequalities follow by subtracting a positive tail. If 𝑆 = 𝑎/(2𝑐𝑣),
then 𝑣𝑅𝑐 ∈ ℤ and Δ𝐻(𝑐) ∈ ℤ. The residue of −𝐵𝐻,𝑐 is therefore within distance less
than 𝑐 + 𝐻 + 1 of 0 (mod 𝑀), so (8) fails.

If 𝑆 is irrational, fix 𝑐, 𝑣 and put 𝛿 = dist(𝑣𝑅𝑐, ℤ) > 0. As 𝐻 grows through positive
multiples of 𝜑(𝑣), choose it large enough that |Δ𝐻(𝑐)|/𝑀 < 𝛿/3 and (𝑐+𝐻 +1)/𝑀 < 𝛿/3.
Since −𝐵𝐻,𝑐/𝑀 = −𝑣𝑅𝑐 + Δ𝐻(𝑐)/𝑀, its distance from ℤ is then greater than 2𝛿/3, while
the forbidden endpoint width is below 𝛿/3. This proves (8) for all sufficiently large
allowed 𝐻.

For fixed 𝑐, 𝑣, one successful test excludes every value 𝑆 = 𝑎/(2𝑐𝑣), regardless of the
numerator 𝑎. Conversely, irrationality gives success for every sufficiently large allowed
𝐻 for each fixed 𝑐, 𝑣. This converse does not supply successful tests for every 𝑐, 𝑣 without
the irrationality assumption.

A formal declaration for the equivalence is available here, with the modulus written
as 𝑣𝑀 = 2𝐻 − 1. The finite residues also satisfy

𝜌𝐻,𝑁+1,𝑀 = (2𝜌𝐻,𝑁,𝑀 − 𝜑(𝑁 + 𝐻 + 1) + 𝜑(𝑁 + 1)) mod 𝑀, 𝜌𝐻,𝑁,𝑀 = (−𝐵𝐻,𝑁) mod 𝑀,

which is an exact recurrence for searches directed at (8).

A.3 LCM tails and rational comparisons
Wefirst specialise the tail congruence to LCM shifts, then compare it with rational series
preserving selected coefficient data. The source declarations accompany the formulas;
references point to the complete constructions and their hypotheses in the preceding
sections.

1. Tail differences at least common multiples. Let 𝐻𝑎 = lcm(1, … , 2𝑎). Then 𝑆 is
irrational if and only if, beyond every threshold 𝑎0, some 𝑎 ≥ 𝑎0 satisfiesΔ𝐻𝑎

(𝐻𝑎) ∉
ℤ. This is the exact cofinal nonintegrality criterion for the actual LCM diagonal,
not a quantitative separation estimate and not a proof that such indices occur; the
forward implication is recorded separately.

2. Positive tail differences need not be nonintegral. For 𝑎 ≥ 8 and 𝐽 +(𝑎+6) < 2⋅2𝑎,
one hasΔ𝐻𝑎

(𝐻𝑎+𝐽) > 0. Suppose this difference is an integer. If a truncation depth
𝐾 satisfies

𝐽 + 𝐾 + (𝑎 + 6) < 2 ⋅ 2𝑎, 2𝐻𝑎 + 𝐽 + 𝐾 + 2 < 2𝐾,

https://github.com/wcook04/plectis-erdos/blob/c91562bd574a387cde904481e609c7b4cacebb14/lean/ErdosProblems/Erdos249/CyclotomicAnchoredKill.lean#L3165
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmOrbitNonintegrality.lean#L37
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmOrbitNonintegrality.lean#L53
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then

𝐷𝐻𝑎,𝐻𝑎+𝐽,𝐾 mod 2𝐾 = 2𝐾 − Δ𝐻𝑎
(𝐻𝑎 + 𝐽 + 𝐾)

lies strictly between 2𝐾 −(2𝐻𝑎 +𝐽 +𝐾 +2) and 2𝐾. The later tail difference is a posi-
tive integer; its negative is the representative near zero. Thus positivity determines
which endpoint contains the residue, but does not exclude an integral tail differ-
ence. Both displayed bounds on 𝐾 are required for this conclusion. Source declarations:
positive tail differences, negative endpoint representative, residue near the upper endpoint.

3. Divisibility and finite linear combinations do not suffice. A dyadic cobound-
ary is a sequence of the form 2𝑢𝑗 − 𝑢𝑗+1; its weighted sum telescopes. For every
𝑡 ≥ 3, with 𝐻 = lcm(1, … , 𝑡), the linked source constructs a nonzero compari-
son sequence of this form. Its coefficients reproduce the actual totient differences
at 𝑡 − 2 prescribed indices and are divisible by 𝜑(𝐻). Every finite integer linear
combination of forward shifts preserves the telescoping identity and divisibility
by 𝜑(𝐻) and the corresponding lower-level factors. The bounds remain uniform
in the index, but are multiplied by the sum of the absolute values of the combi-
nation’s coefficients. A variant preserves sparse prescribed values along entire
arithmetic progressions. These properties alone do not force a contradiction: the
comparison need not consist of actual totient differences. The theorem concerns
linear combinations of shifts, not nonlinear operations, and does not supply certifi-
cates at arbitrarily large scales. Source declarations: obstruction for finite integer combinations
of shifts.

If 𝑆 = 𝑎/𝑣 with integers 𝑎 and 𝑣 ≥ 1, the scaled tails 𝑢𝑁 = 𝑣𝑅𝑁 are integers and
satisfy

𝑢𝑁+1 = 2𝑢𝑁 − 𝑣𝜑(𝑁 + 1), 0 ≤ 𝑢𝑁 ≤ 𝑣(𝑁 + 2).

In particular 𝑢𝑁/2𝑁 → 0. Its dyadic sections 𝑛 ↦ 𝑢2𝑗𝑛+𝑟 have rational rank at least
2𝑒 − 1 through level 𝑒 and a common eventual period modulo 𝑣. Both properties are the
corresponding theorem for the same carry; they are compatible, and neither supplies a
contradiction.

Section 12.6 constructs a rational comparison sequence with 𝑐(𝑛) = 𝜑(𝑛) for odd 𝑛,
|𝑐(𝑛) − 𝜑(𝑛)| ≤ 2 for even 𝑛, 0 ≤ 𝑐(𝑛) ≤ 𝑛, and

∑
𝑛≥1

𝑐(𝑛)2−𝑛 = 5
4.

This comparison sequence has an integral carry satisfying 𝑢𝑁/2𝑁 → 0, with dyadic
rank at least 2𝑒 − 1 at every level. Thus the same lower bound for a hypothetical totient
carry is compatible with rationality. For one fixed prime 𝑝 and 𝑔 ∶ ℕ → ℤ, the exact laws
𝑔(𝑝𝑛) = 𝑝𝑔(𝑛) when 𝑝 ∣ 𝑛 and 𝑔(𝑝𝑛) = (𝑝−1)𝑔(𝑛) otherwise, together with 𝑔 −𝜑 = 𝑜(𝑛),
force 𝑔 = 𝜑: a nonzero defect keeps a nonzero ratio to the argument along 𝑝𝑗𝑛. The
comparison sequence fails these dilation laws. The unchanged odd-residue sections
also give coefficient rank at least 2𝑒 −1 at every level. This is a lower bound, not an exact
formula for the full coefficient rank.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmOrbitSign.lean#L39
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmOrbitSign.lean#L172
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientActualLcmOrbitSign.lean#L211
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/LcmFactorIdealPulseObstruction.lean#L798
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/LcmFactorIdealPulseObstruction.lean#L798
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailCarryPeriod.lean#L224
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientTailCarryPeriod.lean#L224
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A.4 The sharp rank-one quotient bound
The quotients below are a particular proposed family of rational approximants to a
Möbius-weighted value. We determine their minimum and show that they remain a
fixed distance above that value. Put

Θ2 = ∑
𝑑≥1

𝜇(𝑑)
(2𝑑 − 1)2 = 𝑆 − 1

2, 𝑄(𝑒, 𝑌) =
(∑𝑌

𝑑=1 𝜇(𝑑)/(2𝑑 − 1)𝑒+2)2

∑𝑌
𝑑=1 𝜇(𝑑)/(2𝑑 − 1)2𝑒+2

.

The divisor-convolution identity 𝜑 = 𝜇 ∗ Id gives 𝑆 = ∑𝑑≥1 𝜇(𝑑)2𝑑/(2𝑑 − 1)2. Now
2𝑑 = (2𝑑 − 1) + 1 and ∑𝑑≥1 𝜇(𝑑)/(2𝑑 − 1) = 1/2, the latter following from ∑𝑑∣𝑛 𝜇(𝑑) = 0
for 𝑛 > 1 and 1 for 𝑛 = 1. These identities give the displayed value of Θ2; all the
sums are absolutely convergent. Amiram Eldar posted the corresponding formula 𝑆 =
1
2 + ∑𝑑≥1 𝜇(𝑑)/(2𝑑 − 1)2, together with its coprimality interpretation, to OEIS A256936
on 15 March 2026 [8], and Steve Fan posted the formula on the problem’s forum thread
on 16 May 2026 [9]. The result below gives the exact extremum for this family, refining
the earlier lower bound 1/480 in Section 6.6.13.

Theorem A.3 (A lower bound for the rank-one quotients). For 𝑒 ≥ 1 and 𝑌 ≥ 4, the
denominator of𝑄(𝑒, 𝑌) is positive, and the uniqueminimiser is (𝑒, 𝑌) = (1, 5). Every admissible
quotient and every nonempty finite positive weighted average of such quotients satisfies

𝑄 − Θ2 > 21
320.

The uniform bound 𝑄 − Θ2 > 1/15 is false already at (1, 5).

Proof. Wefirst bound every denominator away fromzero. We then compare𝑄(1, 5)with
the whole range 𝑒 ≥ 2 using one uniform estimate, and with 𝑒 = 1 using a seven-term
prefix. Put

𝑃𝑌(𝑟) =
𝑌

∑
𝑑=1

𝜇(𝑑)
(2𝑑 − 1)𝑟 , Θ𝑟 = ∑

𝑑≥1

𝜇(𝑑)
(2𝑑 − 1)𝑟 , 𝐸𝑟(𝑌) = 2−𝑟𝑌

1 − 2−𝑟 .

Since |𝜇(𝑑)| ≤ 1 and 2𝑑 − 1 ≥ 2𝑑−1,

|Θ𝑟 − 𝑃𝑌(𝑟)| ≤ 𝐸𝑟(𝑌), |𝑃𝑌(𝑟) − 𝑃𝑍(𝑟)| ≤ 𝐸𝑟(𝑍) (𝑌 ≥ 𝑍).

For 𝑟 ≥ 4, separating the terms 𝑑 = 1, 2 gives Θ𝑟 = 1 − 3−𝑟 + 𝑇𝑟, where |𝑇𝑟| ≤
[2𝑟(2𝑟 − 1)]−1. Thus

𝛼 ∶= 6373
6480 = 1 − 1

81 − 1
240 ≤ Θ𝑟 < 1, 𝐸𝑟(𝑌) ≤ 𝜀 ∶= 1

61440 (𝑌 ≥ 4).

For the strict upper bound, the tail bound is smaller than 3−𝑟: 2𝑟(2𝑟 − 1) > 3𝑟 for
𝑟 ≥ 4. In particular𝑃𝑌(2𝑒+2) ≥ 𝛼−𝜀 > 0 for every admissible 𝑒, 𝑌, proving denominator
positivity.

Write 𝑞∗ = 𝑄(1, 5). Using (𝜇(1), … , 𝜇(7)) = (1, −1, −1, 0, −1, 1, −1) gives
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𝑞∗ = 35076077250375200
37573118933633199 .

For 𝑒 ≥ 2, both exponents in 𝑄(𝑒, 𝑌) are at least four, so the uniform bounds just
proved apply to the numerator and denominator. For 𝑒 = 1, the numerator instead
contains 𝑃𝑌(3); we use the seven-term prefix to bound it. This leaves the two cases
𝑌 = 4, 6 to compare with 𝑌 = 5. The four exact rational comparisons are

(𝛼 − 𝜀)2

1 + 𝜀 > 𝑞∗ (𝑒 ≥ 2),
79049881
84671559 = 𝑄(1, 4) > 𝑞∗ (𝑒 = 1, 𝑌 = 4),

1043700953468949889
1117992059749781919 = 𝑄(1, 6) > 𝑞∗ (𝑒 = 1, 𝑌 = 6),

(𝑃7(3) − 1/1835008)2

𝑃7(4) + 1/251658240 > 𝑞∗ (𝑒 = 1, 𝑌 ≥ 7).

Each comparison follows bymultiplication by positive denominators. The first left-hand
side bounds every quotient in its range from below. So does the last, by the tail estimates
with 𝑍 = 7; the numerator lower bound is positive before it is squared. The middle two
rows give the quotients themselves. These ranges cover every admissible pair except
(1, 5), proving its unique minimality.

It remains to compare the minimum with Θ2. An upper bound for Θ2 proves the
stated gap; a lower bound disproves the stronger proposed gap. The same tail estimate
at 𝑟 = 2 gives

𝑃6(2) − 1
3072 ≤ Θ2 ≤ 𝑃7(2) + 1

12288.

The exact prefixes are

𝑃6(2) = 3309559
3814209, 𝑃7(2) = 53376062902

61519376961.

Comparison of fractions gives

𝑞∗ − (𝑃7(2) + 1
12288) > 21

320, 𝑞∗ − (𝑃6(2) − 1
3072) < 1

15.

The minimum proves the lower gap for every quotient; the second inequality proves
failure of the proposed 1/15 bound at (1, 5). Multiplying the strict lower gap by positive
weights, summing over a nonempty finite set and dividing by the positive total weight
proves the assertion for weighted averages.

This theorem treats averages after the quotients are formed. Signed coefficients, cou-
pling before the quotient, and higher-rank kernels require separate arguments. For ra-
tional approximants 𝑝𝑗/𝑞𝑗 in lowest terms, with 𝑞𝑗 > 0, a sufficient arithmetic target
is

0 < 𝑞𝑗 ∣Θ2 − 𝑝𝑗/𝑞𝑗∣ ⟶ 0.
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The denominator sets the scale of the required error. Convergence alone does not
control their product. For the elementary dyadic prefixes, the available bound is only
𝑞𝑗|𝑆 − 𝑝𝑗/𝑞𝑗| ≤ 𝑁 + 2 at depth 𝑁, not a quantity tending to zero. A prescribed approx-
imation family therefore needs a sharper error or reduced-denominator bound. When
approximants may be chosen freely, continued-fraction convergents show that the cri-
terion is equivalent to irrationality, just as (8) is. The theorem above excludes the dis-
played rank-one quotients and their positive averages, not other approximation families.

B Verification and reproducibility
The verification concordance lists the formal proofs by statement. Lean links to the sup-
porting declarations; a dagger identifies a proof that assumes a named input. Comparator
links to a recorded kernel check against a separately written statement; pending means
that this comparison has not been recorded. The verification record gives the precise
correspondence, dependencies and reproducible checks. A row with only a record link
has no complete formal proof recorded. The links below identify formal declarations at
the supplied source revisions. A checked conditional implication retains its hypothesis;
the linked source alone does not establish that input for 𝜑. The record gives the available
Lean and Comparator status and does not report a new replay or independent review
of the printed proofs.
Bases and relations.

reduction of sections with residue zero; reduction of even residues; independence;
span equality; basis; independence; dimension; the exact finite-truncation rank; infinite-
dimensionality directly; coordinate specification; injective residues; unique represen-
tation; level count; section-index count; index as two plus the odd-residue count; full
index count; a nonzero evaluation determinant; an invertible minor for affine totient sec-
tions; power-multiplication identity; affine cross-gcd identity; nonzero reduction scalar;
all-base residue step; canonical spanning; span equality; rank in every base from inde-
pendence; all-base truncation rank from independence; independence in every integer
base; the rank of the retained all-base family; the rank of all sections through a finite
level.
Tail identities, residue tests and carries.

the finite-prefix and tail identity; definition; certificates for shifts 1 through 8; nonin-
tegral tail differences at the checked shifts; the integer carry recurrence and its growth
bound; residue recurrence; comparison of the two residue conditions; exact equiva-
lence; a certificate in each sufficiently late pair of multipliers; pointwise equivalence;
global equivalence; equivalence after setting depth equal to the shift; irrationality and
arbitrarily large certificates; the carry-rank lower bound under rationality; carry rank at
least 2𝑒 − 1 from independent totient sections; modular periodicity and the rank lower
bound for the same carry; forcing vanishing; geometric reduction; identity; sign; primes;
prime powers; unboundedness; exact centre decomposition; explicit error bound; sep-
aration criterion; target equivalence; endpoint nonnegativity; foreign-channel iden-
tity; five-point loss bound; simultaneous finite family; finite horizon; vanishing block;
nonzero block; centrality equivalence; equivalence of the two conditions; conditional

https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface.md
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientMahlerDefect.lean#L160
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientMahlerDefect.lean#L169
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientMahlerDefect.lean#L1265
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientMahlerDefect.lean#L1380
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientMahlerDefect.lean#L1392
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientMahlerDefect.lean#L935
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientMahlerDefect.lean#L989
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientMahlerDefect.lean#L1084
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientMahlerDefect.lean#L1145
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientMahlerDefect.lean#L1145
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientKernelIndex.lean#L124
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientKernelIndex.lean#L190
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientKernelIndex.lean#L213
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientKernelIndex.lean#L213
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientKernelIndex.lean#L241
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientKernelIndex.lean#L249
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientKernelIndex.lean#L264
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientKernelIndex.lean#L277
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientKernelIndex.lean#L277
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientMahlerDefect.lean#L823
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientMahlerDefect.lean#L882
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientMahlerDefect.lean#L882
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientKernelReduction.lean#L60
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientKernelReduction.lean#L117
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientKernelConditional.lean#L35
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/TotientKernelConditional.lean#L54
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irrationality theorem; finite complement bound; exact channel split; conditional target-
miss theorem; the periodic theorem; ∑ 𝜑(𝑛)/(2𝑛 −1) = 2; rationality and integer carries
with controlled growth; diagonal split; definition; definition of the scaled tail; the pro-
posed cyclotomic residue condition; the checked equivalence; checked conditional sup-
port/period counterexample; the checked binary-layer theorem; certificates with depth
equal to the period multiple.

Finite denominator exclusions.
exclusion; reduced-denominator form; first failure; the conditional implication;

farey gap; the denominator bound at window 240; denominator exclusion from a fi-
nite interval; the earlier denominator bound at window 120; denominator exclusion for
the coprimality probability; list; verification; certificates at every scale through 82.

Least common multiples and limits of the tested methods.
certificate completeness; tail-difference integrality; irrationality iff every tail differ-

ence is nonintegral; exact frontier; forward implication; positive tail differences; nega-
tive endpoint representative; residue near the upper endpoint; divisibility preserved by
finite combinations of shifts; the counterexample with sparse prescribed values; point-
wise; cofinal at each shift; lcm diagonal; the certificate at 𝑡 = 24 and depth 23; the cer-
tificate at 𝑡 = 26 and depth 93; actual-orbit non-integrality at both heights; certificates
beyond every threshold 𝑎0 ≤ 6; an explicit approximation error; the approximation as
an integer over 4𝑞; distance at least 1/32 from every integer; the cofinal separation hy-
pothesis; the conditional endpoint theorem; the staircase is impossible under the stated
room hypothesis; terminal-remainder identity; the limitation of fixed-precision valua-
tion data; rationality from an integral tail difference.

Möbius identities and rational approximation.
unique minimizer; uniform lower bound 21/320; lower bound 1/16; 1/15 failure;

positive weighted averages of the quotients; rational linear-form obstruction; divisor-
count layer; first gcd moment; no fixed index; the primorial divisibility; irrationality of
the Erdős–Borwein series; ∑ 𝜇(𝑛)/(2𝑛 −1) = 1/2; the squared-Mersenne expression for
the totient series; the coprimality-probability expression; the Lambert-weighted sum
over coprime positive pairs; the Stern–Brocot recursion with stopping; 𝑠 = 1; 𝑠 = 2; first
difference; second difference.

Proposed exponential-sum and prime-factor estimates.
window-separated pairs; the unproved quantitative separation condition at primes;

a positive adaptive truncation budget; 𝑆 is irrational; density hypothesis; block-gap
hypothesis; density-to-gap implication; exact squaring recurrence; iterate formula;
initial-phase normal form; initial-phase equivalence; dyadic-root obstruction; prime-
alignment implication; mixed difference; separable case; fixed-stencil uniqueness; a
four-point divisor-layer identity; a centred representative for a residue class modulo
an even modulus; eventual nontriviality and coprimality of the layers; order divisibility
with bounded extension degree; exclusion of any fixed finite prime support; unbounded
prime divisors; membership; injectivity; image equality; checked counterexample; the
exact decomposition into four prime-factor contributions; the conditional irrationality
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theorem; the four inequalities on a common block; the first-harmonic bound from those
four inequalities.

https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L577
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L577
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L543
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L549
https://github.com/wcook04/plectis-erdos/blob/99f4bf47422abbd8757cbb22b50ba079d764d3a7/Erdos249257/FirstHarmonicPivot.lean#L549


Erdős #249: the binary totient series 156

Declarations
Further background. Erick Wong posted a proof that ∑𝑛≥1(𝜑(𝑛) mod 𝑘)𝑘−𝑛 is irra-
tional for every integer 𝑘 > 2 on Mathematics Stack Exchange on 29 March 2015 [5];
there the base equals the modulus. Erdős’s 1957 criterion already gives every base (Re-
mark 1.13). TheMöbius-square form of 𝑆 and its coprimality interpretationwere posted
publicly before this record, as credited in §5.4. Kovač and Tao show that suitable sub-
sums of Lambert series in distinct integer bases can be rational [18, Theorem 2.3]; the
freedom to choose those subsums is absent for 𝑆. The Lambert-series factorisations of
Merca [17, Theorem 1.2] and of Merca and Schmidt [16] are transform background for
the Möbius–Mersenne coordinate. Balasubramanian, Giri and Srivastav prove asymp-
totics for finite shifted convolutions of divisor-convolution functions, including 𝜑(𝑛)/𝑛,
uniformly for |ℎ| ≤ 𝑥/2 at cutoff 𝑥 [19, Theorem 2.2]. Their partial-summation exten-
sion uses differentiableweightswith bounded derivative on the summation interval [19,
Rem. 2.9]. Applying that observation here would require control of the weighted error
for the present phases; no such estimate is established in this record. In the totient spe-
cialisation the divisor-convolution kernel is 𝜇(𝑑)/𝑑 and both decay exponents in their
theorem are 1, giving an 𝑂(log2 𝑥) error for the two-point product. The present quantity
is instead an exponential of a window of overlapping totient values, with a denominator
growingwith 𝐿. Partial summationwould carry the variation of its weight into the error
term; it does not remove the need to bound that variation and the resulting weighted
error. The cited results are not themselves the dyadic residue separation required by
Sep. The remaining sources are cited where their hypotheses are used.

At the generating-function level, the published height criterion of Adamczewski,
Bell and Smertnig gives 𝑘-regularity for a 𝑘-Mahler series with integer coefficients of
polynomial growth [35, Thm. 1.2(b), p. 2528]. For the totient coefficients the logarith-
mic heights are logmax(1, 𝜑(𝑛)) ≤ log𝑛 for 𝑛 ≥ 1, so Coons’s nonregularity already
rules out 𝑘-Mahler equations in every base. The later multiplicative classification of Bell
and Smertnig provides another route [32, Thm. 1.3 and p. 3]. The algebraic and 𝐷-finite
classifications of Bell, Bruin and Coons belong to the same function-level context [33,
Thms. 1.5–1.6]. They do not by themselves decide the value at 𝑧 = 1/2.

Automatic prime-sampling theorems address a different issue. Adamczewski, Dr-
mota and Müllner identify a computable local coprimality condition governing the rel-
evant logarithmic densities, with a conditional ordinary-density transfer [34, Thm. 1.4
and Rem. 1.5]. Their theorem does not assert that every output state has positive den-
sity on a prescribed prime progression, nor does it prove independence with automatic
coefficient weights. Any use for that purpose needs its own compatibility argument.

Sources and data. The evidence record lists every Lean declaration, version and check
behind the margin marks.

Verification scope. Kernel checking validates a formal proof of its stated proposition
relative to the declared axioms. It does not check that every prose summaryhas the same
hypotheses or verify the literature comparisons. In particular, a checked implication
with an unproved hypothesis is not a proof that Problem 249 is solved.

https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface.md
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https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-mob-b5
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-mob-b5-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-mob-b6
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-mob-b6-comparator
https://github.com/wcook04/plectis-erdos/blob/436f55ebdafa67e4af0fff79f621c13f2ded12bf/lean/ErdosProblems/Erdos249/PaperCompleteR20/DenominatorBounds.lean#L10
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-mob-b7a-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-mob-b7b
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-mob-b7b-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-mob-d3
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-mob-d3-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-cert-a11
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-cert-a11-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-cert-a12
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-cert-a12-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-cert-b11
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-cert-b11-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-cert-a2
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-cert-a2-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-cert-a5
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-cert-a5-comparator
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Statement Formal proof Statement Formal proof
Proposition 6.18 Lean · Comparator Theorem 6.19 Lean · Comparator

Proposition 6.21 Lean · Comparator Proposition 6.22 Lean · Comparator

Proposition 6.23 Lean · Comparator Proposition 6.24 Lean · Comparator

Proposition 6.25 Lean · Comparator Proposition 6.26 Lean · Comparator

Corollary 6.27 Lean · Comparator Proposition 6.28 Lean · Comparator

Proposition 6.30 Lean† Proposition 6.31 Lean · Comparator

Proposition 6.33 Lean · Comparator Proposition 6.34 Lean · Comparator

Proposition 6.35 Lean · Comparator Proposition 6.36 Lean · Comparator

Proposition 6.37 Lean · Comparator Proposition 6.38 Lean · Comparator

Proposition 6.39 Lean · Comparator Proposition 6.40 Lean · Comparator

Proposition 6.41 Lean · Comparator Proposition 6.42 Lean · Comparator

Proposition 6.43 Lean · Comparator Proposition 6.45 Lean · Comparator

Proposition 6.46 Lean · Comparator Theorem 6.47 Lean · Comparator

Theorem 6.48 Lean · Comparator Theorem 6.49 Lean · Comparator

Lemma 6.50 Lean · Comparator Proposition 6.51 Lean · Comparator

Theorem 6.52 Lean · Comparator Theorem 6.53 Lean · Comparator

Corollary 6.54 Lean · Comparator Proposition 6.55 Lean · Comparator

Theorem 6.56 Lean · Comparator Theorem 6.57 Lean · Comparator

Proposition 6.58 Lean · Comparator Theorem 6.59 Lean · Comparator

Theorem 6.60 Lean · Comparator Proposition 6.61 Lean · Comparator

Proposition 6.62 Lean · Comparator Proposition 6.63 Lean · Comparator

Proposition 6.64 Lean · Comparator Proposition 6.65 Lean · Comparator

Proposition 6.66 Lean · Comparator Proposition 6.67 Lean · Comparator

Proposition 6.68 Lean · Comparator Proposition 6.69 Lean · Comparator

Proposition 6.70 Lean · Comparator Proposition 6.71 Lean · Comparator

Proposition 6.72 Lean · Comparator Proposition 6.73 Lean · Comparator

Proposition 6.74 Lean · Comparator Proposition 6.75 Lean · Comparator

Proposition 6.76 Lean · Comparator Proposition 6.77 Lean · Comparator

Proposition 6.78 Lean · Comparator Proposition 6.79 Lean · Comparator

Proposition 6.80 Lean · Comparator Proposition 6.81 Lean · Comparator

Proposition 6.82 Lean · Comparator Proposition 6.83 Lean · Comparator

Proposition 6.84 Lean · Comparator Proposition 6.85 Lean · Comparator

Proposition 6.86 Lean · Comparator Proposition 6.87 Lean · Comparator

Proposition 6.88 Lean · Comparator Proposition 6.89 Lean · Comparator

Proposition 6.90 Lean · Comparator Proposition 6.91 Lean · Comparator

Proposition 6.92 Lean · Comparator Proposition 6.93 Lean · Comparator

Proposition 6.94 Lean · Comparator Proposition 6.95 Lean · Comparator

https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-cert-a6
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-cert-a6-comparator
https://github.com/wcook04/plectis-erdos/blob/436f55ebdafa67e4af0fff79f621c13f2ded12bf/lean/Erdos249257/LcmConeFlatness.lean#L316
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-cert-a7-comparator
https://github.com/wcook04/plectis-erdos/blob/436f55ebdafa67e4af0fff79f621c13f2ded12bf/lean/Erdos249257/GapFareyBound.lean#L51
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-cert-c1-comparator
https://github.com/wcook04/plectis-erdos/blob/436f55ebdafa67e4af0fff79f621c13f2ded12bf/lean/Erdos249257/CertificateKernel.lean#L5371
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-cert-d1-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-cert-d2
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-cert-d2-comparator
https://github.com/wcook04/plectis-erdos/blob/436f55ebdafa67e4af0fff79f621c13f2ded12bf/lean/Erdos249257/TotientMahlerDefect.lean#L91
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-cert-d3-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-cert-d9
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-cert-d9-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-mob-a1a
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-mob-a1a-comparator
https://github.com/wcook04/plectis-erdos/blob/436f55ebdafa67e4af0fff79f621c13f2ded12bf/lean/ErdosProblems/Erdos249/PaperCompleteR7/ArithmeticAssemblies.lean#L40
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-mob-a1b-comparator
https://github.com/wcook04/plectis-erdos/blob/436f55ebdafa67e4af0fff79f621c13f2ded12bf/lean/Erdos249257/GcdMomentCalculus.lean#L105
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-mob-a2-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-mob-a4
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-mob-a5
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-mob-a5-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-mob-a7
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-mob-a7-comparator
https://github.com/wcook04/plectis-erdos/blob/436f55ebdafa67e4af0fff79f621c13f2ded12bf/lean/Erdos249257/GcdMomentCalculus.lean#L349
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-mob-a8-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-mob-a9a
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-mob-a9a-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-mob-a9b
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-mob-a9b-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-mob-b1
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-mob-b1-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-mob-b2
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-1.md#catalogue-mob-b2-comparator
https://github.com/wcook04/plectis-erdos/blob/436f55ebdafa67e4af0fff79f621c13f2ded12bf/lean/ErdosProblems/Erdos249/PaperCompleteR20/RadicalDecomposition.lean#L50
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-mob-b3-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-mob-b4
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-mob-b4-comparator
https://github.com/wcook04/plectis-erdos/blob/436f55ebdafa67e4af0fff79f621c13f2ded12bf/lean/Erdos249257/PrimePowerJumpDynamics.lean#L281
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-mob-b8a-comparator
https://github.com/wcook04/plectis-erdos/blob/436f55ebdafa67e4af0fff79f621c13f2ded12bf/lean/Erdos249257/PrimePowerJumpDynamics.lean#L310
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-mob-b8b-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-cert-d7
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-cert-d7-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-mob-e3
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-mob-e3-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-mob-f1
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-mob-f1-comparator
https://github.com/wcook04/plectis-erdos/blob/436f55ebdafa67e4af0fff79f621c13f2ded12bf/lean/Erdos249257/LcmConeFlatness.lean#L412
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-cert-a10-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-cert-b2
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-cert-b2-comparator
https://github.com/wcook04/plectis-erdos/blob/436f55ebdafa67e4af0fff79f621c13f2ded12bf/lean/Erdos249257/LcmConeFlatness.lean#L426
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-cert-b3-comparator
https://github.com/wcook04/plectis-erdos/blob/436f55ebdafa67e4af0fff79f621c13f2ded12bf/lean/Erdos249257/LcmDiagonalReduction.lean#L137
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-cert-b4-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-cert-b5
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-cert-b5-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-cert-b6
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-cert-b6-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-cert-b7
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-cert-b7-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-cert-b8
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-cert-b8-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-cert-b9a
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-cert-b9a-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-cert-b10a
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-cert-b10a-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-cert-b10b
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-cert-b10b-comparator
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-cert-b12
https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos249-totient-reasoning-surface/section-6-2.md#catalogue-cert-b12-comparator
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