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ABSTRACT

We study rational reciprocal sums with 𝑎𝑛+1/𝑎2𝑛 → 1. Integer finite differences exclude
nonintegral regular rates and reduce the cubic rate to a polynomial. A square condition in
the cubic field and congruencesmodulo seven then prove irrationality. For general rational
tails, we derive Sylvester recurrence criteria from persistent divisors, bounded numerator
increases and weighted crossings of new maxima. We describe the arithmetic estimates
still needed for Erdős Problem #243.

1 Introduction
Sylvester’s sequence 2, 3, 7, 43, 1807,… has reciprocal sum 1. Its recurrence 𝑎𝑛 = 𝑎2𝑛−1 −
𝑎𝑛−1 + 1 gives the telescoping identity

1
𝑎𝑛−1 − 1 = 1

𝑎𝑛−1
+ 1

𝑎𝑛 − 1.

The tail beginning with 1/𝑎𝑛−1 therefore equals 1/(𝑎𝑛−1 − 1). Erdős Problem #243 asks
whether every rational reciprocal sum with 𝑎𝑛 ∼ 𝑎2𝑛−1 must eventually have this form:

Problem 1.1 (Erdős #243). Let 1 ≤ 𝑎1 < 𝑎2 < ⋯ be a sequence of integers with

lim𝑛→∞
𝑎𝑛

𝑎2𝑛−1
= 1 and ∑ 1

𝑎𝑛
∈ ℚ.

Then 𝑎𝑛 = 𝑎2𝑛−1 − 𝑎𝑛−1 + 1 for all sufficiently large 𝑛.

See [5, p. 64] and [6, p. 105]. Bloom’s catalogue, accessed 28 July 2026, lists the problem
as open [13]. Below we index the same recurrence as 𝑎𝑛+1 = 𝑎2𝑛 − 𝑎𝑛 + 1, which is the
shift the formal sources use; the two forms are the same statement. The polynomial
𝑎2 − 𝑎 + 1 is called the Sylvester successor.

Clearing a rational reciprocal tail gives positive integers 𝐶𝑛, 𝐷𝑛 with 𝐶𝑛+1 = 𝑎𝑛𝐶𝑛 −
𝐷𝑛 and 𝐷𝑛+1 = 𝑎𝑛𝐷𝑛. The first update can also be written 𝐶𝑛+1 = 𝐶𝑛 − 𝐸𝑛, where
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Reciprocal sums: further results and proofs 2

𝐸𝑛 = 𝐷𝑛 − (𝑎𝑛 − 1)𝐶𝑛. Quadratic growth makes 𝐸𝑛/𝐶𝑛 → 0. The eventual Sylvester
recurrence follows once the integer error itself vanishes.

There are two ways to use this integer numerator. At a precise regular rate it grows,
but a high finite difference tends to zero and must vanish. The resulting polynomial is
then tested against the denominator recurrence. With bounded upward steps, a differ-
ent argument applies: a stable common divisor gives reduced tails, whose numerators
avoid every earlier multiplier. The Chinese remainder theorem produces a block that
bounded rises cannot cross, regardless of intervening decreases. Neither argument re-
places the denominator recurrence by a scalar growth estimate.

Section 2 proves cubic and nonintegral-rate irrationality: these rates exclude the
eventual Sylvester recurrence. The general question remains open. After the literature
comparison in Section 3, Sections 4–5 develop integer tails and zero-error identities for
the subsequent criteria.

The later criteria use two distinct normalisations. Section 6 clears tails with an LCM:
common numerator factors remain, so congruences forbid short crossings rather than
numerator values. Section 7 reduces to lowest terms, where cancellation can remove a
prime that persists in the LCM. That argument must track the prime powers which sur-
vive. Sections 9–10 treat constant and periodic errors; Sections 11–12 prove the bounded-
increase criterion, and Section 13 treats scalar summability. Section 14 separates open
estimates from countermodels to weakened hypotheses. The appendices give formal
sources, the finite residue calculation and a result map.

Weuse 𝑧+ = max(𝑧, 0). Deleting a finite prefix is harmless for an eventual recurrence,
but not for the coefficients in a higher-order rate. In particular, the index 𝑛 in 1 + 3/𝑛 +
𝑜(𝑛−3) is kept fixed throughout the cubic proof. The recurrence sections also use zero-
based indexing, with that convention statedwhere the integer sequences are introduced.

Keywords. irrationality; Ahmes series; Sylvester’s sequence; unit fractions; Lean 4.
MSC 2020. 11J72 (primary); 11B37, 11D68, 68V20 (secondary).

2 Irrationality at the cubic rate
A sufficiently precise rate constrains an integer tail more strongly than the quadratic
limit alone. At rate 1 + 3/𝑛 + 𝑜(𝑛−3), its numerator must eventually be cubic. The
denominator recurrence will exclude every possible cubic. For the prefix product
𝑃𝑛 = ∏1≤𝑘<𝑛 𝑎𝑘, the increments of 𝑃𝑛/𝑎𝑛 grow like a positive multiple of 𝑛2, so the
bounded-increase criterion later in the paper does not apply. The eventual Sylvester
recurrence gives deviation 𝑂(1/𝑎𝑛) and is also excluded by this rate.

Theorem 2.1 (cubic-rate irrationality). If strictly increasing positive integers satisfy
𝑎2𝑛/𝑎𝑛+1 = 1 + 3/𝑛 + 𝑜(𝑛−3), then ∑𝑛 1/𝑎𝑛 is irrational.

The same extraction argument rules out nonintegral regular rates above one. These
require no number-field calculation.

Theorem 2.2 (nonintegral regular-rate irrationality). Let 𝜆 > 1 be a real number that is
not an integer. If strictly increasing positive integers satisfy 𝑎2𝑛/𝑎𝑛+1 = 1+𝜆/𝑛+ 𝑜(𝑛−𝜆), then
∑𝑛 1/𝑎𝑛 is irrational.
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The zero-indexed Lean theorem also derives convergence of the reciprocal series
from the rate.

The rates retain their stated indices throughout. Appendix A gives the finite-prefix
construction relating these one-based statements to the zero-based formal statements
without changing the rate’s error term.

For a concrete sequence satisfying the hypothesis, take

𝑎1 = 8, 𝑎𝑛+1 = ⌈
𝑛𝑎2𝑛
𝑛 + 3⌉ (𝑛 ≥ 1).

It begins 8, 16, 103, 5305,…. The inequality 𝑎𝑛+1 ≥ 𝑎2𝑛/4 gives 𝑎𝑛 ≥ 4 ⋅ 22𝑛−1 ≥ 8 by
induction. Hence 𝑎𝑛+1 ≥ 𝑎2𝑛/4 ≥ 2𝑎𝑛, so the sequence is strictly increasing. Rounding
upwards gives

0 ≤ 1 + 3
𝑛 − 𝑎2𝑛

𝑎𝑛+1
< 16

𝑎2𝑛
= 𝑜(𝑛−3).

Thus its reciprocal sum is irrational. Lemma 2.11 will turn the rate assumption into an
eventual rising-factorial cubic for the integer tail numerator. We first prove the arith-
metic obstruction that rules out this cubic using only the exact integer recurrences.

Theorem 2.3 (rising-factorial cubic exclusion). Let 𝑎, 𝐶,𝐷 ∶ ℕ → ℤ>0 satisfy

𝐶𝑛+1 = 𝑎𝑛𝐶𝑛 −𝐷𝑛, 𝐷𝑛+1 = 𝑎𝑛𝐷𝑛. (1)

Then for every 𝐴 ∈ ℚ>0 and every 𝐵 ∈ ℚ,

lim inf
𝑋→∞

#{𝑛 ≤ 𝑋 ∶ 𝐶𝑛 ≠ 𝐴𝑛(𝑛 + 1)(𝑛 + 2) + 𝐵}
𝑋 > 0.

In particular no such orbit satisfies 𝐶𝑛 = 𝐴𝑛(𝑛 + 1)(𝑛 + 2) + 𝐵 for all large 𝑛.

The short paper needs only to exclude eventual equality with a cubic of this form.
Here we prove more: the disagreement set has positive lower density. The bound may
depend on the orbit and the cubic; no uniform numerical constant is claimed.

Lower density zero does not give eventual agreement, but leaves arbitrarily late in-
tact four-term blocks. Their third differences bound 𝐺𝑛 = gcd(𝐶𝑛, 𝐷𝑛), stabilising the
divisibility chain. Dividing out its limit leaves 𝑚𝑛(𝑛 + 1)(𝑛 + 2)/6 + 𝑐, with 𝑚 > 0 in-
tegral and 𝑐 = ±1. A vanishing middle numerator modulo a prime forces the negative
product of its neighbours to be a square. This condition at every root modulo almost
every prime yields a square in the cubic field; traces give 𝑚 = 12, and four-term blocks
modulo seven exclude both signs.

The density assertion comes from the same finite tests. A failed test recurs on an
arithmetic progression, and each occurrence forces a disagreement in a window of
bounded length. The next lemma counts those disagreements. After proving the arith-
metic exclusion, we return to the rate assumption in Lemma 2.11.

https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/PaperCompleteR21/NonintegralRegularRate.lean#L196
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The integer tail numerator. Suppose ∑𝑛≥1 1/𝑎𝑛 = 𝑝/𝑞 with positive integers 𝑝, 𝑞, and
write 𝑥𝑛 = ∑𝑘≥𝑛 1/𝑎𝑘 for the tail. Put

𝐷𝑛 = 𝑞 ∏
1≤𝑘<𝑛

𝑎𝑘, 𝐶𝑛 = 𝐷𝑛𝑥𝑛.

Then 𝐷𝑛 is a positive integer, and

𝐶𝑛 = 𝐷𝑛(
𝑝
𝑞 − ∑

1≤𝑘<𝑛

1
𝑎𝑘

) = 𝑝 ∏
1≤𝑘<𝑛

𝑎𝑘 − 𝑞 ∑
1≤𝑘<𝑛

∏
1≤𝑗<𝑛
𝑗≠𝑘

𝑎𝑗

is a positive integer as well. From 𝑥𝑛 = 1/𝑎𝑛 + 𝑥𝑛+1,

𝐶𝑛+1 = 𝐷𝑛+1𝑥𝑛+1 = 𝑎𝑛𝐷𝑛(𝑥𝑛 − 1
𝑎𝑛

) = 𝑎𝑛𝐶𝑛 −𝐷𝑛, 𝐷𝑛+1 = 𝑎𝑛𝐷𝑛,

which is (1). These are the unreduced tail variables of Koizumi’s Lemma 4 [12, pp. 11–
12], up to a common positive factor. Lemma 2.12 uses this unreduced numerator: reduc-
ing each tail separately would introduce varying cancellation factors into the ratio and
obscure the prescribed rate. Section 4 constructs these variables together with the error
𝐸𝑛 = 𝐷𝑛−(𝑎𝑛−1)𝐶𝑛, which this section does not need. The subsequent cubic exclusion
uses only these integer recurrences; it does not assume a reciprocal sum. To apply its
zero-based statement without shifting the rate hypothesis, adjoin 𝑎0 = 1, 𝐷0 = 𝑞 and
𝐶0 = 𝑝 + 𝑞. The recurrences at 0 then give 𝐷1 = 𝑞 and 𝐶1 = 𝑝, while every original in-
dex 𝑛 ≥ 1 is unchanged. The auxiliary term 𝑎0 need not satisfy the increasing-sequence
hypothesis of the irrationality theorem: the exclusion requires only positive multipliers.

2.1 Reduction and lower density
For𝑆 ⊆ ℕwrite 𝑑(𝑆) = lim inf𝑋 #(𝑆∩[1, 𝑋])/𝑋. Thus 𝑑(𝑆) = 0 gives cutoffs alongwhich
the exceptional proportion tends to zero, not eventual agreement. We cannot replace 𝐶𝑛
by its proposed polynomial at arbitrary indices; the following lemma supplies the finite
windows where such a replacement is valid. For a sequence 𝐹, let Δ𝐹𝑛 = 𝐹𝑛+1 − 𝐹𝑛;
higher powers of Δ mean repeated forward differences. This operator is distinct from
the later indexed quantity Δ𝑛, the Sylvester defect.

Lemma 2.4 (periodic obstruction principle). Let ℎ, 𝐿 be positive integers and let 𝑗1,… , 𝑗𝐿 be
fixed integer offsets. Suppose that for every sufficiently large 𝑛 in one residue class modulo ℎ at
least one of 𝑛 + 𝑗1,… , 𝑛 + 𝑗𝐿 lies in 𝑆. Then 𝑑(𝑆) ≥ 1/(𝐿ℎ).

Proof. There are𝑋/ℎ+𝑂(1) relevant starting indices below𝑋. Their witnesses lie below
𝑋 + 𝑂(1) because the offsets are fixed, and each element of 𝑆 serves as a witness for at
most 𝐿 starting indices. Hence 𝐿#(𝑆 ∩ [1, 𝑋]) ≥ 𝑋/ℎ − 𝑂(1), which gives the claimed
lower density.

Fix 𝐴 ∈ ℚ>0, 𝐵 ∈ ℚ, and suppose for contradiction that

𝑃(𝑛) = 𝐴𝑛(𝑛 + 1)(𝑛 + 2) + 𝐵, 𝑆 = {𝑛 ∶ 𝐶𝑛 ≠ 𝑃(𝑛)}, 𝑑(𝑆) = 0.

We retain this assumption through Section 2.4.
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Lemma 2.5 (gcd stabilisation and the reduced polynomial). Write 𝐺𝑛 = gcd(𝐶𝑛, 𝐷𝑛).
Then 6𝐴 is a positive integer, 𝐺𝑛 divides 6𝐴 for every 𝑛, and 𝐺𝑛 is eventually equal to a positive
integer 𝑔. On the tail where 𝐺𝑛 = 𝑔, put 𝑢𝑛 = 𝐶𝑛/𝑔, 𝑣𝑛 = 𝐷𝑛/𝑔 and 𝑄(𝑛) = 𝑃(𝑛)/𝑔. Then

𝑢𝑛+1 = 𝑎𝑛𝑢𝑛 − 𝑣𝑛, 𝑣𝑛+1 = 𝑎𝑛𝑣𝑛, gcd(𝑢𝑛, 𝑣𝑛) = 1, gcd(𝑢𝑛, 𝑢𝑛+1) = 1, (2)

and there are 𝑚 ∈ ℤ>0 and 𝑐 ∈ {−1, 1} with

𝑄(𝑛) = 𝑚
6 𝑛(𝑛 + 1)(𝑛 + 2) + 𝑐. (3)

Proof. Equation (1) gives 𝐺𝑛 ∣ 𝐺𝑛+1 and 𝐺𝑛 ∣ 𝐶𝑡 for every 𝑡 ≥ 𝑛. Since 𝑑(𝑆) = 0, beyond
every threshold there is a block of four consecutive indices disjoint from 𝑆: otherwise
every block of four would meet 𝑆 and 𝑑(𝑆) ≥ 1/4. On such a block Δ3𝐶𝑡 = Δ3𝑃(𝑡) = 6𝐴,
and𝐺𝑛 divides each of the four values, hence divides 6𝐴. So 6𝐴 is a positive integer and
the divisibility chain (𝐺𝑛) is bounded and stabilises at some 𝑔.

On the primitive tail, gcd(𝑢𝑛, 𝑣𝑛) = 1 by construction, and a prime dividing 𝑢𝑛 and
𝑢𝑛+1 would divide 𝑣𝑛 = 𝑎𝑛𝑢𝑛 − 𝑢𝑛+1, which gives gcd(𝑢𝑛, 𝑢𝑛+1) = 1.

Since 𝑔 ∣ 6𝐴, the number 𝑚 ∶= 6𝐴/𝑔 is a positive integer. Put 𝑐 = 𝐵/𝑔, so

𝑄(𝑛) = 𝑚(𝑛 + 2
3 ) + 𝑐.

Choose any sufficiently late 𝑛 ∉ 𝑆. Then 𝑄(𝑛) = 𝑢𝑛 ∈ ℤ, and the binomial term is an
integer, so 𝑐 ∈ ℤ. This proves (3) with 𝑐 ∈ ℤ. It also shows that 𝑄 is integer-valued:
its values at integer arguments are integers, even though its coefficients need not all be
integers.

It remains to exclude 𝑐 = 0 and every 𝑐with a prime factor. Let ℓ be a prime dividing
𝑐, or any prime if 𝑐 = 0. For 𝑛 ≡ −1 (mod 6ℓ), write 𝑛 + 1 = 6ℓ𝑘; then
𝑛(𝑛 + 1)(𝑛 + 2)

6 = ℓ𝑘(6ℓ𝑘 − 1)(6ℓ𝑘 + 1), (𝑛 + 1)(𝑛 + 2)(𝑛 + 3)
6 = ℓ𝑘(𝑛 + 2)(𝑛 + 3),

so ℓ divides both 𝑄(𝑛) and 𝑄(𝑛 + 1). Agreement at both indices would give ℓ ∣
gcd(𝑢𝑛, 𝑢𝑛+1) = 1. Hence one of 𝑛, 𝑛 + 1 lies in 𝑆 for every late 𝑛 ≡ −1 (mod 6ℓ),
and Lemma 2.4 with 𝐿 = 2, ℎ = 6ℓ gives 𝑑(𝑆) ≥ 1/(12ℓ). This contradiction leaves
𝑐 = ±1.

Lemma 2.6 (coprimality and irreducibility). On the primitive tail, gcd(𝑎𝑛, 𝑣𝑛) = 1, the
multipliers at distinct indices are pairwise coprime, infinitely many of them exceed 1, and the
cubic 𝑄𝑚,𝑐 of (3) is irreducible over ℚ.

Proof. A prime dividing 𝑎𝑛 and 𝑣𝑛 would divide 𝑢𝑛+1 and 𝑣𝑛+1, against
gcd(𝑢𝑛+1, 𝑣𝑛+1) = 1; and every earlier multiplier divides every later 𝑣𝑛, so distinct
multipliers are coprime. If 𝑎𝑛 = 1 for all large 𝑛 then 𝑣𝑛 is eventually a positive constant
and 𝑢𝑛+1 = 𝑢𝑛 − 𝑣𝑛 decreases without bound, against positivity. So infinitely many
distinct primes divide late multipliers.

Suppose 𝑄𝑚,𝑐 had a rational root. Choose a prime ℓ ∤ 6𝑚 dividing a late multiplier
𝑎𝑁 , large enough that the root reduces modulo ℓ. Then𝑄𝑚,𝑐 vanishes modulo ℓ on a full
residue class, while ℓ ∣ 𝑣𝑛 and therefore ℓ ∤ 𝑢𝑛 for every 𝑛 > 𝑁. Agreement at any late
index of that class is impossible, and Lemma 2.4 with 𝐿 = 1, ℎ = ℓ gives 𝑑(𝑆) ≥ 1/ℓ.
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2.2 Square specialisation
For the proposed cubic 𝑓 (𝑇) = 𝑇3 − 𝑇 + 6𝑐/𝑚, the recurrence will force 𝑟2 − 1 to be
a square whenever 𝑟 is a root modulo a good prime. We need the same conclusion
for an algebraic root 𝛼 in ℚ(𝛼). The issue is that a putative square root could lie in a
quadratic extension of this field. Its nontrivial automorphism would fix 𝛼 and change
the sign of the square root. Chebotarev supplies a prime with exactly that behaviour,
contradicting the finite-field condition. The following lemma isolates this passage; in
the cubic application we take 𝐻(𝑇) = 𝑇2 − 1.

Lemma 2.7 (square specialisation). Let 𝑓 ∈ ℚ[𝑇] be irreducible with root 𝛼, and let 𝐻 ∈
ℚ[𝑇] satisfy 𝐻(𝛼) ≠ 0. If for all but finitely many primes ℓ every root 𝑟 ∈ 𝔽ℓ of the reduction
of 𝑓 has 𝐻(𝑟) a square in 𝔽×

ℓ , then 𝐻(𝛼) is a square in ℚ(𝛼)×.

Proof. Suppose that 𝐻(𝛼) is a nonsquare in 𝐾 = ℚ(𝛼), and choose 𝛽 with 𝛽2 = 𝐻(𝛼).
The nontrivial automorphism of the quadratic extension 𝐾(𝛽)/𝐾 extends to an element
𝜎 ∈ Gal(𝐿/𝐾) for a finite Galois extension 𝐿/ℚ containing 𝐾(𝛽). In particular 𝜎𝛼 = 𝛼
and 𝜎𝛽 = −𝛽.

By Chebotarev’s density theorem in the form stated by Stevenhagen and Lenstra
[10, §3, p. 15], infinitely many unramified rational primes have Frobenius conjugate to
𝜎 . Only infinitude is needed. We discard the exceptional primes in the hypothesis and
the finitely many primes at which coefficients, 𝛼 or 𝛽 have denominators, together with
2 and the primes at which 𝛽 reduces to zero. Above each remaining prime ℓ, choose a
prime of 𝐿 whose Frobenius is 𝜎 . Its residue field then satisfies

𝛼 ℓ = 𝛼, 𝛽
ℓ
= −𝛽 ≠ 𝛽.

Thus 𝛼 ∈ 𝔽ℓ is a root of the reduction of 𝑓 . Neither of the two roots ±𝛽 of 𝑋2 − 𝐻(𝛼) is
fixed by Frobenius, so neither belongs to 𝔽ℓ. Hence 𝐻(𝛼) is a nonsquare there, contra-
dicting the hypothesis.

An alternative proof of Lemma 2.7 uses zeta functions. A nonsquare algebraic inte-
ger 𝑏 in a number field 𝐾 is nonsquare modulo infinitely many degree-one primes of 𝐾.
The underlying zeta-function argument first gives zero or a nonsquare. The zero case is
excluded beyond the prime divisors of the nonzero constant coefficient of the minimal
polynomial of 𝑏. If 𝐻(𝛼) is not a square in 𝐾 = ℚ(𝛼), this applies to 𝑏 = 𝑚2𝐻(𝛼), where
the nonzero integer𝑚makes 𝑏 an algebraic integer, and the residuemap at such a prime,
of norm ℓ, sends 𝛼 to a root 𝑟 ∈ 𝔽ℓ of the reduction of 𝑓 at which 𝐻(𝑟) is a nonsquare.
The prime-reduction argument (nonsquares modulo primes) is proved from the simple
pole of the Dedekind zeta function at 𝑠 = 1, which is in Mathlib. If 𝑏 were a nonzero
square modulo all but finitely many primes of degree one, these primes would split in
𝐾(√𝑏), and for real 𝑠 > 1 near 1 the zeta function of 𝐾(√𝑏) would be at least a positive
constant times the square of the zeta function of 𝐾, which the two simple poles forbid.

Both arguments use the condition at every root for all but finitely many primes. Test-
ing finitely many primes supplies no such condition. The zeta-function argument is the
one used in the linked formal proof.

https://github.com/wcook04/plectis-erdos/blob/e21782a3e5edf1d7e2e7bfca67341356dacfc042/lean/ErdosProblems/Shared/NonsquareModuloPrimes.lean#L160-L192
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Proposition 2.8 (the square forced by the numerator recurrence). Write 𝜅 = 𝑚/6 and
𝜂 = 6𝑐/𝑚, so that 𝑄𝑚,𝑐(𝑛) = 𝜅𝑓 (𝑛 + 1) for 𝑓 (𝑇) = 𝑇3 − 𝑇 + 𝜂. Then 𝛼2 − 1 is a square in
ℚ(𝛼)× for a root 𝛼 of 𝑓 .

Proof. Eliminating 𝑣𝑛 from (2) gives

𝑢𝑛+2 = (𝑎𝑛 + 𝑎𝑛+1)𝑢𝑛+1 − 𝑎2𝑛𝑢𝑛. (4)

Let ℓ be a prime and 𝑘 an index with ℓ ∣ 𝑢𝑘. Reading (4) at 𝑛 = 𝑘 − 1 modulo ℓ gives
𝑢𝑘+1 ≡ −𝑎2𝑘−1𝑢𝑘−1, hence

−𝑢𝑘−1𝑢𝑘+1 ≡ (𝑎𝑘−1𝑢𝑘−1)2 (mod ℓ), (5)

so −𝑢𝑘−1𝑢𝑘+1 is a square modulo ℓ.
Let ℓ ∤ 6𝑚 and let 𝑟 ∈ 𝔽ℓ be a root of 𝑓 . Then 𝑟 ≠ 0 and 𝑟 ≠ ±1, since 𝑓 (0) = 𝜂 ≠ 0

and 𝑓 (±1) = 𝜂. Using 𝜂 = 𝑟 − 𝑟3,

𝑓 (𝑟 − 1) = −3𝑟(𝑟 − 1), 𝑓 (𝑟 + 1) = 3𝑟(𝑟 + 1),

so at an index 𝑘 ≡ 𝑟 − 1 (mod ℓ) we may reduce the polynomial values in 𝔽ℓ. All
equalities in the following calculation are in that field: 𝑄(𝑘) = 0,𝑄(𝑘−1) = −3𝜅𝑟(𝑟−1),
𝑄(𝑘 + 1) = 3𝜅𝑟(𝑟 + 1), and

−𝑄(𝑘 − 1)𝑄(𝑘 + 1) = 9𝜅2𝑟2(𝑟2 − 1). (6)

If 𝑟2 − 1 were a nonsquare modulo ℓ, then so would be the right side of (6), because
9𝜅2𝑟2 is a nonzero square; agreement at all three of 𝑘 − 1, 𝑘, 𝑘 + 1 would then contradict
(5). That prohibition recurs at every index of the class 𝑟 − 1 modulo ℓ, and Lemma 2.4
with 𝐿 = 3, ℎ = ℓ would give 𝑑(𝑆) ≥ 1/(3ℓ). So 𝑟2 − 1 is a square in 𝔽×

ℓ at every root of
every good reduction, and Lemma 2.7 applies with 𝐻(𝑇) = 𝑇2 − 1.

2.3 The square condition forces 𝑚 = 12
Lemma 2.9 (classification of the scales). Let 𝑚 be a positive integer, let 𝑐 ∈ {−1, 1} and
𝜂 = 6𝑐/𝑚, and suppose 𝑇3 − 𝑇 + 𝜂 is irreducible over ℚ with a root 𝛼 such that 𝛼2 − 1 is a
square in ℚ(𝛼)×. Then 𝑚 = 12.

Proof. Choose 𝛽 ∈ ℚ(𝛼) with 𝛽2 = 𝛼2 − 1. The identity (𝛼 + 𝛽)(𝛼 − 𝛽) = 1 gives a
reciprocal pair in the cubic field. Taking 𝑧 = 𝛼 + 𝛽, we obtain

𝑧−1 = 𝛼 − 𝛽, 𝛼 = 1
2(𝑧 + 𝑧−1), (7)

and 𝑧 generates ℚ(𝛼). Write its minimal polynomial as 𝑝(𝑍) = 𝑍3 + 𝑏𝑍2 + 𝑑𝑍 + 𝑤 with
𝑏, 𝑑, 𝑤 ∈ ℚ and 𝑤 ≠ 0. The minimal polynomial of 𝑧−1 is

𝑍3𝑝(𝑍−1)
𝑤 = 𝑍3 + 𝑑

𝑤𝑍2 + 𝑏
𝑤𝑍 + 1

𝑤.

Thus Newton’s identities apply directly to both 𝑧 and its inverse. We use the first two
traces of 𝛼 to restrict these coefficients, then the third trace to impose 𝜂 = 6𝑐/𝑚. All
traces below are from ℚ(𝛼) to ℚ. The polynomial 𝑇3 − 𝑇 + 𝜂 gives

Tr 𝛼 = 0, Tr 𝛼2 = 2, Tr 𝛼3 = −3𝜂. (8)
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Newton’s identities give Tr 𝑧 = −𝑏 and Tr 𝑧−1 = −𝑑/𝑤, so the first equation in (8) and
(7) give

𝑑 = −𝑏𝑤. (9)

For the second trace, Newton’s identities and 𝑑 = −𝑏𝑤 give

Tr 𝑧2 = 𝑏2 + 2𝑏𝑤, Tr 𝑧−2 = 𝑏2 − 2𝑏/𝑤.

Since the trace of 1 is 3, squaring (7) yields 4Tr 𝛼2 = Tr 𝑧2 + 6 + Tr 𝑧−2. Substituting
Tr 𝛼2 = 2 gives 𝑏2 + 𝑏(𝑤 − 𝑤−1) = 1. Multiplication by 𝑤 factors this equation:

(𝑏𝑤 − 1)(𝑏 + 𝑤) = 0. (10)

For the third trace, the same identities give

Tr 𝑧3 = −𝑏3 − 3𝑏2𝑤 − 3𝑤,
Tr 𝑧−3 = 𝑏3 − 3𝑏2/𝑤 − 3/𝑤.

The cross terms in (𝑧 + 𝑧−1)3 have trace 3(Tr 𝑧 + Tr 𝑧−1) = 0 by (9). Thus 8Tr 𝛼3 =
Tr 𝑧3 + Tr 𝑧−3. Using Tr 𝛼3 = −3𝜂 now gives

𝜂 = (𝑏2 + 1)(𝑤 + 𝑤−1)
8 . (11)

By (10), either 𝑏 = −𝑤 or 𝑏 = 𝑤−1, and (11) becomes

𝜂 = (𝑤2 + 1)2
8𝑤 or 𝜂 = (𝑤2 + 1)2

8𝑤3 .

Write 𝑤 = 𝑟/𝑠 with 𝑟 ∈ ℤ \ {0}, 𝑠 ∈ ℤ>0 and gcd(𝑟, 𝑠) = 1. Since 𝜂 = 6𝑐/𝑚,

𝑚 = 48𝑐 𝑟𝑠3

(𝑟2 + 𝑠2)2
or 𝑚 = 48𝑐 𝑟3𝑠

(𝑟2 + 𝑠2)2
. (12)

Now gcd(𝑟2 + 𝑠2, 𝑟𝑠) = 1, so integrality of 𝑚 and |𝑐| = 1 force (𝑟2 + 𝑠2)2 ∣ 48, hence
𝑟2+𝑠2 ∈ {1, 2, 4}. With 𝑟 ≠ 0 and 𝑠 ≥ 1 the value 1 is too small, and 4 is not a sum of two
nonzero squares, so 𝑟2 + 𝑠2 = 2 and |𝑟| = 𝑠 = 1. Then (12) gives 𝑚 = 12𝑐𝑟, and 𝑚 > 0
gives 𝑚 = 12.

The square condition leaves the two possible cubics

𝑄12,±1(𝑛) = 2𝑛(𝑛 + 1)(𝑛 + 2) ± 1. (13)

The square condition uses three consecutive numerators. The last step also uses the
preceding denominator update, so it tests four consecutive numerators instead.
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2.4 The two remaining cubics fail modulo seven
Lemma 2.10 (two incompatible four-term residue patterns). For 𝑄12,1, every sufficiently
late four-index window beginning at 𝑛 ≡ 0 (mod 7) contains an exceptional index. For𝑄12,−1,
the same holds for windows beginning at 𝑛 ≡ 1 (mod 7). In either case, 𝑑(𝑆) ≥ 1/7. The
specified starting residue classes are part of the assertion; no claim is made for every block of four
consecutive indices.

Proof. Reduce modulo 7. For 𝑐 = 1 the values of 𝑄12,1 at 𝑛 = 0, 1, 2, 3 are 1, 13, 49, 121,
that is

(1, 6, 0, 2), (14)

and for 𝑐 = −1 the values at 𝑛 = 1, 2, 3, 4 are 11, 47, 119, 239, that is

(4, 5, 0, 1). (15)

Each four-term pattern recurs with period 7.
Index a proposed occurrence locally by 0, 1, 2, 3, and use 𝑎𝑖 for the multiplier at local

index 𝑖. Let (𝑐0, 𝑐1, 0, 𝑐3) be the residues of 𝑢 and (𝑑0, 𝑑1, 𝑑2, 𝑑3) those of 𝑣. Thus 𝑐𝑖+1 =
𝑎𝑖𝑐𝑖 − 𝑑𝑖 and 𝑑𝑖+1 = 𝑎𝑖𝑑𝑖 modulo 7. The middle zero gives 𝑎1𝑐1 = 𝑑1, then 𝑑2 = 𝑎1𝑑1 and
𝑐3 = −𝑑2, so

𝑑21 = 𝑐1 𝑎1𝑑1 = 𝑐1𝑑2 = −𝑐1𝑐3. (16)

For (14) this is −6 ⋅ 2 = 2, and for (15) it is −5 ⋅ 1 = 2. The square roots of 2 modulo 7
are 3 and 4, so 𝑑1 ∈ {3, 4} in both cases.

The first step gives 𝑎0 = (𝑐1+𝑑0)/𝑐0 andhence 𝑑1 = 𝑑0(𝑑0+𝑐1)/𝑐0, which is legitimate
because 𝑐0 ∈ {1, 4} is invertible. For (14) this is 𝑑1 = 𝑑0(𝑑0 + 6), with values

(0, 0, 2, 6, 5, 6, 2) at 𝑑0 = 0, 1,… , 6,

and for (15) it is 𝑑1 = 2𝑑0(𝑑0 + 5), with values

(0, 5, 0, 6, 2, 2, 6).

The incompatibility also follows without enumerating 𝑑0. Completing the square gives

𝑑1 + 2 = (𝑑0 + 3)2 (𝑐 = 1), 𝑑1 + 2 = 2(𝑑0 − 1)2 (𝑐 = −1).

Since 2 is a square modulo 7, either update makes 𝑑1 + 2 a square. The required values
𝑑1 = 3, 4 instead give the nonsquares 5, 6. The two displayed lists provide the same
exhaustive check: both images are {0, 2, 5, 6}, disjoint from {3, 4}.

Hence every sufficiently late window [7𝑘, 7𝑘 + 3] for the plus profile, and every suf-
ficiently late window [1 + 7𝑘, 4 + 7𝑘] for the minus profile, contains an element of 𝑆.
Windows within each family are pairwise disjoint. There are 𝑋/7+𝑂(1) such windows
contained in [0, 𝑋], so choosing one exceptional index in each gives #(𝑆 ∩ [0, 𝑋]) ≥
𝑋/7 − 𝑂(1) and therefore 𝑑(𝑆) ≥ 1/7. This stronger local bound is not promoted to a
uniform lower bound for arbitrary cubic profiles.
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Proof of Theorem 2.3. Assume 𝑑(𝑆) = 0. Lemmas 2.5 and 2.6 put the primitive tail in
the shape (3) with 𝑐 = ±1 and 𝑄𝑚,𝑐 irreducible. Each excluded branch already contra-
dicts the assumption by producing a positive, branch-dependent lower density, namely
1/(12ℓ) or 1/ℓ for the relevant prime ℓ. Proposition 2.8 and Lemma 2.9 force𝑚 = 12, and
Lemma 2.10 then gives 𝑑(𝑆) ≥ 1/7, the final contradiction.

The two densities play different roles. If the field element is not a square, Cheb-
otarev supplies one witnessing prime; its periodic obstruction gives a positive density
of disagreement indices. No lower bound uniform over cubic profiles is needed.

2.5 Polynomial extraction at a regular rate
It remains to connect the arithmetic exclusionwith an asymptotic rate. For the cubic rate,
the natural comparison is 𝑛(𝑛+1)(𝑛+2); its successive ratio is exactly 1+3/𝑛. For a real
parameter 𝜆 > 1, the corresponding comparison sequence is Γ(𝑛 + 𝜆)/Γ(𝑛), with ratio
1 + 𝜆/𝑛. The argument first leaves an error 𝑜(𝑛). Subtracting the two recurrences then
shows that the first difference of that error tends to zero. A sufficiently high difference of
the original integer sequence is therefore a small integer and must vanish. Its eventual
polynomial growth also forces 𝜆 to be integral.

Lemma 2.11 (integer extraction at a regular rate). Let 𝜆 > 1 and let 𝐶𝑛 be positive integers
with

𝐶𝑛+1
𝐶𝑛

= 1 + 𝜆
𝑛 + 𝑜(𝑛−𝜆). (17)

Then 𝜆 is an integer 𝑑 ≥ 2, and there are 𝐴 ∈ ℚ>0 and 𝐵 ∈ ℚ with 𝐶𝑛 = 𝐴𝑛(𝑛 + 1)⋯ (𝑛 +
𝑑 − 1) + 𝐵 for all large 𝑛.

Proof. Put 𝐹𝑛 = Γ(𝑛 + 𝜆)/Γ(𝑛), so that 𝐹𝑛+1/𝐹𝑛 = 1 + 𝜆/𝑛 exactly and 𝐹𝑛 ∼ 𝑛𝜆 by
the gamma-ratio asymptotic [20, 5.11.12]. Write 𝜀𝑛 = 𝑜(𝑛−𝜆) for the error in (17) and
𝑧𝑛 = 𝐶𝑛/𝐹𝑛, so that 𝑧𝑛+1/𝑧𝑛 = 1 + 𝜀𝑛/(1 + 𝜆/𝑛). Since 𝜆 > 1 the errors are absolutely
summable, so the product converges and 𝑧𝑛 → 𝐾 for some 𝐾 > 0, with 𝑧𝑛−𝐾 = 𝑜(𝑛1−𝜆).
To see the stated error, put 𝜂𝑛 = sup𝑘≥𝑛 𝑘𝜆|𝜀𝑘 | → 0; the tail of the logarithmic product has
absolute value at most 𝑂(𝜂𝑛 ∑𝑘≥𝑛 𝑘−𝜆) = 𝑜(𝑛1−𝜆). The factors are positive eventually,
so the limiting product is nonzero. Hence

𝛿𝑛 ∶= 𝐶𝑛 − 𝐾𝐹𝑛 = 𝐹𝑛(𝑧𝑛 − 𝐾) = 𝑜(𝑛). (18)

We subtract the recurrences for𝐶𝑛 and𝐾𝐹𝑛 to obtain 𝛿𝑛+1−𝛿𝑛 = (𝜆/𝑛)𝛿𝑛+𝜀𝑛𝐶𝑛. The first
term is 𝑜(1) by (18), and the second is 𝑜(1) because 𝐶𝑛 = 𝑂(𝑛𝜆). Hence Δ𝛿𝑛 → 0. Every
further difference is a finite linear combination of shifts of this sequence, so Δ𝑗𝛿𝑛 → 0
for all 𝑗 ≥ 1.

For the comparison sequence, the Gamma recurrence gives

Δ𝐹𝑛 = Γ(𝑛 + 1 + 𝜆)
Γ(𝑛 + 1) − Γ(𝑛 + 𝜆)

Γ(𝑛) = 𝜆 Γ(𝑛 + 𝜆)
Γ(𝑛 + 1) .

Iterating this identity gives

Δ𝑗𝐹𝑛 = 𝜆(𝜆 − 1)⋯ (𝜆 − 𝑗 + 1) Γ(𝑛 + 𝜆)
Γ(𝑛 + 𝑗) ,
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whose right side is𝑂(𝑛𝜆−𝑗). Choose an integer 𝑗 > 𝜆; then Δ𝑗𝐹𝑛 → 0, so Δ𝑗𝐶𝑛 → 0. These
are integers, so Δ𝑗𝐶𝑛 = 0 for all large 𝑛. Choose 𝑁 beyond this threshold. The Newton
forward-difference formula gives

𝐶𝑁+𝑡 =
𝑗−1
∑
𝑖=0

(𝑡
𝑖)Δ𝑖𝐶𝑁 (𝑡 ≥ 0),

so𝐶𝑛 agrees eventually with a polynomial with rational coefficients. Its growth𝐶𝑛 ≍ 𝑛𝜆

forces the degree to be 𝜆, so 𝜆 = 𝑑 is an integer, and 𝑑 ≥ 2 because 𝜆 > 1. For that integer
𝐹𝑛 = 𝑛(𝑛 + 1)⋯ (𝑛 + 𝑑 − 1) exactly, so (18) says that the difference of two polynomials
of degree 𝑑 is 𝑜(𝑛), hence constant. The leading coefficient of the rational polynomial is
𝐾, so 𝐾 ∈ ℚ>0; the constant difference is rational as well. This gives the stated shape
with 𝐴 = 𝐾 and 𝐵 ∈ ℚ.

The little-oh error in (17) cannot in general be replaced by a big-oh error. The posi-
tive integers𝐶𝑛 = 𝑛(𝑛+1)(𝑛+2)+(−1)𝑛 satisfy𝐶𝑛+1/𝐶𝑛 = 1+3/𝑛+𝑂(𝑛−3) and are not
eventually polynomial. Likewise 𝐶𝑛 = ⌈𝑛3/2⌉ satisfies 𝐶𝑛+1/𝐶𝑛 = 1+3/(2𝑛)+𝑂(𝑛−3/2):
rounding contributes 𝑂(𝑛−3/2), while the unrounded ratio has error 𝑂(𝑛−2). These
scalar examples obstruct weaker extraction hypotheses, not an irrationality theorem;
neither is asserted to satisfy the full tail hypotheses. Extraction excludes nonintegral 𝜆.
Integral rates still require an arithmetic exclusion, proved here in degree three.

Lemma 2.12 (comparison of the numerator and denominator ratios). Let 𝑎𝑛 be strictly
increasing positive integers with 𝑎𝑛+1/𝑎2𝑛 → 1 and ∑𝑛 1/𝑎𝑛 rational, and let (𝐶𝑛, 𝐷𝑛) be the
integer tail. Write 𝛾𝑛 = 𝑎2𝑛/𝑎𝑛+1 − 1. Then

𝐶𝑛+1
𝐶𝑛

= 1 + 𝛾𝑛 +𝑂(𝑎−1
𝑛 ), 𝑎𝑛 ≥ exp(𝑐 2𝑛) eventually for some 𝑐 > 0.

Proof. Since 𝑎𝑛+1/𝑎2𝑛 → 1 and 𝑎𝑛 → ∞, there is an 𝑁 with 𝑎𝑛+1 ≥ 𝑎2𝑛/2 ≥ 2𝑎𝑛 for 𝑛 ≥ 𝑁.
Iterating 𝑎𝑛+1 ≥ 𝑎2𝑛/2 from an index where 𝑎𝑛 > 2 gives 𝑎𝑛 ≥ exp(𝑐2𝑛) eventually. The
same doubling gives, for 𝑚 > 𝑁,

1
𝑎𝑚

≤ 𝑥𝑚 = ∑
𝑘≥𝑚

1
𝑎𝑘

≤ 2
𝑎𝑚

,

so 𝑥𝑚 = (1 + 𝜌𝑚)/𝑎𝑚 with 0 ≤ 𝜌𝑚 = 𝑎𝑚𝑥𝑚+1 ≤ 2𝑎𝑚/𝑎𝑚+1 ≤ 4/𝑎𝑚, using 𝑎𝑚+1 ≥ 𝑎2𝑚/2.
Hence

𝐶𝑛+1
𝐶𝑛

= 𝑎𝑛𝐷𝑛𝑥𝑛+1
𝐷𝑛𝑥𝑛

= 𝑎𝑛 ⋅ (1 + 𝜌𝑛+1)/𝑎𝑛+1
(1 + 𝜌𝑛)/𝑎𝑛

= 𝑎2𝑛
𝑎𝑛+1

⋅ 1 + 𝜌𝑛+1
1 + 𝜌𝑛

.

The last factor is 1+𝑂(1/𝑎𝑛) and 𝑎2𝑛/𝑎𝑛+1 is bounded, so the product is 𝑎2𝑛/𝑎𝑛+1+𝑂(𝑎−1
𝑛 ).

The exact identity in Section 6 gives the same estimate: 𝐶𝑛+1/𝐶𝑛 = 1−𝐸𝑛/𝐶𝑛, while
0 < 𝛾𝑛+𝐸𝑛/𝐶𝑛 < 3/𝑎𝑛 eventually. The identity follows fromTheorem 5.1; its bound also
uses vanishing relative error and near-quadratic growth. Equation (21) is the resulting
weighted-sum application, not the identity itself.
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Proof of Theorem 2.2. The stated rate implies 𝑎𝑛+1/𝑎2𝑛 → 1 and convergence of the re-
ciprocal series. Suppose its sum were rational, and form the positive integer tail nu-
merators 𝐶𝑛. Lemma 2.12 gives 𝐶𝑛+1/𝐶𝑛 = 𝑎2𝑛/𝑎𝑛+1 + 𝑂(𝑎−1

𝑛 ) and an eventual bound
𝑎𝑛 ≥ exp(𝑐2𝑛) for some 𝑐 > 0. Hence 𝑎−1

𝑛 = 𝑜(𝑛−𝜆) and

𝐶𝑛+1
𝐶𝑛

= 1 + 𝜆
𝑛 + 𝑜(𝑛−𝜆).

Lemma 2.11 forces 𝜆 to be an integer, contrary to the hypothesis.

For a concrete nonintegral rate, take 𝑎1 = 8 and

𝑎𝑛+1 = ⌈
2𝑛𝑎2𝑛
2𝑛 + 3⌉ (𝑛 ≥ 1).

The first terms are 8, 26, 387, 99846. Writing 𝑟𝑛 = 1 + 3/(2𝑛) gives 𝑎𝑛+1 = ⌈𝑎2𝑛/𝑟𝑛⌉ and
0 ≤ 𝑟𝑛 − 𝑎2𝑛/𝑎𝑛+1 < 𝑟2𝑛/𝑎2𝑛 ≤ 25/(4𝑎2𝑛). Also 𝑎𝑛+1 ≥ (2/5)𝑎2𝑛, which from 𝑎1 = 8 proves
strict increase and exponential lower growth. Thus the ratio error is 𝑜(𝑛−3/2), and The-
orem 2.2 proves this reciprocal sum irrational.

Proof of Theorem 2.1. The hypothesis 𝑎2𝑛/𝑎𝑛+1 = 1 + 3/𝑛 + 𝑜(𝑛−3) gives 𝑎𝑛+1/𝑎2𝑛 → 1.
Suppose ∑𝑛 1/𝑎𝑛 were rational and pass to the integer tail, so that (𝑎, 𝐶,𝐷) satisfies (1)
with every 𝐶𝑛 and 𝐷𝑛 a positive integer. By Lemma 2.12 and 𝑎𝑛 ≥ exp(𝑐2𝑛), the error
term 𝑂(𝑎−1

𝑛 ) is 𝑜(𝑛−3), so
𝐶𝑛+1
𝐶𝑛

= 1 + 3
𝑛 + 𝑜(𝑛−3).

Lemma 2.11 at 𝜆 = 3 gives 𝐶𝑛 = 𝐴𝑛(𝑛+ 1)(𝑛+ 2)+𝐵 for all large 𝑛, with 𝐴 ∈ ℚ>0 and
𝐵 ∈ ℚ. That contradicts Theorem 2.3.

No restriction on the rational normalisation was assumed: the proof derives the per-
mitted primitive leading coefficient. The two residue patterns (14) and (15), the image
{0, 2, 5, 6} modulo 7 and the condition (𝑟2 + 𝑠2)2 ∣ 48 have been calculated above.

The rationality supposition in this proof supplies the integer orbit. The rate implies
𝑎𝑛+1/𝑎2𝑛 → 1 and excludes the eventual Sylvester recurrence, so the conclusion is irra-
tionality on a restricted class of the sequences in Problem 1.1.

At the cubic rate 𝑃𝑛/𝑎𝑛 grows like 𝑛3 and its increment like 𝑛2. Thus neither the
bounded-increment criterion nor Koizumi’s nonpositive upper-limit criterion applies.
The rate also fails his 1+𝑜(1/𝑛) condition, and Duverney’s signed defect series diverges.
We do not decide whether the LCM-weighted criteria apply; that requires information
about the repeated factors in the prefix product. Conversely, Theorem 2.3 assumes only
positive integer 𝑎𝑛, 𝐶𝑛, 𝐷𝑛 and the recurrences (1), not the near-quadratic growth limit.
The two arguments therefore retain distinct hypotheses.

In familiar approximation notation, 𝐶𝑛 = 𝑞(∏𝑘<𝑛 𝑎𝑘 ⋅ ∑𝑚 1/𝑎𝑚 −∑𝑘<𝑛 ∏𝑗<𝑛, 𝑗≠𝑘 𝑎𝑗)
is a linear form in the reciprocal sumwith integer coefficients. These integer remainders
grow like 𝑛3. We use the precision 𝑜(𝑛−3) to determine their polynomial form by finite
differences, then exclude that form by the recurrence. The integer example 𝑛(𝑛+1)(𝑛+
2) + (−1)𝑛 above explains why an 𝑂(𝑛−3) error alone does not justify that polynomial
conclusion.
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3 Prior work and formalisation
Classical criteria and pseudo-greedy expansions. The rational-tail method predates
these coordinates. Erdős and Straus [15, Theorem 2.1, pp. 85–86] use eventual integer
remainders under a small-numerator hypothesis. In polynomial Cantor series, Hančl
and Tijdeman split the numerator into finitely many shifted products. Rationality is
then characterised by the vanishing of the resulting polynomial sum [16, Theorem 2.2
and its proof, pp. 39–40]. Their theorem provides methodological context, not a result
for arbitrary arrays of signed integer coefficients: the rearrangement of the infinite sum
needs boundary control, supplied there by the polynomial hypothesis. Neither result
supplies the first-crossing argument for a lower error bound proved below.

Several classical results give sufficient conditions directly on the sequence (𝑎𝑛).
Their hypotheses use different quantities, so the comparisons must be made separately.
Koizumi’s product criterion is implied by eventual nonnegativity of the integer error 𝐸𝑛,
under the identification of coordinates given below. It therefore already covers the de-
scent argument in Section 8 (see [12, Cor. 4(1) and Prop. 1(1), pp. 14–15]). The original
Erdős–Straus criterion instead uses a least common multiple. Erdős and Straus proved
that if lim 𝑎𝑛/𝑎2𝑛−1 = 1, the reciprocal sum is rational, and (𝑎𝑛) has no Sylvester tail, then

lim sup
𝑛→∞

[𝑎1,… , 𝑎𝑛]
𝑎𝑛+1

⎛⎜
⎝

𝑎2𝑛+1
𝑎𝑛+2

− 1⎞⎟
⎠

> 0,

where [𝑎1,… , 𝑎𝑛] is the least common multiple [1, Theorem 3, p. 132]. This is the index-
ing in the original theorem. With 𝐴𝑟 = lcm(𝑎1,… , 𝑎𝑟−1) and 𝑟 = 𝑛 + 1, its expression is
exactly (𝐴𝑟/𝑎𝑟)(𝑎2𝑟/𝑎𝑟+1 − 1), the LCM quantity in the short note. The index change is
not an additional difference between those two criteria. Erdős’s 1988 survey, followed by
the catalogue summary, instead prints 𝑎2𝑛/𝑎𝑛+1 − 1 in the second factor while retaining
the same prefix-LCMquotient; that displayed summary is off by one and is not followed
here [6, p. 105][13]. Koizumi records the convenient sufficient rate 𝑎2𝑛/𝑎𝑛+1 = 1+𝑜(1/𝑛)
under which the Erdős–Straus criterion settles the problem [12, Remark 3, p. 16]. Tijde-
man and Yuan give a criterion of the same kind for Ahmes series with positive integer
numerators, weighted by the least common multiple of the earlier denominators [4].

Duverney’s signed criterion gives a further comparison. For positive integers 𝑎𝑛 →
∞ and signs 𝜖𝑛 ∈ {−1, 1}, its printed hypothesis (3.6) is the one-sided condition

∑
𝑛≥0

(𝑎𝑛+1
𝑎2𝑛

− 1) < ∞,

without absolute values. The stated conclusion is that∑𝑛≥0 𝜖𝑛/𝑎𝑛 is rational if and only
if

𝑎𝑛+1 = 𝑎2𝑛 − (𝜖𝑛+1/𝜖𝑛)𝑎𝑛 + 𝜖𝑛+2/𝜖𝑛+1

for all large 𝑛 [2, Corollary 3.2, p. 287]. For the comparison here we impose the stronger
sufficient hypothesis ∑𝑛≥0 |𝑎𝑛+1/𝑎2𝑛 −1| < ∞ and take all signs positive. The distinction
concerns one step of the printed proof. On pp. 299–300, the reduced auxiliary fractions
𝑝′𝑛/𝑞′𝑛 satisfy 𝑝′𝑛+1 ∣ 𝑞′𝑛 and

𝑝′𝑛 ≤ 𝑝′𝑁
𝑛−1
∏
𝑘=𝑁

𝑞′𝑘
𝑝′𝑘

.
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The required boundedness follows if∏𝑘≥𝑁(𝑝′𝑘/𝑞′𝑘) has a positive limit. Absolute conver-
gence of the growth-defect series ensures this, using the summable error in Duverney’s
estimate (3.3). Signed convergence alone does not justify that product step, even for
positive rational factors. For each integer 𝑚 ≥ 2, take the pair 1 + 1/𝑚, 1 − 1/𝑚 succes-
sively 𝑚 times. The deviations cancel after every pair, and the intervening partial sums
are 1/𝑚 → 0, so their series converges. But the product through the block 𝑚 = 𝑁 is

𝑁
∏
𝑚=2

(1 − 1
𝑚2)

𝑚
= (𝑁 + 1)𝑁

2𝑁𝑁+1 ∼ 𝑒
2𝑁 ⟶ 0;

the equality follows by cancelling powers of consecutive integers. This example does
not impose 𝑝′𝑛+1 ∣ 𝑞′𝑛. It refutes only the general product inference, not Duverney’s arith-
metic criterion. We therefore use only the absolute-convergence form; the interpretation
with merely signed convergence is not needed in any proof here.

In the all-positive case 𝜖𝑛 = 1, absolute convergence also gives a direct comparison
with the classical product criterion. With the one-based notation 𝑃𝑛 = ∏1≤𝑗<𝑛 𝑎𝑗 used
above,

𝑃𝑛+1/𝑎𝑛+1
𝑃𝑛/𝑎𝑛

= 𝑎2𝑛
𝑎𝑛+1

.

The ratios on the right have an absolutely convergent sum of deviations from 1, because
the same is true of their reciprocals and those reciprocals tend to 1. Thus 𝑃𝑛/𝑎𝑛 has a
positive finite limit, and its increments tend to zero. This case already satisfies the clas-
sical nonpositive-upper-limit condition; the bounded-increment result allows a larger
class of sequences.

A different quantitative question is treated by Duverney, Kurosawa and Shiokawa
[17, Theorem 1, author-version p. 2; proof in Section 3]. For rational 𝑥𝑛 > 1, their result
assumes eventual 𝑥𝑛+1 ≥ 𝑥2𝑛 and control of the accumulated denominators of 𝑥𝑛+1/𝑥2𝑛;
it computes the irrationality exponent of a signed reciprocal series. We use it only as
a restricted comparison. In particular, the eventual Sylvester recurrence and the cubic
rate considered here approach quadratic growth from the other side.

Badea’s positive-term criterion is adjacent but different. For a convergent series
∑𝑛 𝑏𝑛/𝑎𝑛 with 𝑎𝑛, 𝑏𝑛 positive integers, eventual strict inequality

𝑎𝑛+1 > 𝑏𝑛+1
𝑏𝑛

𝑎2𝑛 − 𝑏𝑛+1
𝑏𝑛

𝑎𝑛 + 1

forces irrationality, while rationality under the corresponding non-strict inequality
forces eventual equality [3, Theorem A, p. 313; Cor. 2.2, p. 316]. For 𝑏𝑛 = 1, its hy-
pothesis is 𝑎𝑛+1 ≥ 𝑎2𝑛 −𝑎𝑛 +1, an inequality between consecutive denominators, not the
one-step sign condition 𝐸𝑛 ≥ 0 used in integer descent. Under the standing rational-
tail and growth hypotheses, however, either inequality imposed eventually forces the
Sylvester recurrence and hence the other. Their eventual forms are equivalent in this
setting; that fact does not supply either condition for a general signed error.

Koizumi’s pseudo-greedy expansion [12] chooses 𝑎𝑛 by rounding 𝑥−1
𝑛 + 1 to the

nearest integer, with a half-integer rounded upwards. Here 𝑥𝑛 is the remaining sum
before subtracting 1/𝑎𝑛. Thus 𝑎𝑛 = ⌊𝑥−1

𝑛 + 3/2⌋, and the gap 𝜀𝑛 = 𝑥−1
𝑛 + 1 − 𝑎𝑛 is the



Reciprocal sums: further results and proofs 15

signed rounding error. Write the rational initial sum as 𝑟 = 𝑝/𝑞 with positive integers
𝑝, 𝑞. His Lemma 4 [12, pp. 11–12] produces integers 𝑐𝑛 > 0, 𝑑𝑛 and 𝑒𝑛 with 𝑥𝑛 = 𝑐𝑛/𝑑𝑛
and 𝜀𝑛 = 𝑒𝑛/𝑐𝑛, satisfying

𝑎𝑛 = 𝑑𝑛 − 𝑒𝑛
𝑐𝑛

+ 1, 𝑐𝑛+1 = 𝑐𝑛 − 𝑒𝑛, 𝑑𝑛+1 = 𝑎𝑛𝑑𝑛,

and the proof of that lemma also gives 𝑐𝑛+1 = 𝑎𝑛𝑐𝑛 − 𝑑𝑛. These are the recurrences of
Section 4, aftermatching the starting index and the initial normalization. For a sequence
satisfying the hypotheses of Problem 1.1, the rounding rule is guaranteed only after a
finite restart [12, Corollary 3, p. 9]. Restarting there with the tail in lowest terms gives
(𝑐𝑛, 𝑑𝑛, 𝑒𝑛); the original (𝐶𝑛, 𝐷𝑛, 𝐸𝑛) on that tail is a fixed positive integer multiple of
this triple, with the indices matched. Thus 𝐸𝑛/𝐶𝑛 = 𝜀𝑛 is unchanged by the restart. The
integer 𝐸𝑛 is not necessarily a numerator in lowest terms, and the rounding range is not
asserted before the restart. The first identity above gives 𝐸𝑛 = 𝐷𝑛 − (𝑎𝑛 − 1)𝐶𝑛; the
remaining identities are exactly the numerator and denominator recurrences, including
Proposition 4.1. On an all-negative tail we later write 𝑒𝑛 = −𝐸𝑛 > 0 for the magnitude.
That local use of lower-case 𝑒𝑛 has the opposite sign to Koizumi’s signed integer 𝑒𝑛.

His Theorem 3 [12, pp. 12–13] proves the equivalence of two assertions. Conjec-
ture 1 [12, p. 4] asks whether, for a positive rational 𝑟, the condition 𝜀𝑛 → 0 forces
𝜀𝑛 = 0 eventually. Question 1 [12, p. 3] is the question of Erdős and Graham stated as
Problem 1.1 above. Two implications used below already appear in these coordinates:
his Lemma 3, that 𝜀𝑛 = 0 forces 𝜀𝑛+1 = 0, is the absorption of Theorem 5.8, and his
Proposition 1(2), that 𝜀𝑛 ≥ 0 for all large 𝑛 forces 𝜀𝑛 = 0 for all large 𝑛, is the descent
of Theorem 8.1. Both statements are given in [12, Lemma 3, p. 10; Prop. 1(2), p. 14].
Koizumi attributes Proposition 1(2) to Badea. Its contrapositive says that a counterex-
ample must have negative errors infinitely often; it assumes the sign is eventually non-
negative, while Theorem 12.1 below assumes only that the negative part is eventually
bounded. It permits negative errors between −𝐵 and 0 and imposes no independent
upper bound on positive errors; the relative-error limit is still required.

The growth hypothesis in Problem 1.1 is calibrated by two facts about Sylvester’s
sequence. With 𝑎1 = 2, it satisfies 𝑎𝑛 ∼ 𝑐2𝑛

0 with 𝑐0 = 1.2640847…. Deleting initial
terms and reindexing produces sequences with 𝑎𝑛 ∼ 𝐶2𝑛 for arbitrarily large 𝐶 whose
reciprocals still sum to a rational number [7, arXiv v4, p. 2]. The classical sufficient
condition for irrationality, lim𝑛 𝑎1/2𝑛

𝑛 = ∞, is therefore sharp. Kovač and Tao identify
that condition as folklore [7, arXiv v4, p. 2]; they attribute the sharpness observation to
Erdős (1975). A sequence with 𝑎𝑛/𝑎2𝑛−1 → 1 has 𝑎1/2𝑛

𝑛 convergent, so that criterion says
nothing about the sequences of Problem 1.1, and rationality is genuinely possible there.
Sylvester’s sequence is A000058 in the OEIS; A129871 is the variant 1, 2, 3, 7, 43,…with an
initial 1 prepended. For the recent literature on irrationality of Ahmes series we refer to
Kovač and Tao [7], who resolve several problems of Erdős and Graham drawn from the
same two sources cited above, and whose introduction gives a sample of the intermedi-
ate work, including Sándor (1984) and Badea (1987). They do not treat Problem #243;
the rigidity conclusion asked for there is not among their results.

Crmarić and Kovač [18, Theorems 1–2] address the neighbouring Problem #270, not
Problem #243. Allowing integer 𝑓 (𝑛) → ∞ in ∑𝑛(∏

𝑓 (𝑛)
𝑗=1 (𝑛 + 𝑗))−1 gives every positive
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real value; imposing nondecreasing 𝑓 gives a measure-zero value set. The latter asser-
tion does not rule out individual rational values. Their extension of Kakeya’s subsum
argument explains why decay alone need not force irrationality when the summands
remain freely selectable. The present exact denominator recurrence imposes additional
compatibility, so neither direction is an implication between their theorem and ours.

The Formal Conjectures collection contains a mathematically equivalent unproved
declaration, up to its zero-based indexing [14]. Its summand is ℚ-valued, so Lean’s
Summable hypothesis asserts the existence of a sum inℚ; the finite indexing shift changes
that sum only by a rational prefix. The declaration therefore does encode the rationality
premise, but its proof is sorry. It states the problem without proving it, and the devel-
opment in this note is independent of it. Earlier formal work on the remainder method
should also be distinguished from a solution of this problem: Koutsoukou-Argyraki
and Li’s Archive of Formal Proofs entry [19] records an Isabelle/HOL formalisation of
Erdős–Straus (1974), Theorem 2.1, Corollary 2.10 and Theorem 3.1. That is formal prior
art for those classical criteria, not an existing formal proof of Erdős #243.

Each criterion still requires an additional bound or convergence estimate under the
unrestricted hypotheses. In the stable-gcd case, for example, the record-increment the-
orem gives a positive lower bound for the log-log coefficient, rather than proving it
infinite. All conclusions about a persistently nonzero error assume failure of eventual
Sylvester behaviour. We collect them in Section 14, where mixed-sign tails remain un-
classified. The two recurrence proofs below are independent of the cubic argument: one
uses a stable gcd and CRT, the other an infinite product and integer descent.

4 Integer numerators, denominators and errors
We retain an unreduced fraction 𝐶𝑛/𝐷𝑛 for each rational tail. This keeps the denomina-
tor update multiplicative: removing 1/𝑎𝑛 from the tail gives

𝐷𝑛+1 = 𝑎𝑛𝐷𝑛, 𝐶𝑛+1 = 𝑎𝑛𝐶𝑛 −𝐷𝑛. (19)

We measure the difference from the Sylvester recurrence by 𝐸𝑛 = 𝐷𝑛 − (𝑎𝑛 − 1)𝐶𝑛.
These are Koizumi’s recurrences [12, Lemma 4, pp. 11–12]; their formal definitions are
the denominator update, the numerator update, and the error.

We also consider integer solutions of (19) without initially assuming that 𝐶𝑛/𝐷𝑛 is
a reciprocal tail. Here and in the following recurrence sections the indices may start
at 0, and 𝐸𝑛 always denotes the error just defined. We state positivity and growth as-
sumptions as they are needed. The terms 𝑎𝑛 are the multipliers, while 𝐶𝑛, 𝐷𝑛 are the
numerator and denominator. The pseudo-greedy rounding rule is an additional condi-
tion giving −𝐶𝑛/2 ≤ 𝐸𝑛 < 𝐶𝑛/2, whereas the absorption argument below needs only
|𝐸𝑛| < 𝐶𝑛. At a negative error we write 𝑒𝑛 = −𝐸𝑛 > 0. For an isolated step we use
𝑎,𝐷, 𝐶 ∈ ℤ without subscripts.

Proposition 4.1 (update law). For all 𝑎,𝐷, 𝐶 ∈ ℤ,

𝑎𝐶 − 𝐷 = 𝐶 − (𝐷 − (𝑎 − 1)𝐶).

Consequently, every solution of (19) satisfies 𝐶𝑛+1 = 𝐶𝑛 − 𝐸𝑛.

https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L41
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L45
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L49
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Proof. 𝐶 − (𝐷 − (𝑎 − 1)𝐶) = 𝑎𝐶 − 𝐷.

𝐶𝑛 decreases when 𝐸𝑛 > 0, increases when 𝐸𝑛 < 0, and stays unchanged when 𝐸𝑛 =
0. This is why bounds on the negative error become bounds on upward increments.

Example 4.2 (the Sylvester sequence). Take 𝑎𝑛 = 2, 3, 7, 43, 1807,… with 𝑎𝑛+1 = 𝑎2𝑛 −
𝑎𝑛 + 1, and start the state at 𝐷0 = 𝐶0 = 1. The two updates give

𝑛 𝑎𝑛 𝐷𝑛 𝐶𝑛 𝐸𝑛

0 2 1 1 0
1 3 2 1 0
2 7 6 1 0
3 43 42 1 0
4 1807 1806 1 0

and 𝐷𝑛 = 𝑎𝑛 − 1 with 𝐶𝑛 = 1 at every index: if 𝐷𝑛 = 𝑎𝑛 − 1 and 𝐶𝑛 = 1 then 𝐶𝑛+1 =
𝑎𝑛 − (𝑎𝑛 − 1) = 1 and 𝐷𝑛+1 = 𝑎𝑛(𝑎𝑛 − 1) = 𝑎𝑛+1 − 1. Hence 𝐸𝑛 = 𝐷𝑛 − (𝑎𝑛 − 1)𝐶𝑛 = 0
throughout and the numerator never moves, which is Proposition 4.1 in the stationary
case.

Construction from the reciprocal sum. Let 𝑇𝑛 = ∑𝑘≥𝑛 1/𝑎𝑘 and suppose 𝑇0 ∈ ℚ. Put
𝐷0 equal to a common denominator and 𝐷𝑛 = 𝐷0𝑎0 ⋯𝑎𝑛−1, and set 𝐶𝑛 = 𝐷𝑛𝑇𝑛. Then
𝐶𝑛 ∈ ℤ for every 𝑛, and from 𝑇𝑛 = 1/𝑎𝑛+𝑇𝑛+1 one gets 𝐶𝑛+1 = 𝑎𝑛𝐶𝑛−𝐷𝑛, which is the
tail update. On Sylvester’s sequence 𝑇𝑛 = 1/(𝑎𝑛 − 1) exactly, so 𝐷𝑛 = (𝑎𝑛 − 1)𝐶𝑛 and
𝐸𝑛 = 0: the error measures deviation from the telescoping tail identity, and it vanishes
identically on the Sylvester orbit.

In Lean, the elementary identities are stated for an abstract integer system, and their
application to a rational reciprocal sum has separate statements, including the product
condition for a rational reciprocal sum. This passage uses the tail realisation, the de-
nominator realisation and the signed update.

Conversely, the recurrences identify a reciprocal sum when the ratio 𝐶𝑛/𝐷𝑛 tends
to zero. Regard that ratio as a real number, the tail ratio. Assume 𝑎𝑛 > 0, 𝐷𝑛 > 0,
𝐶𝑛+1 + 𝐷𝑛 = 𝑎𝑛𝐶𝑛 and 𝐷𝑛+1 = 𝑎𝑛𝐷𝑛. Dividing the numerator update by 𝑎𝑛𝐷𝑛 gives
𝐶𝑛/𝐷𝑛 = 1/𝑎𝑛 + 𝐶𝑛+1/𝐷𝑛+1, the one-step reciprocal identity. Iterating gives

𝐶0
𝐷0

= ∑
𝑛<𝑁

1
𝑎𝑛

+ 𝐶𝑁
𝐷𝑁

,

as in the finite telescoping identity. If 𝐶𝑁/𝐷𝑁 → 0, taking the limit identifies∑𝑛 1/𝑎𝑛 =
𝐶0/𝐷0, the series realisation. No growth, error bound or separate rationality hypothesis
is used in these three identities. Positivity and the stated limit of𝐶𝑛/𝐷𝑛 are still required.
They prove the direction from recurrences to a series; the construction from a rational
reciprocal sum was given above and is also formalised in separate declarations.

Under the relative-error hypothesis used below, the required limit is automatic. Sup-
pose 𝑎𝑛 > 1, 𝐶𝑛 > 0, 𝐷𝑛 ≥ 0 and 𝐸𝑛/𝐶𝑛 → 0 on an exact integer orbit. If 𝐷0 = 0, then

https://github.com/wcook04/plectis-erdos/blob/3d6d938d696fed0fb71dd55115a18a73738ff223/lean/ErdosProblems/Erdos243/PaperCompleteR7/ProductDefect.lean#L211
https://github.com/wcook04/plectis-erdos/blob/3d6d938d696fed0fb71dd55115a18a73738ff223/lean/ErdosProblems/Erdos243/PaperCompleteR7/ProductDefect.lean#L211
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1869
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1881
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1881
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1978
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1901
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1905
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1929
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1955
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𝐷𝑛 = 0 and 𝐸𝑛/𝐶𝑛 = 1 − 𝑎𝑛 ≤ −1 at every index, a contradiction. Thus 𝐷0 ≥ 1 and
𝐷𝑛 ≥ 𝐷02𝑛. For each 𝜀 > 0, the update gives 𝐶𝑛+1 ≤ (1 + 𝜀)𝐶𝑛 eventually. Taking
0 < 𝜀 < 1 shows that 𝐶𝑛/𝐷𝑛 → 0, so the telescoping identity realises the reciprocal sum
as 𝐶0/𝐷0.

The same assumptions also imply the quadratic growth limit. Put 𝜃𝑛 = 𝐸𝑛/𝐶𝑛. Then
𝑎𝑛 = 𝐷𝑛/𝐶𝑛 + 1 − 𝜃𝑛 → ∞, and the exact recurrences give

𝑎𝑛+1
𝑎2𝑛

= 1
1 − 𝜃𝑛

− 1
𝑎𝑛

+ 1 − 𝜃𝑛+1
𝑎2𝑛

⟶ 1.

In particular, the multipliers are strictly increasing eventually. Thus a global orbit with
these positivity and relative-error assumptions already gives a sequence of the type in
Problem 1.1 after deletion of a finite prefix. No separate tail-limit estimate is needed for
such an orbit; without the relative-error assumption, that estimate remains a condition
of the general telescoping argument.

Proposition 4.3 (scaling the numerator and denominator). For every 𝑠, 𝑎, 𝐷, 𝐶 ∈ ℤ,

𝑎(𝑠𝐷) = 𝑠 (𝑎𝐷), 𝑎(𝑠𝐶) − 𝑠𝐷 = 𝑠 (𝑎𝐶 − 𝐷),

𝑠𝐷 − (𝑎 − 1)𝑠𝐶 = 𝑠 [𝐷 − (𝑎 − 1)𝐶].

Multiplying the numerator and denominator by the same factor therefore preserves
the recurrence and scales the error by that factor. When the factor divides all entries, we
can divide it out instead. This is used in the finite calculation of Appendix B and in the
induction in Theorem 10.1.

5 Zero errors and the Sylvester recurrence
To recover the Sylvester recurrence from a zero error, we eliminate 𝐷𝑛 between two
successive updates. Write

Δ𝑛 = 𝑎𝑛+1 − (𝑎2𝑛 − 𝑎𝑛 + 1),

the Sylvester defect. The identity below expresses Δ𝑛𝐶𝑛+1 through two consecutive er-
rors. If both errors vanish, positivity lets us cancel 𝐶𝑛+1 and recover the recurrence.
Under the bound |𝐸𝑛| < 𝐶𝑛, it will also make a single zero propagate to the next index.

Theorem 5.1 (defect identity). For all 𝑎, 𝑎′, 𝐷, 𝐶 ∈ ℤ,

[𝑎′ − (𝑎2 − 𝑎 + 1)] (𝑎𝐶 − 𝐷) = 𝑎2[𝐷 − (𝑎 − 1)𝐶]
− [𝑎𝐷 − (𝑎′ − 1)(𝑎𝐶 − 𝐷)],

that is, Δ𝑛 𝐶𝑛+1 = 𝑎2𝑛𝐸𝑛 − 𝐸𝑛+1.

Proof. Adirect expansion: both sides equal 𝑎′𝑎𝐶−𝑎′𝐷−𝑎3𝐶+𝑎2𝐷+𝑎2𝐶−𝑎𝐷−𝑎𝐶+𝐷.

No sign or growth hypothesis is needed for the identity itself. Such hypotheses enter
only in its consequences below.

https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L53
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Example 5.2 (one defect and the error it creates). Continue Example 4.2 but replace
𝑎3 = 43 by 𝑎3 = 44. The states 𝐷3 = 42 and 𝐶3 = 1 are unchanged, since they depend
only on 𝑎0, 𝑎1, 𝑎2, and 𝐸2 = 0 still. The defect is Δ2 = 𝑎3 − (𝑎22 − 𝑎2 + 1) = 44 − 43 = 1,
and 𝐸3 = 𝐷3 − (𝑎3 − 1)𝐶3 = 42 − 43 = −1, so the identity reads

Δ2𝐶3 = 1 ⋅ 1 = 1 = 49 ⋅ 0 − (−1) = 𝑎22𝐸2 − 𝐸3.

By Proposition 4.1 the numerator then rises, 𝐶4 = 𝐶3 − 𝐸3 = 2. A single unit of defect
at one index has produced a negative error of magnitude 1 at the next, increasing the
numerator from 1 to 2.
Theorem 5.3 (two vanishing errors force the step). Let 𝑎, 𝑎′, 𝐷, 𝐶 ∈ ℤ with 𝑎𝐶 − 𝐷 ≠ 0.
If

𝐷− (𝑎 − 1)𝐶 = 0, 𝑎𝐷 − (𝑎′ − 1)(𝑎𝐶 − 𝐷) = 0,
then 𝑎′ = 𝑎2 − 𝑎 + 1.
Proof. Theorem 5.1 gives [𝑎′ − (𝑎2 − 𝑎 + 1)] (𝑎𝐶 −𝐷) = 0. The second factor is nonzero,
so the first factor must vanish.

The hypothesis 𝐶𝑛+1 ≠ 0 is not removable: at 𝐶𝑛+1 = 0 the identity gives no infor-
mation about 𝑎′.

5.1 Relations among three consecutive numerators
Eliminating the denominator from two successive steps gives a relation among three
reduced numerators. Write 𝑢, 𝑢1, 𝑢2 for the reduced numerator coordinates, 𝑣, 𝑣1 for the
corresponding denominator coordinates, and ℎ, ℎ1 for the two common factors removed
in reduction. If the two steps have multipliers 𝑎, 𝑎1, then the exact hypotheses are

ℎ𝑢1 + 𝑣 = 𝑎𝑢, ℎ𝑣1 = 𝑎𝑣, ℎ1𝑢2 + 𝑣1 = 𝑎1𝑢1.

Theorem 5.4 (eliminating the denominator from two steps). Let 𝑎, 𝑎1, 𝑢, 𝑢1, 𝑢2, 𝑣, 𝑣1, ℎ, ℎ1
be integers satisfying

ℎ𝑢1 + 𝑣 = 𝑎𝑢, ℎ𝑣1 = 𝑎𝑣, ℎ1𝑢2 + 𝑣1 = 𝑎1𝑢1.

Then 𝑎2𝑢 + ℎℎ1𝑢2 = ℎ(𝑎 + 𝑎1)𝑢1.
Proof. Multiply the first equation by 𝑎, replace 𝑎𝑣 using the second equation, and then
replace ℎ1𝑢2+𝑣1 using the third. The remaining terms factor as the displayed right-hand
side.

This is the recurrence obtained by eliminating the denominator. Both cancellation fac-
tors remain in the formula. The identity adds no assumption to the two exact steps, but
it still contains both multipliers and cannot by itself force 𝑎1 = 𝑎2 − 𝑎 + 1; Lemma 5.6
specifies what it forgets modulo a fixed old denominator.

When neither step cancels a common factor, the same recurrence gives a square iden-
tity. Write 𝑝, 𝑝1, 𝑝2 for three consecutive numerators, 𝑞 = 𝑎𝑝 − 𝑝1 for the denominator
before the first step, and 𝑎, 𝑎1 for the two multipliers. Then

𝑝2 + 𝑎2𝑝 = (𝑎 + 𝑎1)𝑝1.

The resulting square identity is as follows.

https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/DynamicCancellation.lean#L270
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Theorem 5.5 (a square identity without cancellation). Let 𝑎, 𝑎1, 𝑝, 𝑝1, 𝑝2, 𝑞 be integers with
𝑞 = 𝑎𝑝 − 𝑝1 and 𝑝2 + 𝑎2𝑝 = (𝑎 + 𝑎1)𝑝1. Then

𝑞2 + (𝑝𝑝2 − 𝑝21) = (𝑎1 − 𝑎)𝑝𝑝1.

Proof. Substitute 𝑞 = 𝑎𝑝 − 𝑝1 and 𝑝2 = (𝑎 + 𝑎1)𝑝1 − 𝑎2𝑝:

𝑞2 + 𝑝𝑝2 − 𝑝21 = (𝑎𝑝 − 𝑝1)2 + 𝑝((𝑎 + 𝑎1)𝑝1 − 𝑎2𝑝) − 𝑝21
= (𝑎1 − 𝑎)𝑝𝑝1.

The term 𝑞2 is nonnegative, while 𝑝𝑝2 − 𝑝21 measures the difference between the
product of the outer numerators and the square of themiddle one. The right side records
the change in multiplier, so the identity gives a necessary algebraic constraint without
asserting a sign or a global monotonicity. It is checked as the square identity when no
factor is cancelled; no global exclusion of approximate solutions is claimed.

The reduced error updatemust also be compatible with the denominator recurrence.
The following calculation gives the exact compatibility condition. Here 𝑒, 𝑒1 are signed
errors in reduced coordinates, not the positive magnitudes denoted by 𝑒𝑛 in the all-
negative case. Let Δ be a proposed value of the Sylvester defect. If

ℎ𝑢1 = 𝑢 − 𝑒, ℎ𝑒1 = 𝑎2𝑒 − Δ(𝑢 − 𝑒),

then the denominator equality

ℎ((𝑎1 − 1)𝑢1 + 𝑒1) = 𝑎((𝑎 − 1)𝑢 + 𝑒)

holds precisely when the following difference vanishes:

ℎ((𝑎1 − 1)𝑢1 + 𝑒1) − 𝑎((𝑎 − 1)𝑢 + 𝑒)
= [𝑎1 − (𝑎2 − 𝑎 + 1) − Δ] (𝑢 − 𝑒).

Consequently, when 𝑢 − 𝑒 ≠ 0,

ℎ((𝑎1 − 1)𝑢1 + 𝑒1) = 𝑎((𝑎 − 1)𝑢 + 𝑒) ⟺ 𝑎1 = 𝑎2 − 𝑎 + 1 + Δ.

The equivalence with the denominator recurrence is formalised using the factored dif-
ference between the two recurrences. The hypothesis 𝑢 − 𝑒 ≠ 0 is essential: if 𝑢 − 𝑒 = 0,
the factorised mismatch cannot identify 𝑎1.

The identities hold under the local hypotheses displayed in their statements. It is
their proposed global applications, not the identities, that would need additional infor-
mation, such as control of cancellation or a sign estimate for 𝑝𝑝2 −𝑝21. No such informa-
tion is deduced here for an arbitrary rational near-quadratic tail.

Lemma 5.6 (saturationmodulo an old denominator). Let𝑀 ≥ 2. Any finite word 𝑟0,… , 𝑟𝑘
of units modulo 𝑀 is compatible with the cancellation-free recurrences modulo 𝑀, with all re-
duced denominator residues equal to zero. Consequently the eliminated two-step identity alone
imposes no further restriction on such unit words when the multiplier residues are free.

https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/DynamicCancellation.lean#L309
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/DynamicCancellation.lean#L309
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/FeedbackRealizability.lean#L64
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/FeedbackRealizability.lean#L15
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/FeedbackRealizability.lean#L15
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Proof. Set 𝑣𝑖 ≡ 0 (mod 𝑀) and choose 𝑎𝑖 ≡ 𝑟𝑖+1𝑟−1
𝑖 (mod 𝑀). Then 𝑟𝑖+1 +𝑣𝑖 ≡ 𝑎𝑖𝑟𝑖 and

𝑣𝑖+1 ≡ 𝑎𝑖𝑣𝑖. Eliminating 𝑣𝑖 gives the two-step identity automatically.

This is finite residue compatibility, not existence of a positive integer orbit, much less
a rational tail with near-quadratic growth. For𝑀 ∣ 𝑣𝑇 on a tail with no further common-
factor cancellation, the actual 𝑢𝑛 are indeed units modulo𝑀. Useful further restrictions
must therefore retain information discarded here: for examplemultiplier size, changing
moduli, or primes outside the old denominator. The square restriction used in the cubic
proof concerns precisely a prime at which a middle numerator vanishes.

Theorem 5.7 (sequence form). Let 𝑎,𝐷, 𝐶 ∶ ℕ → ℤ satisfy 𝐷𝑛+1 = 𝑎𝑛𝐷𝑛 and 𝐶𝑛+1 =
𝑎𝑛𝐶𝑛 − 𝐷𝑛. If 𝐸𝑛 = 0 for all sufficiently large 𝑛 and 𝐶𝑛+1 ≠ 0 for all sufficiently large 𝑛, then
𝑎𝑛+1 = 𝑎2𝑛 − 𝑎𝑛 + 1 for all sufficiently large 𝑛.

Take the larger of the two thresholds and apply Theorem 5.3 at each later index. This
is the final step of the criteria below that force 𝐸𝑛 to vanish eventually.

The same identity shows that a zero error persists whenever |𝐸𝑛| < 𝐶𝑛 at the subse-
quent indices.

Theorem 5.8 (zero is absorbing). Let 𝑎, 𝐶,𝐷 ∶ ℕ → ℕ satisfy 𝐶𝑛+1 + 𝐷𝑛 = 𝑎𝑛𝐶𝑛 and
𝐷𝑛+1 = 𝑎𝑛𝐷𝑛, and put 𝐸𝑛 = 𝐷𝑛 − (𝑎𝑛 − 1)𝐶𝑛. Suppose that |𝐸𝑛| < 𝐶𝑛 for every 𝑛. If 𝐸𝑛 = 0
then 𝐸𝑛+1 = 0.

Proof. Putting 𝐸𝑛 = 0 in Theorem 5.1 gives Δ𝑛𝐶𝑛+1 = −𝐸𝑛+1, so 𝐶𝑛+1 divides 𝐸𝑛+1.
A multiple of 𝐶𝑛+1 of absolute value smaller than 𝐶𝑛+1 is zero, and |𝐸𝑛+1| < 𝐶𝑛+1 by
hypothesis.

Beyond an index from which |𝐸𝑛| < 𝐶𝑛 always holds, either 𝐸𝑛 reaches zero and re-
mains zero, or it is never zero. A zero at an earlier index need not persist: in Example 5.2,
the altered multiplier gives 𝐸3 = −1 and 𝐶3 = 1, so the required strict inequality fails.
Sections 9 and 10 address the special all-negative case. The mixed-sign analysis in Sec-
tions 12 and 13 separates arbitrarily late negative errors from an eventually nonnegative
tail.

6 LCM numerators and weighted records
Clearing a rational tail by an LCM removes repeated denominator factors, but need not
make its numerator coprime to that LCM. The argument here therefore forbids short
crossings, not numerator values. It characterises boundedness by a weighted sum over
new maxima, even after subtracting a fixed amount at each record. The error may have
either sign, extending the setting of Koizumi’s eventual-nonnegative case in Proposi-
tion 1(2).

Applied to rational tails, this gives a Sylvester recurrence criterion. Its convergence
hypothesis remains unproved for the unrestricted problem. The whole-modulus avoid-
ance model in Proposition 7.15 omits the denominator recurrence and prime-factor co-
primality; its examples therefore do not contradict the criterion.
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In this section the indices start at 0. Write the full reciprocal sum as 𝑝/𝑞, with positive
integers 𝑝, 𝑞, put 𝑥𝑛 = ∑𝑘≥𝑛 1/𝑎𝑘, and take 𝐷0 = 𝑞. Set

𝐿𝑛 = lcm(𝑞, 𝑎0,… , 𝑎𝑛−1), 𝑀𝑛 = 𝐷𝑛/𝐿𝑛, 𝑈𝑛 = 𝐿𝑛𝑥𝑛 = 𝐶𝑛/𝑀𝑛, 𝑉𝑛 = 𝐸𝑛/𝑀𝑛.

The rational tail has denominator dividing 𝐿𝑛, so 𝑈𝑛 is an integer. Also 𝑉𝑛 = 𝐿𝑛 −(𝑎𝑛 −
1)𝑈𝑛 ∈ ℤ. This clears the denominator but need not reduce the fraction: 𝑈𝑛 and 𝐿𝑛
may still have common factors. With 𝜌𝑛 = gcd(𝐿𝑛, 𝑎𝑛), the exact updates are

𝑀𝑛+1 = 𝑀𝑛𝜌𝑛, 𝜌𝑛𝑈𝑛+1 = 𝑈𝑛 −𝑉𝑛, 𝑉𝑛 = 𝐿𝑛 − (𝑎𝑛 − 1)𝑈𝑛.

These are Bado’s LCM coordinates, with the indexing translated explicitly. Take his
denominator parameter to be 𝑞 and identify his 𝑎𝑛+1 with our 𝑎𝑛. Then his 𝑀𝑛, Δ𝑛, 𝐾𝑛,
𝑢𝑛+1 and 𝑔𝑛+1 are respectively our 𝐿𝑛, 𝑀𝑛, 𝑈𝑛, 𝑉𝑛 and 𝜌𝑛. His (19) becomes the middle
update above [8, Prop. 7.1 and (16)–(20), pp. 6–7].

Write 𝑅𝑛 = max𝑗≤𝑛 𝑈𝑗 and ℛ = {𝑛 ∶ 𝑈𝑛+1 > 𝑅𝑛}. The inequality |𝑉𝑛| < 𝑈𝑛 gives
𝑈𝑛+1 < 𝑈𝑛 when 𝜌𝑛 ≥ 2, so every sufficiently late strict rise has 𝜌𝑛 = 1. The stronger
eventual bound −𝑈𝑛 ≤ 2𝑉𝑛, supplied by 𝑉𝑛/𝑈𝑛 = 𝐸𝑛/𝐶𝑛 → 0, gives the quantitative
estimate 𝑈𝑛+1 ≤ 3𝑈𝑛/4 when 𝜌𝑛 ≥ 2. Repeated factors thus cause contraction; late
records use multipliers coprime to the current LCM. At those records the actual jump is
𝑑𝑛 = 𝑈𝑛+1 −𝑈𝑛 = −𝑉𝑛 > 0. This identity need not hold when 𝜌𝑛 ≥ 2.

For 𝐵 = 0, divergence under unbounded growth can already be seen by comparing
a record step with the interval of new heights it covers:

∫
𝑅𝑛+1

𝑅𝑛
𝑓 (𝑡) 𝑑𝑡 ≤ (𝑅𝑛+1 − 𝑅𝑛)𝑓 (𝑈𝑛) ≤ (𝑈𝑛+1 −𝑈𝑛)𝑓 (𝑈𝑛).

The last expression is (−𝑉𝑛)𝑓 (𝑈𝑛) at a record. The theorem retains this divergence after
subtracting a fixed 𝐵 at every record. That is where the congruences enter: they select
a progression of heights whose first crossings necessarily have an excess jump. For the
divergence direction, unboundedness of 𝑈𝑛 suffices; no limit 𝑈𝑛 → ∞ is assumed.

Theorem 6.1 (boundedness and a weighted sum over new maxima). Let 𝑎𝑛, 𝐿𝑛, 𝑈𝑛 be
positive integers and 𝑉𝑛 integers satisfying

𝐿𝑛+1 = lcm(𝐿𝑛, 𝑎𝑛), 𝜌𝑛 = gcd(𝐿𝑛, 𝑎𝑛),
𝜌𝑛𝑈𝑛+1 = 𝑈𝑛 −𝑉𝑛, 𝑉𝑛 = 𝐿𝑛 − (𝑎𝑛 − 1)𝑈𝑛, −𝑈𝑛 ≤ 2𝑉𝑛.

Let 𝑓 ∶ [1,∞) → [0,∞) be finite and nonincreasing, with ∫∞
1 𝑓 (𝑡) 𝑑𝑡 = ∞. For each fixed

integer 𝐵 ≥ 0,
sup
𝑛

𝑈𝑛 < ∞ ⟺ ∑
𝑛∈ℛ

(−𝑉𝑛 − 𝐵)+𝑓 (𝑈𝑛) < ∞.

Proof. A bounded integer running maximum increases only finitely many times, so
bounded 𝑈𝑛 gives a finite sum. Suppose instead that 𝑈𝑛 is unbounded. There are in-
finitely many record rises, each with 𝜌𝑛 = 1. Its multiplier is greater than one because
𝑑𝑛 = (𝑎𝑛 − 1)𝑈𝑛 − 𝐿𝑛 > 0. If 𝑟 < 𝑠 are record indices, then 𝑎𝑟 ∣ 𝐿𝑠 and gcd(𝑎𝑠, 𝐿𝑠) = 1,
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hence gcd(𝑎𝑟, 𝑎𝑠) = 1. The record multipliers are therefore distinct and pairwise co-
prime. For any fixed 𝐵 ≥ 1, choose 𝐵 of them greater than 𝐵, and take 𝑇 after their
indices. These earlier multipliers 𝑚0,… ,𝑚𝐵−1 all divide 𝐿𝑇 .

Put 𝑃 = ∏𝑖 𝑚𝑖 and choose 𝑥with𝑚𝑖 ∣ 𝑥+𝑖 by the Chinese remainder theorem. Select
the heights 𝜏 = 𝑥 + 𝐵 + 𝑘𝑃 > 𝑅𝑇 , 𝑘 ∈ ℤ. At the first crossing of any selected height we
have 𝑈𝑛 ≤ 𝑅𝑛 < 𝜏 ≤ 𝑈𝑛 + 𝑑𝑛, so the crossing is a record step. Here 𝑑𝑛 = 𝑈𝑛+1 − 𝑈𝑛 is
the full jump from the current numerator. If 𝑑𝑛 ≤ 𝐵, then 𝑈𝑛 ∈ [𝜏 − 𝐵, 𝜏), so

𝑈𝑛 = 𝜏 − 𝐵 + 𝑖 = 𝑥 + 𝑘𝑃 + 𝑖 for some 0 ≤ 𝑖 < 𝐵.

The choice of 𝑥 gives 𝑚𝑖 ∣ 𝑈𝑛, which is compatible with these unreduced LCM coordi-
nates. Since 𝑚𝑖 ∣ 𝐿𝑛 too, it also gives 𝑚𝑖 ∣ 𝑑𝑛 = (𝑎𝑛 − 1)𝑈𝑛 − 𝐿𝑛. The contradiction is
0 < 𝑑𝑛 ≤ 𝐵 < 𝑚𝑖: the jump is too short to be a positive multiple of the modulus.

Every crossing has 𝑑𝑛 > 𝐵. We must still avoid counting one excess several times
when a jump crosses more than one selected height: their combined weight must fit
within that same 𝑑𝑛 − 𝐵. If it first crosses ℎ ≥ 1 selected heights, their spacing gives
(ℎ − 1)𝑃 < 𝑑𝑛. Writing 𝑟 = 𝑑𝑛 − 𝐵 ≥ 1 and using 𝑃 ≥ 𝐵 + 1, we obtain 𝑑𝑛 = 𝐵 + 𝑟 ≤ 𝑃𝑟,
hence ℎ ≤ 𝑟. Since each crossed height is above 𝑈𝑛, monotonicity of 𝑓 gives

∑
𝜏 first crossed

at step 𝑛

𝑓 (𝜏) ≤ (𝑑𝑛 − 𝐵)𝑓 (𝑈𝑛).

Each selected height has one first crossing. The first is at most 𝑅𝑇 + 𝑃, and successive
selected heights are 𝑃 apart. For 𝑅𝑁 ≥ 𝑅𝑇 + 𝑃, the intervals [𝜏,min{𝜏 + 𝑃, 𝑅𝑁}], over
selected heights 𝜏 ≤ 𝑅𝑁 , cover [𝑅𝑇 + 𝑃,𝑅𝑁]. Since 𝑓 is nonincreasing, its integral over
each interval is at most 𝑃𝑓 (𝜏). Summing the crossing bounds gives

∑
𝑇≤𝑛<𝑁
𝑛∈ℛ

(−𝑉𝑛 − 𝐵)+𝑓 (𝑈𝑛) ≥ 1
𝑃 ∫

𝑅𝑁

𝑅𝑇+𝑃
𝑓 (𝑡) 𝑑𝑡. (20)

Since 𝑅𝑛 → ∞, the right side diverges for every 𝐵 ≥ 1. The case 𝐵 = 0 follows by
domination.

The abstract theorem used only unboundedness, not 𝑈𝑛 → ∞: record multipliers
supplied the CRTmoduli, and the stated error bound excluded records with 𝜌𝑛 ≥ 2. For
reciprocal tails, vanishing relative error and absorption supply the missing alternative:
failure of Sylvester behaviour forces 𝑈𝑛 → ∞.

Theorem 6.2 (a convergent weighted sum over new maxima). Assume the growth and
rationality hypotheses of Problem 1.1, and let 𝑓 be as in Theorem 6.1. The sequence is eventually
Sylvester if and only if, for some integer 𝐵 ≥ 0,

∑
𝑛∈ℛ

(−𝑉𝑛 − 𝐵)+𝑓 (𝑈𝑛) < ∞.

Proof. If the sequence is not eventually Sylvester, zero error is never reached on a suffi-
ciently late tail. Integrality gives 1/𝑈𝑛 ≤ |𝑉𝑛|/𝑈𝑛 = |𝐸𝑛|/𝐶𝑛 → 0, so 𝑈𝑛 is unbounded.
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The same relative-error limit gives 2|𝑉𝑛| < 𝑈𝑛 at every sufficiently large index, and
hence the bound −𝑈𝑛 ≤ 2𝑉𝑛 required by Theorem 6.1. Applying that theorem to this
tail forces divergence for every 𝐵. Once the running maximum of the retained tail ex-
ceeds the omitted prefix maximum, deleting that prefix no longer changes which steps
set new records. Unboundedness ensures that this crossing occurs. Conversely, a se-
quence satisfying the eventual Sylvester recurrence telescopes to 𝑥𝑛 = 1/(𝑎𝑛 − 1), so
𝑉𝑛 = 0 eventually.

The nonincreasing weights 1/𝑡 and 1/[𝑡 log(𝑒𝑡)] have divergent integrals and are ad-
missible. The weight 1/𝑡2 is excluded: its integral is finite, so the crossing lower bound
would not contradict unbounded numerators. For example, 𝑓 (𝑡) = 1/[𝑡 log(𝑒𝑡)] gives
the sufficient condition

∑
𝑛∈ℛ

(−𝑉𝑛 − 𝐵)+
𝑈𝑛 log(𝑒𝑈𝑛)

< ∞.

Its finite lower bound in (20) is 𝑃−1 log(log(𝑒𝑅𝑁)/ log(𝑒(𝑅𝑇 + 𝑃))). Further fixed it-
erated logarithmic factors are allowed whenever the integral still diverges. These are
specialisations of one crossing theorem.

Transferring the criterion to the growth defect requires a summable change in the
summands, not merely a pointwise asymptotic. Put 𝛾𝑛 = 𝑎2𝑛/𝑎𝑛+1 − 1 and 𝜃𝑛 = 𝐸𝑛/𝐶𝑛.
The defect identity gives

𝛾𝑛 + 𝜃𝑛 = (1 − 𝜃𝑛)(𝑎𝑛 − 1 + 𝜃𝑛+1)
𝑎𝑛+1

, 0 < 𝛾𝑛 + 𝜃𝑛 < 3/𝑎𝑛

eventually. Taking positive parts cannot increase the absolute difference. Since 𝑉𝑛 =
𝑈𝑛𝜃𝑛, the two nonnegative summands 𝑈𝑛𝑓 (𝑈𝑛)(𝛾𝑛 − 𝐵/𝑈𝑛)+ and (−𝑉𝑛 − 𝐵)+𝑓 (𝑈𝑛)
differ by at most 3𝑈𝑛𝑓 (𝑈𝑛)/𝑎𝑛. To see summability directly, put 𝑃𝑛 = ∏𝑗<𝑛 𝑎𝑗. The tail
estimate 𝑥𝑛 ∼ 1/𝑎𝑛 gives 𝐶𝑛/𝑎𝑛 ∼ 𝑞𝑃𝑛/𝑎2𝑛, and

𝑃𝑛+1/𝑎2𝑛+1
𝑃𝑛/𝑎2𝑛

= 𝑎3𝑛
𝑎2𝑛+1

⟶ 0.

Thus ∑𝑛 𝐶𝑛/𝑎𝑛 < ∞ by the ratio test. Since 𝑈𝑛 ≤ 𝐶𝑛 and 𝑓 (𝑈𝑛) ≤ 𝑓 (1), the comparison
error is summable. Consequently Theorem 6.2 is equivalent to finiteness of

∑
𝑛∈ℛ

𝑈𝑛𝑓 (𝑈𝑛) (
𝑎2𝑛

𝑎𝑛+1
− 1 − 𝐵

𝑈𝑛
)

+
(21)

for some𝐵. The original hypotheses do not currently supply this finiteness. In particular,
termwise convergence to zero is insufficient. A Lean formulation of this comparison,
with the sufficient constant 16 in place of 3 and the summand of (21) at record indices
and zero elsewhere, is in the companion Lean repository plectis-erdos-lean; it is not
covered by the evidence record.

The crossed heights lie above 𝑅𝑛, but the divisibility argument uses the starting nu-
merator 𝑈𝑛 and the full jump 𝑈𝑛+1 − 𝑈𝑛. Replacing this by 𝑅𝑛+1 − 𝑅𝑛 would discard
the recovery from an earlier decrease.

https://github.com/wcook04/plectis-erdos-lean/blob/52f29ad173b04e3bac941b3663f2b9aebe5de0bb/ErdosProblems/Erdos243/PaperCompleteR8/GrowthDebtSummability.lean#L234
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Integer coefficients. The first-crossing proof extends to summands with arbitrary in-
teger numerators 𝑏𝑛. We record this extension separately from the unit-fraction criteria
used above. In that case

𝑉𝑛 = 𝑏𝑛𝐿𝑛 − (𝑎𝑛 − 1)𝑈𝑛, 𝜌𝑛𝑈𝑛+1 = 𝑈𝑛 −𝑉𝑛.

Assume that 𝑎𝑛 ≥ 2, that 𝐿𝑛, 𝑈𝑛 are positive integers, and that 𝐿𝑛+1 = lcm(𝐿𝑛, 𝑎𝑛),
with 𝜌𝑛 = gcd(𝐿𝑛, 𝑎𝑛). Suppose 𝑉𝑛 ≥ −𝐵 eventually, with an integer 𝐵 ≥ 0. Then
𝑈𝑛+1 ≤ 𝑈𝑛 + 𝐵; if 𝐵 = 0, boundedness follows at once. For 𝐵 ≥ 1, a record step with
𝑅𝑛 > 𝐵 must have 𝜌𝑛 = 1, since 𝜌𝑛 ≥ 2 would give

𝑈𝑛+1 ≤ 𝑈𝑛 + 𝐵
2 ≤ 𝑅𝑛 + 𝐵

2 < 𝑅𝑛.

Thus an unbounded sequence would supply infinitely many pairwise coprime record
multipliers. Choose 𝐵 of them larger than 𝐵, and then a CRT block of 𝐵 consecutive
integers above the previous maximum, each divisible by one of the chosen multipliers.
The first step past the upper end of the block is a high record step, so 𝜌𝑛 = 1. Its positive
jump is at most 𝐵, hence the preceding numerator 𝑈𝑛 lies in the block. The correspond-
ing multiplier divides both 𝑈𝑛 and 𝐿𝑛, hence divides the jump (𝑎𝑛 − 1)𝑈𝑛 − 𝑏𝑛𝐿𝑛. A
positive jump at most 𝐵 cannot have a divisor larger than 𝐵. No growth or relative-error
hypothesis was used.

With the additional limit 𝑉𝑛/𝑈𝑛 → 0, choose an integer 𝐾 bounding 𝑈𝑛. Eventually
|𝑉𝑛| < 𝑈𝑛/𝐾 ≤ 1, so the integer 𝑉𝑛 is zero. The recurrence becomes 𝜌𝑛𝑈𝑛+1 = 𝑈𝑛;
the positive integer sequence 𝑈𝑛 is then nonincreasing and hence eventually constant.
For positive 𝑏𝑛, the classical comparisons are Badea’s Corollary 2.2 [3, p. 316] and the
criterion of Tijdeman and Yuan [4]. Further finite examples separating boundedness
from stationarity are in the coefficient proof supplement.

7 New maxima of reduced numerators
We now reduce each tail to lowest terms, writing 𝑢𝑛/𝑣𝑛. Coprimality is restored, but
persistence is lost: a prime power can disappear from 𝑣𝑛 while remaining in every later
LCM 𝐿𝑗. Before applying coprimality at new maxima, we must therefore bound what
cancellation removes. Lower-case 𝑢𝑛 is the reduced numerator; upper-case 𝑈𝑛 remains
the LCM numerator of the preceding section.

Fractions in lowest terms. Put

𝐺𝑛 = gcd(𝐶𝑛, 𝐷𝑛), 𝑢𝑛 = 𝐶𝑛/𝐺𝑛, 𝑣𝑛 = 𝐷𝑛/𝐺𝑛, ̃𝑒𝑛 = 𝐸𝑛/𝐺𝑛.

Thus gcd(𝑢𝑛, 𝑣𝑛) = 1 and ̃𝑒𝑛 is a signed integer. The factor ℎ𝑛 = 𝐺𝑛+1/𝐺𝑛 records the
common factor removed at the next step. The relation to the preceding section is exact:

𝐺𝑛
𝑀𝑛

= gcd(𝑈𝑛, 𝐿𝑛), 𝑢𝑛 = 𝑈𝑛
gcd(𝑈𝑛, 𝐿𝑛)

, 𝑣𝑛 = 𝐿𝑛
gcd(𝑈𝑛, 𝐿𝑛)

.

Indeed, 𝐶𝑛 = 𝑀𝑛𝑈𝑛 and 𝐷𝑛 = 𝑀𝑛𝐿𝑛. Clearing with an LCM and reducing to lowest
terms are different operations. For example, the exact step (𝐶,𝐷, 𝑎) = (3, 6, 3) has 𝐸 = 0

https://github.com/wcook04/plectis-erdos/blob/eccd8afc6db3c02a2265d0601b727d6c5e4467d5/lean/ErdosProblems/Erdos243/CoefficientUniformBoundedHeight.md
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and gives (𝐶′, 𝐷′) = (3, 18). With 𝐿 = 6, its LCM numerator falls from 3 to 1, while the
reduced numerator stays 1: the LCM factor is 𝜌 = 3, but the reduction factor is ℎ = 1.
From this step onwards, the Sylvester recurrence holds.

In general, before reduction the next numerator is 𝑤𝑛 = 𝑎𝑛𝑢𝑛 − 𝑣𝑛 = 𝑢𝑛 − ̃𝑒𝑛, so

ℎ𝑛𝑢𝑛+1 = 𝑤𝑛, ℎ𝑛𝑣𝑛+1 = 𝑎𝑛𝑣𝑛, gcd(𝑢𝑛, 𝑢𝑛+1) = 1.

The negative magnitude 𝑒𝑛 = −𝐸𝑛 used earlier is not ̃𝑒𝑛; neither is Koizumi’s real gap
𝜀𝑛.

For the maxima and their increments write

𝑅𝑛 = max
𝑘≤𝑛

𝑢𝑘, 𝐻𝑛 = max
𝑗≤𝑛

𝐶𝑗, 𝑠𝑛 = 𝑅𝑛+1 − 𝑅𝑛.

At a strict rise let 𝑑𝑛 = 𝑢𝑛+1 − 𝑢𝑛. Then 𝑠𝑛 = (𝑑𝑛 − (𝑅𝑛 − 𝑢𝑛))+. Thus the actual jump
includes recovery of the earlier decrease𝑅𝑛−𝑢𝑛, whereas the record increment does not.
For example, if 𝑅𝑛 = 10, 𝑢𝑛 = 5 and 𝑢𝑛+1 = 12, then 𝑠𝑛 = 2 but 𝑑𝑛 = 7. This illustrates
the definitions, not a claimed reciprocal-tail orbit. We will use

𝑚𝑛 = (− ̃𝑒𝑛)+, 𝒜𝑛 = 𝑅𝑛
𝑢𝑛

𝑚𝑛, 𝛿𝑛 = ( 𝑎2𝑛
𝑎𝑛+1

− 1)
+
, ℓ(𝑥) = log2 log2 max(4, 𝑥).

The factor 𝑅𝑛/𝑢𝑛 in 𝒜𝑛 measures how far the current numerator has fallen below its
previous maximum. It equals one at a maximum and can be large after a decrease. The
symbol 𝒜𝑛 is distinct from the prefix product 𝐴𝑛 used later.

Unless a statement in this section specifies an abstract recurrence, we assume the
hypotheses of Problem 1.1 and use its integer tails, for which |𝐸𝑛|/𝐶𝑛 → 0 after a finite
shift. We will write out the conclusion 𝑎𝑛+1 = 𝑎2𝑛 − 𝑎𝑛 + 1 eventually rather than give it
a separate symbol.

Comparison with Duverney’s reduced parameters. For the positive reciprocal se-
ries, the eventually reduced parameters in Duverney’s Theorem 3.1 and Section 5.2 [2,
pp. 285–286, 299–300] can be taken as follows. The symbols 𝑝𝑛, 𝑞𝑛 in this comparison
are Duverney’s auxiliary integers, not the fixed numerator and denominator of the full
reciprocal sum:

𝑝𝑛 = 𝑢𝑛, 𝑞𝑛 = 𝑤𝑛 = 𝑎𝑛𝑢𝑛 − 𝑣𝑛 = ℎ𝑛𝑢𝑛+1, 𝐸𝑛 = 𝐺𝑛(𝑝𝑛 − 𝑞𝑛).

Indeed, gcd(𝑢𝑛, 𝑤𝑛) = gcd(𝑢𝑛, 𝑣𝑛) = 1. Since 𝑎𝑛𝑣𝑛 = 𝑎2𝑛𝑢𝑛 −𝑎𝑛𝑤𝑛, reduction of the next
tail gives

ℎ𝑛 = gcd(𝑤𝑛, 𝑎𝑛𝑣𝑛) = gcd(𝑤𝑛, 𝑎2𝑛), 𝑝𝑛+1 ∣ 𝑞𝑛.

For the gcd equality, subtract the multiple 𝑎𝑛𝑤𝑛 and use the coprimality of 𝑢𝑛, 𝑤𝑛; the
divisibility follows from 𝑞𝑛 = ℎ𝑛𝑝𝑛+1. Eliminating 𝑣𝑛+1 then gives Duverney’s recur-
rence:

𝑎𝑛+1 = 𝑝𝑛
𝑞𝑛

𝑎2𝑛 − 𝑎𝑛 + 𝑞𝑛+1
𝑝𝑛+1

.

Thus 𝑞𝑛/𝑝𝑛+1 = ℎ𝑛 is precisely the cancellation factor, and 𝑞𝑛/𝑝𝑛 → 1. This identifies
the reduced parameters, not every possible unreduced choice in the original theorem.
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An upper bound on 𝑞𝑛 − 𝑝𝑛 controls the increase before cancellation in the reduced
coordinates. To transfer that bound directly to (−𝐸𝑛)+ = 𝐺𝑛(𝑞𝑛 − 𝑝𝑛)+ would also
require control of 𝐺𝑛.

An old prime power can be lost only when the multiplier supplies exactly its expo-
nent and subtraction cancels more. The formula below separates this case from unequal
exponents.

Lemma 7.1 (the denominator valuation transition). Let 𝑢, 𝑣, 𝑎 be positive integers,
gcd(𝑢, 𝑣) = 1, and 𝑤 = 𝑎𝑢 − 𝑣 > 0. Put ℎ = gcd(𝑤, 𝑎𝑣) and 𝑣′ = 𝑎𝑣/ℎ. For a prime
𝑝, write 𝑟 = 𝜈𝑝(𝑎), 𝑠 = 𝜈𝑝(𝑣) and 𝑡 = 𝜈𝑝(𝑤). Then

𝜈𝑝(𝑣′) =
⎧{
⎨{⎩

max(𝑟, 𝑠), 𝑟 ≠ 𝑠,
max(0, 2𝑠 − 𝑡), 𝑟 = 𝑠.

In particular 𝜈𝑝(𝑣′) ≤ max(𝑟, 𝑠). A strict loss relative to 𝑠 requires 𝑟 = 𝑠 ≥ 1 and 𝑡 > 𝑠.

Proof. Always 𝜈𝑝(𝑣′) = 𝑟 + 𝑠 − min(𝑡, 𝑟 + 𝑠). If 𝑟 ≠ 𝑠, primitivity implies 𝑡 = min(𝑟, 𝑠):
when 𝑠 > 0, 𝑢 is a 𝑝-adic unit, and when 𝑠 = 0 < 𝑟, 𝑣 is a unit. If 𝑟 = 𝑠 > 0, both terms in
𝑎𝑢 − 𝑣 are divisible by 𝑝𝑠, so 𝑡 ≥ 𝑠; substituting gives the second case. If 𝑟 = 𝑠 = 0, the
same formula gives zero without needing 𝑢 to be a unit.

Cancellation is measured against the enlarged denominator 𝑎𝑣, not against 𝑣. Thus
ℎ > 1 need not mean that an old prime power is lost. For example, (𝑢, 𝑣, 𝑎) = (2, 15, 9)
gives 𝑤 = 3, ℎ = 3 and (𝑢′, 𝑣′) = (1, 45). The numerator before cancellation exceeds 𝑢
by only 𝑤 − 𝑢 = 1, yet the 3-adic valuation of the reduced denominator rises from 1 to
2. This is a finite exact step, not an infinite counterexample.

Corollary 7.2 (persistence of a prime power). Suppose 𝑝𝑘 ∣ 𝑣𝑠. If 𝑤𝑛 < 𝑝𝑘+1 at every step
from 𝑠 through 𝑡 − 1, then 𝑝𝑘 ∣ 𝑣𝑡.

Proof. At a first loss of divisibility by 𝑝𝑘, the current exponent is some 𝑗 ≥ 𝑘 and the
valuation lemma forces 𝜈𝑝(𝑤𝑛) > 𝑗. This would give 𝑤𝑛 ≥ 𝑝𝑗+1 ≥ 𝑝𝑘+1, contrary to the
hypothesis.

The bound on 𝑤𝑛 protects the old prime power despite varying cancellation factors.
It is needed only until the crossing under study.

7.1 Growth of the running maximum
Theorem 7.3 (increments of the running maximum). Let Θ = lim sup𝑛(𝐻𝑛+1 −
𝐻𝑛)/ℓ(𝐻𝑛) on a rational-tail orbit under the standing hypotheses, and suppose 𝐸𝑛 is not even-
tually zero. Then either 𝐺𝑛 is unbounded and Θ is infinite, or 𝐺𝑛 stabilises at a value 𝑔 and
Θ ≥ 𝑔 𝑣𝑇/𝜑(𝑣𝑇) for every late 𝑇, so that Θ > 𝑔 ≥ 1. For any orbit under the standing
hypotheses, therefore, Θ = 0 or Θ > 1, and Θ ≤ 1 forces the eventual Sylvester recurrence.

The constant in the next condition is measured against a double logarithm, not
against 𝐶𝑛. This grows much more slowly than any positive power of 𝐶𝑛. Every fixed
bound on (−𝐸𝑛)+ satisfies it on a nonzero tail because 𝐶𝑛 → ∞; it also permits un-
bounded negative parts on the double-logarithmic scale, with the coefficient specified
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below. In contrast, an error of size √𝐶𝑛 has relative size tending to zero but violates the
condition. These are comparisons of bounds, not constructions of reciprocal tails.

Corollary 7.4 (the double-logarithmic bound). If

lim sup
𝑛

(−𝐸𝑛)+
ℓ(𝐶𝑛)

≤ 1,

then the sequence is eventually Sylvester. Every counterexample therefore satisfies

lim sup
𝑛

(−𝐸𝑛)+
ℓ(𝐶𝑛)

> 1.

Proof of Theorem 7.3 and Corollary 7.4. We first prove the auxiliary lower bound Θ ≥ 1.
This part needs only an exact positive integer orbit with 𝑎𝑛 > 1, 𝐷0 ≥ 1, |𝐸𝑛|/𝐶𝑛 →
0 and error not eventually zero. In particular, it will also apply to the abstract orbit
in Theorem 7.11. The key input is that, outside a set of indices of density zero, 𝑎𝑛 is
coprime to the entire preceding denominator𝐷𝑛. This supplies almost one new coprime
modulus per step. The denominator growth then places the resulting CRT block at the
required double-logarithmic height.

How often a multiplier is coprime to the preceding denominator. We use the LCM factori-
sation from Section 6. In the present zero-based indexing, put

𝐿𝑛 = lcm(𝐷0, 𝑎0,… , 𝑎𝑛−1), 𝑀𝑛 = 𝐷𝑛/𝐿𝑛, 𝜌𝑛 = gcd(𝐿𝑛, 𝑎𝑛).

The finite telescoping identity gives

𝐶𝑛
𝑀𝑛

= 𝐿𝑛
⎛⎜⎜
⎝

𝐶0
𝐷0

− ∑
𝑗<𝑛

1
𝑎𝑗
⎞⎟⎟
⎠

∈ ℤ>0.

Thus 𝑀𝑛 ∣ 𝐶𝑛, while 𝑀0 = 1 and 𝑀𝑛+1 = 𝜌𝑛𝑀𝑛. Since 𝐿𝑛 and 𝐷𝑛 have the same prime
divisors,

#{𝑛 < 𝑁 ∶ gcd(𝑎𝑛, 𝐷𝑛) > 1} = #{𝑛 < 𝑁 ∶ 𝜌𝑛 > 1} ≤ log2 𝑀𝑁 ≤ log2 𝐶𝑁 = 𝑜(𝑁).

Here the last estimate follows by summing log(𝐶𝑛+1/𝐶𝑛) = log(1−𝐸𝑛/𝐶𝑛) = 𝑜(1). This
is the density-one coprimality argument of Bado [8, Theorem 9.1, p. 7], written with
the exact-orbit hypotheses used here. Only the finite telescoping identity is needed; no
estimate on record increments has entered this count.

Choosing the moduli and controlling their product. Absorption and vanishing relative
error give 𝐶𝑛 → ∞, hence 𝐻𝑛 → ∞. The maximum is still subexponential: for every
𝜀 > 0, choose 𝐾𝜀 with 𝐶𝑗 ≤ 𝐾𝜀𝑒𝜀𝑗 for every 𝑗. Then 𝐻𝑛 ≤ 𝐾𝜀𝑒𝜀𝑛, so log𝐻𝑛 = 𝑜(𝑛). Since
𝐷𝑛 ≥ 2𝑛 and 𝑎𝑛 = 𝐷𝑛/𝐶𝑛 + 1 − 𝐸𝑛/𝐶𝑛, eventually

𝑎𝑛 ≥ 2𝑛/2, 𝑎𝑛 < 2𝐷𝑛, ℓ(𝐷𝑛) ≤ 𝑛 + 𝑂(1).

For the last inequality, 𝐷𝑛+1 < 2𝐷2
𝑛 gives 1+ log2 𝐷𝑛+1 < 2(1+ log2 𝐷𝑛). Iteration from

a fixed late index, followed by another logarithm, gives ℓ(𝐷𝑛) ≤ 𝑛 + 𝑂(1).
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Suppose 𝐻𝑛+1 − 𝐻𝑛 ≤ 𝑐ℓ(𝐻𝑛) eventually for some 0 < 𝑐 < 1. For a large integer
𝐵, take the first 𝐵 indices at or after ⌈3 log2 𝐵⌉ for which gcd(𝑎𝑛, 𝐷𝑛) = 1. Write the
corresponding multipliers as 𝑚0,… ,𝑚𝐵−1 and let 𝑠 be the index immediately after the
last choice. The density estimate just proved gives 𝑠 = 𝐵 + 𝑜(𝐵): deleting 𝑂(log𝐵)
initial indices and 𝑜(𝑠) exceptional indices leaves 𝐵 choices. Each 𝑚𝑖 > 2𝐵 for large 𝐵,
and the chosen multipliers are pairwise coprime, because each earlier one divides the
denominator preceding a later one. All divide 𝐷𝑠. For 𝑃 = ∏𝑖 𝑚𝑖 we therefore have

(2𝐵)𝐵 < 𝑃 ≤ 𝐷𝑠, 𝐻𝑠 < 𝑃, 𝐵 < 𝑃, ℓ(3𝑃) ≤ 𝐵 + 𝑜(𝐵).

The bound on 𝐻𝑠 uses log𝐻𝑠 = 𝑜(𝑠) and 𝑠 = 𝐵+𝑜(𝐵). Thus the product is large enough
to place the block beyond the previous maximum, but small enough that the allowed
jump at its height is less than the block length: 𝑐ℓ(3𝑃) < 𝐵 for all sufficiently large 𝐵.
Both comparisons are needed; existence of a distant CRT block alone would not control
a height-dependent jump bound.

Crossing the block. An unreduced numerator may land on a multiple. The modulus
then becomes a persistent common divisor, forbidding the next small record. Choose
𝑥 ∈ [𝑃, 2𝑃) by the Chinese remainder theorem so that 𝑚𝑖 ∣ 𝑥 + 𝑖 for 0 ≤ 𝑖 < 𝐵. At the
first record 𝐶𝑡 ≥ 𝑥 after 𝑠, the preceding maximum is below 𝑥 and its increase is at most
𝑐ℓ(2𝑃) < 𝐵. Thus 𝑥 ≤ 𝐶𝑡 < 𝑥 + 𝐵 < 3𝑃, so some 𝑚𝑖 divides both 𝐶𝑡 and 𝐷𝑡. The exact
updates preserve this common divisor. At the next record 𝐶𝑟 we would therefore have

𝑚𝑖 ∣ 𝐶𝑟 − 𝐶𝑡, 0 < 𝐶𝑟 − 𝐶𝑡 ≤ 𝑐ℓ(𝐶𝑡) ≤ 𝑐ℓ(3𝑃) < 𝐵 < 𝑚𝑖,

which is impossible. This proves the auxiliary bound Θ ≥ 1.
The integer normalisation matters here. Scaling (𝐶,𝐷, 𝐸) by a positive integer

𝑘 scales the running maximum by 𝑘 and its limit-superior coefficient by 𝑘, since
ℓ(𝑘𝑥)/ℓ(𝑥) → 1. Thus the bound with coefficient 1 is not invariant under arbitrary
clearing of denominators. The next step keeps track of the common factor rather than
discarding it.

The common gcd and the sharper coefficient. For any fixed 𝑁, divide the tail from 𝑁
onwards by 𝐺𝑁 . The resulting integer orbit satisfies the same hypotheses. Its running
maximum is eventually 𝐻𝑛/𝐺𝑁 , and ℓ(𝐻𝑛/𝐺𝑁)/ℓ(𝐻𝑛) → 1. The auxiliary bound there-
fore gives Θ ≥ 𝐺𝑁 . If 𝐺𝑁 is unbounded, then Θ = +∞.

Otherwise 𝐺𝑛 = 𝑔 eventually. Fix a later index 𝑇 with 𝑣𝑇 > 1. The reduced frac-
tions have pairwise coprime multipliers, each coprime to 𝑣𝑇 . Its prime factors already
exclude the nonunit offsets; newmultipliers need cover only the rest. For a large integer
𝐿, exactly

𝑘𝐿 = 𝜑(𝑣𝑇)
𝑣𝑇

𝐿 + 𝑂(𝑣𝑇)

of the offsets 0,… , 𝐿−1 are coprime to 𝑣𝑇 . Assign to those offsets the next 𝑘𝐿 multipliers,
beginning at 𝑇. Put 𝑠 = 𝑇 + 𝑘𝐿 and 𝑄 = 𝑣𝑠 = 𝑣𝑇 ∏𝑇≤𝑗<𝑠 𝑎𝑗. Solve 𝑥 ≡ 0 (mod 𝑣𝑇) and
𝑥 ≡ −𝑗modulo themultiplier assigned to offset 𝑗, and take the solution in [𝑄, 2𝑄). Every
integer in [𝑥, 𝑥 + 𝐿) then fails to be coprime to 𝑣𝑠. No later reduced numerator can lie
there.
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The running maximum 𝑅𝑠 of the reduced numerator is below 𝑄 for large 𝐿, by the
growth estimates above. The first crossing of 𝑥 after 𝑠 must therefore have a record
increment at least 𝐿. Its preceding maximum is below 2𝑄, and ℓ(2𝑄) ≤ 𝑠 + 𝑂(1) =
𝑇 + 𝑘𝐿 +𝑂(1). The corresponding record indices tend to infinity with 𝐿, so

lim sup
𝑛

𝑅𝑛+1 − 𝑅𝑛
ℓ(𝑅𝑛)

≥ lim
𝐿→∞

𝐿
𝑇 + 𝑘𝐿 +𝑂(1) = 𝑣𝑇

𝜑(𝑣𝑇)
.

Since𝐻𝑛 = 𝑔𝑅𝑛 eventually, this givesΘ ≥ 𝑔𝑣𝑇/𝜑(𝑣𝑇) > 𝑔. Under the eventual Sylvester
recurrence, 𝐶𝑛 is eventually constant and Θ = 0. Finally,

𝐻𝑛+1 −𝐻𝑛 = (−𝐸𝑛 − (𝐻𝑛 − 𝐶𝑛))+ ≤ (−𝐸𝑛)+.

Together with ℓ(𝐶𝑛) ≤ ℓ(𝐻𝑛), this proves the corollary.

Integer solutions of the recurrences. The strict bound Θ > 1 is also a Lean theorem
for solutions of (19) with 𝑎𝑛 > 1, 𝐶𝑛 > 0, 𝐷0 ≥ 1 and vanishing relative error whose
error is not eventually zero (strict record bound). The implication of Corollary 7.4, that
lim sup𝑛(−𝐸𝑛)+/ℓ(𝐶𝑛) ≤ 1 forces 𝐸𝑛 = 0 eventually, is a Lean theorem for solutions of
(19) with 𝑎𝑛 > 1, 𝐶𝑛 > 0 and vanishing relative error (double-logarithmic bound for an
exact orbit); there 𝐷0 ≥ 1 follows from the vanishing relative error. The Lean sources
also contain pointwise-rise versions of the arithmetic steps: persistence of a common
divisor, a CRT block starting in [𝑃, 2𝑃), the landing of a slowly rising numerator in that
block and the resulting exclusion. Their landing bound controls increments of 𝐶𝑛; the
argument above controls increments of 𝐻𝑛.

No upper bound on Θ is proved. If 𝐺𝑛 is unbounded, the theorem forces Θ = +∞.
If 𝐺𝑛 = 𝑔 eventually, it proves only Θ ≥ 𝑔 𝑣𝑇/𝜑(𝑣𝑇) for every late 𝑇. Since 𝑣𝑇 ∣ 𝑣𝑇+1, the
ratios 𝜑(𝑣𝑇)/𝑣𝑇 are nonincreasing and have a limit 𝜎 ≥ 0. If 𝜎 = 0, the lower bound
again forces Θ = +∞; if 𝜎 > 0, it gives Θ ≥ 𝑔/𝜎 but does not determine whether Θ is
finite. Replacing 𝐻𝑛 by the running maximum of 𝑢𝑛 divides the coefficient by 𝑔, since
ℓ(𝑔𝑥)/ℓ(𝑥) → 1.

7.2 Bounds that allow for cancellation and earlier decreases
Theorem 7.5 (bounds allowing for previous decreases). Under the standing hypotheses,
the following are equivalent: eventual Sylvester behaviour; lim sup𝑛 𝒜𝑛 < ∞; lim sup𝑛 𝑅𝑛𝛿𝑛 <
∞. Each of those two limits superior is 0 or +∞.

Corollary 7.6 (the critical rate). Under the standing hypotheses and 𝛿𝑛 = 𝑂(1/𝑛), with no
convergence of 𝑛𝛿𝑛 assumed, eventual Sylvester behaviour is equivalent to 𝑢𝑛 = 𝑂(𝑛) and to
(− ̃𝑒𝑛)+ = 𝑂(1). A counterexample at the critical rate therefore has lim sup𝑛 𝑢𝑛/𝑛 = ∞ and
lim sup𝑛(− ̃𝑒𝑛)+ = ∞.

Proof of Theorem 7.5. Suppose the orbit is not eventually Sylvester and 𝒜𝑛 ≤ 𝐾 eventu-
ally, for an integer 𝐾 ≥ 1. Absorption and | ̃𝑒𝑛|/𝑢𝑛 → 0 give 𝑢𝑛 → ∞. Negative reduced
errors must occur arbitrarily late, since otherwise ℎ𝑛𝑢𝑛+1 = 𝑢𝑛 − ̃𝑒𝑛 would make 𝑢𝑛
eventually nonincreasing.

Cancellation may lower 𝑢𝑠+1 without a record. The first later negative error detects
the loss: its magnitude is at least one, while 𝑅𝑡 remembers 𝑢𝑠. Fix a late 𝑠 and let 𝑡 > 𝑠

https://github.com/wcook04/plectis-erdos/blob/168bf6727758f918a430ef056a1c93d3160b53a6/lean/ErdosProblems/Erdos243/PaperCompleteR21/ExactOrbitRecordDichotomy.lean#L363
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https://github.com/wcook04/plectis-erdos/blob/168bf6727758f918a430ef056a1c93d3160b53a6/lean/ErdosProblems/Erdos243/PaperCompleteR21/DoubleLogOrbitBound.lean#L45
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/SlowRiseBarrier.lean#L111
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/SlowRiseBarrier.lean#L111
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/SlowRiseBarrier.lean#L51
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/SlowRiseBarrier.lean#L194
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/SlowRiseBarrier.lean#L194
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/SlowRiseBarrier.lean#L280
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be that first negative-error index. At the intervening steps the reduced numerator is
nonincreasing, so 𝑢𝑡 ≤ 𝑢𝑠+1. Since 𝑅𝑡 ≥ 𝑢𝑠 and 𝑚𝑡 = | ̃𝑒𝑡| ≥ 1,

𝒜𝑡 =
𝑅𝑡𝑚𝑡
𝑢𝑡

≥ 𝑢𝑠
𝑢𝑠+1

= ℎ𝑠
1 − ̃𝑒𝑠/𝑢𝑠

.

Thus ℎ𝑠 ≤ 3𝐾/2 < 2𝐾 after the relative-error threshold. Also 𝑚𝑛 ≤ 𝒜𝑛 ≤ 𝐾, since
𝑅𝑛 ≥ 𝑢𝑛, and hence 𝑢𝑛+1 ≤ 𝑢𝑛 + 𝐾.

We can now choose primes too large to be removed by cancellation. The density-
one argument in the proof of Theorem 7.3 supplies infinitely many late multipliers 𝑎𝑛
coprime to𝐷𝑛. These multipliers are pairwise coprime. At each such step, 𝑎𝑛 is coprime
to 𝑣𝑛 and gcd(𝑢𝑛, 𝑣𝑛) = 1, so 𝑎𝑛𝑢𝑛 − 𝑣𝑛 is coprime to both 𝑎𝑛 and 𝑣𝑛. Hence ℎ𝑛 = 1 and
𝑎𝑛 ∣ 𝑣𝑛+1. Only finitelymanyof the chosenmultipliers can have all their primedivisors at
most 2𝐾, since each uses a different prime from that finite set. Choose 𝐾 distinct primes
𝑝0,… , 𝑝𝐾−1 > 2𝐾 at these steps. Once a chosen prime divides a reduced denominator,
it divides every later one: ℎ𝑛𝑣𝑛+1 = 𝑎𝑛𝑣𝑛 and ℎ𝑛 < 2𝐾 < 𝑝𝑖 prevent its removal. All the
primes therefore divide 𝑣𝑇 at a common later index 𝑇.

Consequently every 𝑢𝑛 with 𝑛 ≥ 𝑇 is coprime to all the 𝑝𝑖. Choose a CRT block
of 𝐾 consecutive integers, one divisible by each 𝑝𝑖, above 𝑅𝑇 . Divergence forces a first
crossing, while 𝑢𝑛+1 ≤ 𝑢𝑛 + 𝐾 forces it to land inside the block, a contradiction. This
proves that finite lim sup𝒜𝑛 forces the eventual Sylvester recurrence.

The comparison |𝛿𝑛−𝑚𝑛/𝑢𝑛| ≤ 3/𝑎𝑛 gives |𝑅𝑛𝛿𝑛−𝒜𝑛| ≤ 3𝑅𝑛/𝑎𝑛 → 0. Here 𝑅𝑛 ≤ 𝐻𝑛,
log𝐻𝑛 = 𝑜(𝑛) and 𝑎𝑛 grows doubly exponentially. Thus the two boundedness con-
ditions are equivalent. Under the eventual Sylvester recurrence, 𝑢𝑛 = 1 and 𝑚𝑛 = 0
eventually, so 𝒜𝑛 → 0 and 𝑅𝑛𝛿𝑛 → 0. Since both quantities are nonnegative, their limits
superior can only be 0 or +∞.

The estimate at the first later negative error is the lemma in the release, negative
error scaled by the previous maximum after cancellation: at the first later negative error,
𝑢𝑡 ≤ 𝑢𝑠+1 and 𝑢𝑠𝑢𝑡 ≤ 𝑅𝑡| ̃𝑒𝑡|𝑢𝑠+1. The exact example 15/134 = 1/10 + 1/85 + 1/5695,
with steps in reduced fractions (15, 134) → (4, 335) → (1, 5695) and 𝒜1 = 15/4, attains
equality in the displayed bound.

For Corollary 7.6, the comparison |𝛿𝑛 − 𝑚𝑛/𝑢𝑛| ≤ 3/𝑎𝑛 and the rate 𝛿𝑛 = 𝑂(1/𝑛)
give 𝑚𝑛/𝑢𝑛 = 𝑂(1/𝑛). If 𝑢𝑛 = 𝑂(𝑛), then 𝑚𝑛 = 𝑂(1). Conversely, 𝑚𝑛 = 𝑂(1) gives
𝑢𝑛+1 ≤ 𝑢𝑛 +𝑚𝑛, hence 𝑢𝑛 = 𝑂(𝑛) and 𝑅𝑛 = 𝑂(𝑛). In either case 𝒜𝑛 = 𝑅𝑛𝑚𝑛/𝑢𝑛 = 𝑂(1),
so Theorem 7.5 gives eventual Sylvester behaviour. The eventual Sylvester recurrence
gives 𝑢𝑛 = 1 and 𝑚𝑛 = 0 eventually, which proves the converse implications.

The critical-rate assumption is doing real work: a bound on (− ̃𝑒𝑛)+ alone does not di-
rectly control 𝑅𝑛/𝑢𝑛 after a decrease. The preceding corollary supplies the missing con-
trol from 𝛿𝑛 = 𝑂(1/𝑛). No such bound is derived here from the unrestricted quadratic
limit.

Lemma 7.7 (large odd prime powers in the reduced denominator). Under the standing
hypotheses, for every fixed 𝐴 > 0 and every sufficiently large 𝑛, the reduced denominator 𝑣𝑛 has
an odd prime-power divisor 𝑄 = 𝑝𝑘 with

𝑄 > (𝐻𝑛 + 2)𝐴, 𝐻𝑛 = max
𝑗≤𝑛

𝐶𝑗.

https://github.com/wcook04/plectis-erdos-lean/blob/52f29ad173b04e3bac941b3663f2b9aebe5de0bb/ErdosProblems/Erdos243/SaturatedSquareTransport.lean#L378
https://github.com/wcook04/plectis-erdos-lean/blob/52f29ad173b04e3bac941b3663f2b9aebe5de0bb/ErdosProblems/Erdos243/SaturatedSquareTransport.lean#L378
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The prime 𝑝 may depend on 𝑛; no stable-gcd or prime-arrival assumption is imposed.

Proof. The denominator grows too fast for all its odd prime-power factors to remain
small compared with 𝐻𝑛. Indeed, the estimate for the rational tail gives 𝐶𝑛+1/𝐶𝑛 → 1,
hence log𝐻𝑛 = 𝑜(𝑛). Since 𝑥𝑛 = 𝑢𝑛/𝑣𝑛 ≤ 2/𝑎𝑛 and 𝑢𝑛 ≥ 1, 𝑣𝑛 ≥ 𝑎𝑛/2. Also 𝑣𝑛 ∣ 𝐿𝑛 =
lcm(𝑞, 𝑎0,… , 𝑎𝑛−1), so the 2-primary part of 𝑣𝑛 is at most max(𝑞, 𝑎𝑛−1) = 𝑎𝑛−1 for all
large 𝑛. Its odd part 𝑊𝑛 therefore satisfies

𝑊𝑛 ≥ 𝑎𝑛
2𝑎𝑛−1

≥ 𝑎𝑛−1
4 , log𝑊𝑛 ≥ 𝑐2𝑛−1 −𝑂(1)

for some 𝑐 > 0. Put 𝐵𝑛 = (𝐻𝑛 +2)𝐴 = exp(𝑜(𝑛)). If every exact odd prime-power factor
of 𝑊𝑛 were at most 𝐵𝑛, then 𝑊𝑛 ∣ lcm(1,… , ⌊𝐵𝑛⌋), giving

log𝑊𝑛 ≤ 𝐵𝑛 log𝐵𝑛 = exp(𝑜(𝑛)).

This contradicts the preceding exponential lower bound for all sufficiently large 𝑛. An
offending exact prime-power factor is the required 𝑄.

This uses only an elementary factorial bound, not prime distribution. The prime
may change with 𝑛: choose one large prime power at a late start and protect it until the
first forbidden crossing.

Theorem 7.8 (unit record increments). Under the standing hypotheses, if 𝑅𝑛+1 − 𝑅𝑛 ≤ 1
for all large 𝑛, then 𝑎𝑛+1 = 𝑎2𝑛−𝑎𝑛+1 for all large 𝑛. Hence the sequence is eventually Sylvester
if and only if #{𝑛 ∶ 𝑅𝑛+1 − 𝑅𝑛 ≥ 2} is finite. No hypothesis is placed on decreases in 𝑢𝑛, on
record-setting jumps, or on the cancellation factors ℎ𝑛.

Proof. Suppose the orbit is not eventually Sylvester. Absorption gives ̃𝑒𝑛 ≠ 0 on a late
tail, so vanishing relative error and integrality give 𝑢𝑛 → ∞. Choose 𝑠 so large that
the unit-increment bound and | ̃𝑒𝑛| < 𝑢𝑛/2 hold for every 𝑛 ≥ 𝑠, and that Lemma 7.7
applies with 𝐴 = 3. Since 𝐻𝑠 ≥ 𝑅𝑠 ≥ 1, it supplies an odd 𝑄 = 𝑝𝑘 ∣ 𝑣𝑠 with 𝑄 >
(𝐻𝑠 + 2)3 > 4(𝑅𝑠 + 2) and 𝑄 ≥ 16. Let 𝑌 be the least multiple of 𝑝 above 𝑅𝑠. Then
𝑌 ≤ 𝑅𝑠 + 𝑝 < 𝑄/4 + 𝑝 ≤ 5𝑄/4. At the first 𝑡 > 𝑠 with 𝑢𝑡 ≥ 𝑌, the integer maximum
rises from at most 𝑌 − 1 by at most one, forcing 𝑢𝑡 = 𝑌 regardless of 𝑢𝑡−1. Before 𝑡,
one has 𝑤𝑛 < 3𝑢𝑛/2 < 15𝑄/8 < 𝑝𝑄 = 𝑝𝑘+1. Corollary 7.2 therefore gives 𝑝𝑘 ∣ 𝑣𝑡. But
𝑝 ∣ 𝑢𝑡 = 𝑌, contradicting gcd(𝑢𝑡, 𝑣𝑡) = 1. The converse follows because the eventual
Sylvester recurrence gives 𝑢𝑛 = 1 eventually.

The plectis-erdos-lean repository contains the unit-increment landing lemma
and the one-unit record-increment implication; they assume the existence of the prime
power that Lemma 7.7 supplies.

The two-unit criterion discussed below bounds the actual jump at each record step,
rather than the increase in the running maximum. As numerical bounds on individual
steps, neither condition implies the other: the first allows 𝑠𝑛 = 2, while 𝑠𝑛 ≤ 1 permits
large jumps after an earlier decrease. This is a comparison of the bounds, not a claim
that they remain logically independent under all the standing tail hypotheses; there both
criteria force eventual Sylvester behaviour. The finite example (8, 177) → (7, 4071) →

https://github.com/wcook04/plectis-erdos-lean/blob/52f29ad173b04e3bac941b3663f2b9aebe5de0bb/ErdosProblems/Erdos243/RecordIncrementBarrier.lean#L329
https://github.com/wcook04/plectis-erdos-lean/blob/52f29ad173b04e3bac941b3663f2b9aebe5de0bb/ErdosProblems/Erdos243/RecordIncrementBarrier.lean#L425
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(10, 2373393) with multipliers 23 and 583 has records 8 and 10, increment 2, jump 3 and
gcd(8, 10) = 2, which is why the parity argument for crossing an odd level does not
transfer from actual jumps to increments of the running maximum.

7.3 Counting jumps before a prime power can be lost
Large jumps may skip forbidden values. Under the relative-error bound, 𝐿 = 𝑝𝑄/2
keeps the numerator before cancellation below 𝑝𝑄 until the crossing, protecting the
prime power. Odd multiples of 𝑝 exclude two-unit crossings as well: skipping an odd
level in two units would leave both adjacent numerators even. We count both crossing
jumps and their excess over two.

Theorem 7.9 (counting crossings before a prime power is lost). Let the orbit satisfy the
reduced recurrences of this section, with 2| ̃𝑒𝑛| < 𝑢𝑛 from an index 𝑠. Let 𝑝 ≥ 3 be prime,𝑄 = 𝑝ℓ
divide 𝑣𝑠 with 𝑄 ≥ 16, put 𝐿 = 𝑝𝑄/2, and assume 𝑅𝑠 < 𝐿/2. Assume that 𝑢𝑡 ≥ 𝐿 for some
𝑡 > 𝑠, and let 𝜏 be the first such index, let 𝐽 be the set of steps in [𝑠, 𝜏) that first cross at least one
odd multiple of 𝑝 in (𝐿/2, 𝐿], and put 𝑋 = ∑𝑛∈𝐽(𝑑𝑛 − 2). Then every 𝑛 ∈ 𝐽 is a record step
with ℎ𝑛 = 1 and 𝑑𝑛 ≥ 3, and 𝑝𝑄 ≤ (8𝑝 + 8)|𝐽| + 4𝑋 + 8𝑝.

Proof of Theorem 7.9. For 𝑠 ≤ 𝑛 < 𝜏, one has 𝑢𝑛 < 𝐿 and 𝑤𝑛 < 3𝑢𝑛/2 < 3𝑝𝑄/4 < 𝑝ℓ+1,
since𝑄 = 𝑝ℓ. Corollary 7.2 gives𝑄 ∣ 𝑣𝑡 throughout [𝑠, 𝜏], so 𝑝 ∤ 𝑢𝑡 there. A first crossing
of a level above 𝑅𝑠 is a record step. If ℎ𝑛 ≥ 2 then 𝑢𝑛+1 = 𝑤𝑛/ℎ𝑛 < 3𝑢𝑛/4, so every
such record step has ℎ𝑛 = 1. An odd multiple of 𝑝 cannot be landed on. A jump of size
1 crossing it would land on it; a jump of size 2 avoiding the landing would have two
even endpoints, contrary to gcd(𝑢𝑛, 𝑢𝑛+1) = 1. Thus every 𝑛 ∈ 𝐽 has 𝑑𝑛 ≥ 3. It remains
to count these levels. The interval (𝐿/2, 𝐿] has length 𝑝𝑄/4, and odd multiples of 𝑝 are
spaced by 2𝑝, so it contains at least 𝑄/8− 1 of them. The levels first crossed by a step of
size 𝑑𝑛 have the same spacing, so there are at most 1 + 𝑑𝑛/(2𝑝) of them. Summing over
𝐽 gives

𝑄/8 − 1 ≤ |𝐽| + 2|𝐽| + 𝑋
2𝑝 ,

which rearranges to the asserted inequality.

Crossing requires many jumps or a few large ones. The first series therefore counts
jumps of size at least three and measures their excess over two, with weights that detect
either contribution. A non-Sylvester tail pays a fixed positive amount on arbitrarily late
protected intervals; a Sylvester tail has no late records. The relative-error limit alone
gives no convergence.

Theorem 7.10 (two convergence criteria for large record jumps). Under the standing hy-
potheses, the sum ℰ = ∑𝑛 record(1𝑑𝑛≥3𝑢−1/2

𝑛 +(𝑑𝑛−2)+𝑢−1
𝑛 ) is finite if and only if the sequence

is eventually Sylvester; and∑𝑛 record(𝑑𝑛 −2)+𝑢−1/2
𝑛 is finite if and only if the sequence is even-

tually Sylvester.

Proof. Assume first that the recurrence is not eventually Sylvester. Then 𝑢𝑛 → ∞. For
every sufficiently late 𝑠, Lemma 7.7 with 𝐴 = 3 gives an odd 𝑄 = 𝑝𝑘 ∣ 𝑣𝑠 with 𝑄 >
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(𝐻𝑠 + 2)3, hence 𝑄 ≥ 16 and 𝑝𝑄 > 4𝑅𝑠. Set 𝐿 = 𝑝𝑄/2 and take its first crossing. The
preceding theorem applies. Because 𝑄 ≥ 𝑝 and 𝑝 ≥ 3,

8𝑝
𝐿 = 16

𝑄 ≤ 1, 8𝑝 + 8
√𝐿

≤ 8√2(1 + 1/𝑝) < 16.

Dividing the preceding counting inequality by 𝐿 therefore gives

1 ≤ 16 |𝐽|
√𝐿

+ 4𝑋𝐿 ≤ 16 ∑
𝑛∈𝐽

⎛⎜
⎝

1
√𝑢𝑛

+ 𝑑𝑛 − 2
𝑢𝑛

⎞⎟
⎠
,

since 𝑢𝑛 < 𝐿 for 𝑛 < 𝜏 and 𝑑𝑛 ≥ 3 on 𝐽. Thus an arbitrarily late finitewindow contributes
at least 1/16 to ℰ , contradicting convergence. No disjointness of the windows is needed:
every window lies in a tail of the nonnegative series. Under the eventual Sylvester re-
currence, 𝑢𝑛 = 1 eventually, so there are no late records and ℰ is finite. Finally, term by
term at a record,

1𝑑𝑛≥3𝑢−1/2
𝑛 + (𝑑𝑛 − 2)+𝑢−1

𝑛 ≤ 2(𝑑𝑛 − 2)+𝑢−1/2
𝑛 .

Hence finiteness of the second series implies finiteness of the first, and convergence in
the converse direction again follows from eventual Sylvester behaviour.

Formalisation. The plectis-erdos-lean repository contains the integer inequality
counting crossings before a prime power is lost and its counting lemmas. In Lean, the
two-unit record-rise implication assumes that arbitrarily late 𝑠 admit an odd 𝑝𝑘 ∣ 𝑣𝑠 with
3𝑅𝑠 < 𝑝𝑘; Lemma 7.7 supplies such prime powers.

7.4 Bounds on the error and on the original sequence
Theorem 7.11 (slow negative part). Let 𝑎, 𝐶,𝐷 ∶ ℕ → ℕ satisfy (19) with 𝑎𝑛 > 1, 𝐶𝑛 > 0,
𝐷0 ≥ 1, under vanishing relative error. Suppose that for some 𝛿 ∈ (0, 1) and all large 𝑛 with
𝐸𝑛 < 0 one has −𝐸𝑛 ≤ (1 − 𝛿)ℓ(𝐶𝑛). Then 𝐸𝑛 = 0 for all large 𝑛, and 𝑎𝑛+1 = 𝑎2𝑛 − 𝑎𝑛 + 1 for
all large 𝑛.

Theorem 12.1 is the case of a constant bound, since a constant is eventually below (1 −
𝛿)ℓ(𝐶𝑛) on a nonzero tail, where 𝐶𝑛 → ∞.

Proof. Suppose the error is not eventually zero. The auxiliary lower bound in the proof
of Theorem 7.3 applies to this exact integer orbit: it used only 𝑎𝑛 > 1, 𝐶𝑛 > 0, 𝐷0 ≥ 1
and vanishing relative error. It gives lim sup𝑛(𝐻𝑛+1 − 𝐻𝑛)/ℓ(𝐻𝑛) ≥ 1. On the other
hand, the hypothesis and 𝐶𝑛 ≤ 𝐻𝑛 give

𝐻𝑛+1 −𝐻𝑛 ≤ (−𝐸𝑛)+ ≤ (1 − 𝛿)ℓ(𝐶𝑛) ≤ (1 − 𝛿)ℓ(𝐻𝑛)

for all large 𝑛, a contradiction. Thus 𝐸𝑛 = 0 eventually, and Theorem 5.7 gives the
Sylvester recurrence.

https://github.com/wcook04/plectis-erdos-lean/blob/52f29ad173b04e3bac941b3663f2b9aebe5de0bb/ErdosProblems/Erdos243/ProtectedEpochEnergy.lean#L185
https://github.com/wcook04/plectis-erdos-lean/blob/52f29ad173b04e3bac941b3663f2b9aebe5de0bb/ErdosProblems/Erdos243/ProtectedEpochEnergy.lean#L185
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/PrimitiveRecordBarrier.lean#L435
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/PrimitiveRecordBarrier.lean#L435
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The corresponding pointwise-rise argument also has formalised arithmetic lemmas:
persistence of a common divisor, divisibility of every later error by gcd(𝑎𝑛, 𝐷𝑛), the
landing lemma and the resulting exclusion. The count of indices and the simultaneous
choice of constants are written out in the earlier proof. Corollary 7.4 includes the bound-
ary coefficient 1, while the preceding theorem on the running maximum also discounts
rises that recover an earlier decrease. The present statement is retained for its direct
bound on 𝐸𝑛.

To compare the bounded hypothesis with the classical criteria, number the original
sequence from 1 in this subsection and put 𝑃𝑛 = ∏1≤𝑗<𝑛 𝑎𝑗. Then

𝑃𝑛
𝑎𝑛

( 𝑎2𝑛
𝑎𝑛+1

− 1) = 𝑃𝑛+1
𝑎𝑛+1

− 𝑃𝑛
𝑎𝑛

.

Thus the bound concerns upward increments, not boundedness of 𝑃𝑛/𝑎𝑛. The quadratic
growth limit controls only the ratio of consecutive terms. Sequences satisfying the even-
tual Sylvester recurrence satisfy the bound, as do exact-square sequences 𝑎𝑛 = 𝑏2𝑛−1

with 𝑏 ≥ 2, for which the difference is zero. The latter never satisfies the Sylvester recur-
rence, so the bounded criterion below recovers irrationality of its reciprocal sum. The
rounded examples after Corollary 7.13 show more generally how a term 𝑐/𝑛 in the ra-
tio produces increments of order 𝑛𝑐−1. The theorem allows a finite positive upper limit
where the classical product criterion requires a nonpositive one; neither bound is de-
rived from the original problem alone.

Theorem 7.12 (bounded or slowly growing increments of the product ratio). Let 𝑎1 <
𝑎2 < ⋯ be positive integers with 𝑎𝑛+1/𝑎2𝑛 → 1 and ∑𝑛≥1 1/𝑎𝑛 = 𝑝/𝑞, where 𝑝, 𝑞 are positive
integers. Put

𝑄𝑛 = 𝑎1𝑎2 ⋯𝑎𝑛−1
𝑎𝑛

( 𝑎2𝑛
𝑎𝑛+1

− 1) .

If lim sup𝑛 𝑄𝑛 < ∞, the sequence is eventually Sylvester. The same conclusion holds if, for some
𝛿 > 0 and all large 𝑛,

𝑄𝑛 ≤ 1 − 𝛿
𝑞 ℓ(𝑎1 ⋯𝑎𝑛−1/𝑎𝑛).

For the bounded clause, use the stated denominator 𝑞, put 𝑃𝑛 = ∏𝑗<𝑛 𝑎𝑗, 𝑥𝑛 =
∑𝑘≥𝑛 1/𝑎𝑘, and form the integer tail 𝐷𝑛 = 𝑞𝑃𝑛, 𝐶𝑛 = 𝐷𝑛𝑥𝑛, 𝐸𝑛 = 𝐷𝑛 − (𝑎𝑛 − 1)𝐶𝑛.
Exact cancellation gives

𝐸𝑛 + 𝑞𝑄𝑛 = 𝑞𝑃𝑛
⎛⎜⎜
⎝

1
𝑎𝑛+1

− (𝑎𝑛 − 1) ∑
𝑘≥𝑛+2

1
𝑎𝑘

⎞⎟⎟
⎠
.

The expression in parentheses is positive eventually, since ∑𝑘≥𝑛+2 1/𝑎𝑘 ≤ 4/𝑎2𝑛+1 and
𝑎𝑛+1 > 4(𝑎𝑛−1) eventually. Thus𝐸𝑛 ≥ −𝑞𝑄𝑛, and lim sup𝑄𝑛 < ∞ supplies the eventual
lower bound required by Theorem 12.1. This proves the bounded clause without first
estimating the absolute size of the comparison error.

For the slow-growth clause and the later summability comparisons, the same exact
formula gives

0 < 𝐸𝑛 + 𝑞𝑄𝑛 ≤ 𝑞𝑃𝑛/𝑎𝑛+1 = 𝑂(𝑃𝑛/𝑎2𝑛)

https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/SlowRiseBarrier.lean#L111
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/SlowRiseBarrier.lean#L162
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/SlowRiseBarrier.lean#L194
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/SlowRiseBarrier.lean#L280
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eventually. The ratio test in Section 6 shows that these errors have a convergent sum,
hence tend to zero. The factor 1/𝑞 in the slow-growth clause cancels the factor 𝑞 in
𝐸𝑛 + 𝑞𝑄𝑛 = 𝑜(1). Suppose the sequence is not eventually Sylvester. Absorption and
vanishing relative error give 𝐶𝑛 → ∞, and the tail estimate 𝐶𝑛 ∼ 𝑞𝑃𝑛/𝑎𝑛 implies

ℓ(𝐶𝑛)
ℓ(𝑃𝑛/𝑎𝑛)

⟶ 1.

For 0 < 𝛿 < 1, the assumed bound and 𝐸𝑛 + 𝑞𝑄𝑛 = 𝑜(1) consequently give (−𝐸𝑛)+ ≤
(1 − 𝛿/2)ℓ(𝐶𝑛) eventually. This contradicts Theorem 7.11. If 𝛿 ≥ 1, the hypothesis gives
𝑄𝑛 ≤ 0 eventually and the bounded clause already applies.

The same comparisonpermits anypositive real clearing factor 𝐹𝑛 ≤ 𝑞𝑃𝑛: multiplying
𝐸𝑛 + 𝑞𝑄𝑛 = 𝑜(1) by 𝐹𝑛/(𝑞𝑃𝑛) gives

𝐹𝑛 − (𝑎𝑛 − 1)𝐹𝑛𝑥𝑛 + 𝐹𝑛
𝑎𝑛

( 𝑎2𝑛
𝑎𝑛+1

− 1) = 𝑜(1).

Neither 𝐹𝑛𝑥𝑛 nor 𝐹𝑛 − (𝑎𝑛 − 1)𝐹𝑛𝑥𝑛 need be integral. The LCM choice 𝐹𝑛 = 𝐿𝑛 makes
both integers, but its update includes the factor 𝜌𝑛 of Section 6. The short note uses only
this LCM specialisation; no general clearing factor is needed in its bounded-increment
proof.

Attribution. Erdős and Straus require lim sup ≤ 0 in the corresponding criterion, with
the least commonmultiple in place of the product and the growth factor one index later,
so their quantity is [𝑎1,… , 𝑎𝑛]𝑎−1

𝑛+1(𝑎2𝑛+1/𝑎𝑛+2 − 1) [1, Theorem 3, p. 132]; Koizumi’s
Corollary 4(1) uses the product form [12, Cor. 4(1), pp. 14–15]. The bounded clause
follows from Theorem 12.1. For Koizumi’s product expression it replaces a nonpositive
upper limit by an arbitrary finite upper limit. The material distinction here is product
versus least commonmultiple. Reindexing 𝑟 = 𝑛+1makes the classical LCMexpression
[𝑎1,… , 𝑎𝑟−1]𝑎−1

𝑟 (𝑎2𝑟/𝑎𝑟+1 − 1), exactly the expression in the short note’s LCM corollary.
The comparison 𝐸𝑛 + 𝑞𝑄𝑛 = 𝑜(1) has its classical predecessor in Koizumi’s proof of

Corollary 4(1) [12, (11)–(12), p. 15].

Corollary 7.13 (the 1/𝑛 threshold). Let 𝑎1 < 𝑎2 < ⋯ be positive integers with 𝑎𝑛+1/𝑎2𝑛 → 1
and ∑𝑛 1/𝑎𝑛 ∈ ℚ. If

lim sup
𝑛→∞

𝑛 (𝑎2𝑛/𝑎𝑛+1 − 1)+ < 1,

then 𝑎𝑛+1 = 𝑎2𝑛 −𝑎𝑛 +1 for all large 𝑛. The same conclusion holds if, for some 𝐾 ≥ 0 and 𝜀 > 0,

𝑎2𝑛
𝑎𝑛+1

− 1 ≤ 1
𝑛 + 𝐾

𝑛1+𝜀 eventually.

In particular the one-sided bound by 1/𝑛 is included.

Proof. Put 𝛾𝑛 = 𝑎2𝑛/𝑎𝑛+1 − 1 and 𝑡𝑛 = (∏𝑗<𝑛 𝑎𝑗)/𝑎𝑛, so that 𝑡𝑛+1/𝑡𝑛 = 1 + 𝛾𝑛. Choose
𝑟 ∈ (0, 1) and 𝑁 with 𝛾+

𝑛 ≤ 𝑟/𝑛 for all 𝑛 ≥ 𝑁. Then

𝑡𝑛 ≤ 𝑡𝑁
𝑛−1
∏
𝑘=𝑁

(1 + 𝑟
𝑘) = 𝑂(𝑛𝑟),
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so (𝑡𝑛𝛾𝑛)+ = 𝑡𝑛𝛾+
𝑛 = 𝑂(𝑛𝑟−1) tends to zero and lim sup𝑛 𝑡𝑛𝛾𝑛 ≤ 0. Koizumi’s Corol-

lary 4(1) [12, pp. 14–15] gives the first conclusion. For the second, divide 𝑡𝑛 by 𝑛 to
obtain

𝑡𝑛+1/(𝑛 + 1)
𝑡𝑛/𝑛

= 1 + 𝛾𝑛
1 + 1/𝑛 ≤ 1 + 𝐾

𝑛𝜀(𝑛 + 1).

The product of the upper bounds converges, so 𝑡𝑛/𝑛 is bounded above. Consequently
𝑡𝑛(𝛾𝑛)+ = 𝑂(1), and Theorem 7.12 applies.

The inclusive clause requires more than lim sup 𝑛(𝛾𝑛)+ ≤ 1. That weaker con-
dition does not give the product estimate: for example, the scalar sequence 𝛾𝑛 =
(1 + 1/ log𝑛)/𝑛 has 𝑡𝑛 ≍ 𝑛 log𝑛 and 𝑡𝑛𝛾𝑛 ≍ log𝑛. This is a limitation of the estimate,
not a counterexample to the original problem.

More generally, if 𝑐 > 0, 𝜀 > 0 and

𝑎2𝑛
𝑎𝑛+1

= 1 + 𝑐
𝑛 + 𝑂(𝑛−1−𝜀),

then the consecutive-ratio identity gives 𝑡𝑛 ∼ 𝐾𝑛𝑐 for some 𝐾 > 0 and 𝑡𝑛+1 − 𝑡𝑛 ∼
𝐾𝑐𝑛𝑐−1. To see the constant, take logarithms and subtract 𝑐 log(1 + 1/𝑛); the remainder
is absolutely summable. Hence the increments are bounded for 𝑐 ≤ 1 and unbounded
for 𝑐 > 1. These rates are realised by increasing integer sequences: set 𝑎𝑛+1 = ⌈𝑛𝑎2𝑛/(𝑛 +
𝑐)⌉ and choose the seed large enough that 𝑎𝑛+1 ≥ 𝑎2𝑛/(1 + 𝑐) ≥ 2𝑎𝑛 throughout. The
rounding remainder in [0, 1) gives an error in the ratio bounded by (1+ 𝑐)2/𝑎2𝑛, smaller
than every fixed inverse power of 𝑛. This calculation supplies the family comparison
behind the two rounded examples retained in the short note. It concerns their growth
and does not assume rationality.

The second clause has a concrete application outside Koizumi’s nonpositive-upper-
limit product condition. The sequence 𝑎1 = 4, 𝑎𝑛+1 = ⌈𝑛𝑎2𝑛/(𝑛 + 1)⌉ begins
4, 8, 43, 1387,… and satisfies

𝑎𝑛 ≥ 2 ⋅ 22𝑛−1 , 0 ≤ 1 + 1
𝑛 − 𝑎2𝑛

𝑎𝑛+1
< 4

𝑎2𝑛
.

The lower bound follows from 𝑎𝑛+1 ≥ 𝑎2𝑛/2; the upper error bound follows by writing
the rounding remainder in [0, 1). Consequently 𝑡𝑛 ∼ 𝐾𝑛 and 𝑡𝑛𝛾𝑛 → 𝐾 > 0 by the
product comparison above. The corollary proves that the reciprocal sum is irrational,
since the eventual Sylvester recurrence would give 𝛾𝑛 = 𝑂(1/𝑎𝑛) rather than 𝛾𝑛 ∼ 1/𝑛.

The strict clause includes Koizumi’s sufficient rate 1 + 𝑜(1/𝑛) [12, Remark 3, p. 16];
the inclusive clause allows a bounded positive increment rather than requiring a non-
positive upper limit.

7.5 Signs of the error and of the growth ratio
We keep the preceding one-based indexing. The growth defect need not have the op-
posite sign to 𝐸𝑛: the next identity displays the correction, including its sign under the
eventual Sylvester recurrence.
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Proposition 7.14 (comparison of the two signs). The factor 𝑀𝑛 = 𝐷𝑛/𝐿𝑛 divides 𝐺𝑛 =
gcd(𝐶𝑛, 𝐷𝑛). Thus 𝐺𝑛/𝑀𝑛 is a positive integer and 𝐸𝑛/𝑀𝑛 = (𝐺𝑛/𝑀𝑛) ̃𝑒𝑛 is an integer with
the same sign as 𝐸𝑛. The sign of the growth ratio minus one also depends on a correction term.
The exact recurrences give, whenever 𝑎𝑛+1𝐶𝑛𝐶𝑛+1 ≠ 0,

𝑎2𝑛
𝑎𝑛+1

− 1 = −𝐸𝑛
𝐶𝑛

+Λ𝑛, Λ𝑛 = (1 − 𝐸𝑛/𝐶𝑛)(𝑎𝑛 − 1 + 𝐸𝑛+1/𝐶𝑛+1)
𝑎𝑛+1

, (22)

and, under the standing positive rational-tail hypotheses, 0 < Λ𝑛 < 3/𝑎𝑛 for all sufficiently
large 𝑛. The Erdős–Straus quantity of Theorem 3 is

𝑍ES
𝑛 = [𝑎1,… , 𝑎𝑛]

𝑎𝑛+1
⎛⎜
⎝

𝑎2𝑛+1
𝑎𝑛+2

− 1⎞⎟
⎠
.

Its least common multiple includes 𝑎𝑛 but not the clearing denominator 𝑞. It is not 𝑄𝑛 =
(𝑃𝑛/𝑎𝑛)𝛾𝑛 from the preceding subsection, nor 𝐿𝑛𝛾𝑛+1/𝑎𝑛+1 under our convention 𝐿𝑛 =
lcm(𝑞, 𝑎1,… , 𝑎𝑛−1). Being a positive multiple of the next growth defect, 𝑍ES

𝑛 has the sign of
Λ𝑛+1−𝐸𝑛+1/𝐶𝑛+1. For all sufficiently large 𝑛, it is positive when 𝐸𝑛+1 ≤ 0; for 𝐸𝑛+1 > 0, it is
negative precisely when 𝐸𝑛+1/𝐶𝑛+1 > Λ𝑛+1. Under the eventual Sylvester recurrence, 𝐸𝑛 = 0
and Λ𝑛 = (𝑎𝑛 − 1)/𝑎𝑛+1 > 0.

Proof. Since both 𝐶𝑛 = 𝐷𝑛𝑥𝑛 and 𝐿𝑛𝑥𝑛 are integers, 𝑀𝑛 = 𝐷𝑛/𝐿𝑛 divides 𝐶𝑛 as well as
𝐷𝑛. It therefore divides 𝐺𝑛. For (22), write 𝜃𝑛 = 𝐸𝑛/𝐶𝑛; Proposition 4.1 gives 𝐶𝑛+1 =
𝐶𝑛(1 − 𝜃𝑛) and 𝐷𝑛/𝐶𝑛 = 𝑎𝑛 − 1 + 𝜃𝑛, so 𝑎𝑛+1 − 1 + 𝜃𝑛+1 = 𝑎𝑛𝐷𝑛/𝐶𝑛+1 = 𝑎𝑛(𝑎𝑛 − 1 +
𝜃𝑛)/(1 − 𝜃𝑛). Multiplying the asserted identity by 𝑎𝑛+1 and substituting reduces it to
𝑎𝑛+1+𝑎𝑛−1+𝜃𝑛+1 = 𝑎2𝑛/(1−𝜃𝑛), which is the displayed relation with 𝑎𝑛 added to both
sides. The bound follows from 𝜃𝑛 → 0 and 𝑎𝑛+1 ≥ 𝑎2𝑛/2. On Sylvester’s sequence 𝜃𝑛 = 0
and 𝑎𝑛+1 = 𝑎2𝑛 − 𝑎𝑛 + 1, so 𝑎2𝑛/𝑎𝑛+1 − 1 = (𝑎𝑛 − 1)/𝑎𝑛+1 = Λ𝑛 > 0.

A nonpositive upper limit admits positive values tending to zero; it is not an even-
tual pointwise sign condition. For the product quantity 𝑄𝑛 = (𝑃𝑛/𝑎𝑛)𝛾𝑛, the identity
𝐸𝑛 + 𝑞𝑄𝑛 = 𝑜(1) shows that eventual 𝐸𝑛 ≥ 0 implies lim sup𝑄𝑛 ≤ 0, as in Koizumi’s
Corollary 4(1) [12, pp. 14–15]. For the classical LCM expression 𝑍ES

𝑛 , the corresponding
integer error is also taken one index later. Its published hypotheses are those of Erdős–
Straus Theorem 3 [1, p. 132]. Reindexing relates it to an LCM-cleared error, not to 𝐸𝑛
with the unchanged product factor 𝑞𝑄𝑛.

A comparison with ℬ-free integers. For a fixed family ℬ = {𝑚𝑖}, the integers divis-
ible by none of the 𝑚𝑖 are called ℬ-free integers. With pairwise coprime moduli and
∑𝑖 1/𝑚𝑖 < ∞, this is the standard setting of [21, §1.2]. The next proposition is an el-
ementary interval count in that setting. It tests what can follow from avoiding whole
multiples alone. Unlike the reciprocal-tail argument, it imposes all the moduli from the
outset and has no denominator recurrence or cancellation factors.

Proposition 7.15 (an elementary interval bound). Let 𝑚0 < 𝑚1 < ⋯ be pairwise coprime
integers at least 2 with 𝜃 = ∑𝑖 1/𝑚𝑖 < 1. For all integers 𝑥 ≥ 1 and 𝐿 ≥ 1 satisfying
𝐿 > 𝑘/(1−𝜃), where 𝑘 = #{𝑖 ∶ 𝑚𝑖 ≤ 𝑥+𝐿}, the interval [𝑥, 𝑥+𝐿) contains an integer divisible
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by no 𝑚𝑖. If also ℓ(𝑚𝑖) = 𝑖 + 𝑂(1), then for every 𝜖 > 0 there are an index 𝑇 and a strictly
increasing sequence of positive integers (𝑢𝑛) such that

𝑚𝑖 ∤ 𝑢𝑛 for every 𝑖 ≥ 𝑇 and every 𝑛, 𝑢𝑛+1 − 𝑢𝑛 ≤ (1 + 𝜖)ℓ(𝑢𝑛) eventually.

Proof. The interval [𝑥, 𝑥+𝐿) contains exactly 𝐿 integers. Each lies in [1,∞) and is smaller
than 𝑥+𝐿, so a modulus exceeding 𝑥+𝐿 divides none of them. Each of the 𝑘 remaining
moduli divides at most 𝐿/𝑚𝑖 + 1 of them, so the covered count is at most 𝐿𝜃 + 𝑘 < 𝐿.
This interval count itself does not use pairwise coprimality; that condition is needed for
the exact CRT proportions in the later gap theorem.

For the second assertion, choose a tail of the family and reindex it so that 𝜃 < 𝜖/(1+
𝜖). If 𝑘(𝑧) = #{𝑖 ∶ 𝑚𝑖 ≤ 𝑧}, the hypothesis ℓ(𝑚𝑖) = 𝑖 + 𝑂(1) gives 𝑘(𝑧) ≤ ℓ(𝑧) + 𝐶 for all
large 𝑧 and some constant 𝐶. Choose

(1 − 𝜃)−1 < 𝜌 < 1 + 𝜖, 𝐿(𝑦) = ⌈𝜌ℓ(𝑦)⌉ .

Then 𝐿(𝑦) = 𝑂(ℓ(𝑦)) = 𝑜(𝑦), and the definition of ℓ gives ℓ(𝑦 + 1 + 𝐿(𝑦)) = ℓ(𝑦) + 𝑜(1).
Consequently, for all large integers 𝑦,

𝑘(𝑦 + 1 + 𝐿(𝑦))
1 − 𝜃 ≤ ℓ(𝑦) + 𝐶 + 𝑜(1)

1 − 𝜃 < 𝜌ℓ(𝑦) ≤ 𝐿(𝑦),

while 𝐿(𝑦) ≤ (1 + 𝜖)ℓ(𝑦). The first part also supplies an admissible 𝑢0 beyond this
threshold. Apply it successivelywith 𝑥 = 𝑢𝑛+1 and length 𝐿(𝑢𝑛), and choose 𝑢𝑛+1 in the
resulting window. The sequence is strictly increasing, avoids every retained modulus,
and has the required rise bound.

The small-increment sequence avoids only the retainedmoduli𝑚𝑖, 𝑖 ≥ 𝑇. Discarding
the prefix makes their reciprocal sum small. For the full family, Theorem 14.7 instead
gives the coefficient ∏𝑖(1 − 1/𝑚𝑖)−1 > 1 for the increasing enumeration of integers
avoiding all the moduli.

Proposition 7.15 concerns avoidance of whole multiples, not coprimality to a com-
posite modulus. The distinction matters: no integer in [2, 5) is coprime to 30, although
none is divisible by 30. Thus this proposition alone does not disprove a coprime-walk
extension of Theorem 11.3. Proposition 14.6 below gives a separate counterexample us-
ing sparse prime moduli. Under the additional scale ℓ(𝑚𝑗) = 𝑗 + 𝑂(1), Theorem 14.7
determines the exact maximal-gap coefficient for these ℬ-free integers. Its proof uses
a finite sieve estimate and the Chinese remainder theorem, not an orbit construction.
Neither static construction supplies an exact reciprocal-tail orbit.

Conditions on a possible counterexample. Together, these criteria give necessary con-
ditions on a counterexample. For every fixed 𝛿 ∈ (0, 1), it must have

(1 − 𝛿)ℓ(𝐶𝑛) ≤ −𝐸𝑛 = 𝑜(𝐶𝑛) at infinitely many 𝑛.

It must also have a divergent sum of relative increases, unbounded negative error scaled
by the previous maximum, and infinitely many record jumps of the reduced numerator
of size at least three, with ℎ𝑛 = 1. These are necessary conditions, not a construction
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of a counterexample. The residue-saturation lemma shows precisely one limitation of
the fixed-old-modulus method; it is not an impossibility theorem about every future
approach. A useful next target is interaction between new prime support, three consec-
utive numerators and the global bound on numerator growth.

8 Nonnegative errors
The scalar update already settles nonnegative errors. With indices starting at zero,
𝐶𝑛+1 = 𝐶𝑛−𝐸𝑛 makes𝐶𝑛 nonincreasing, and a decreasing sequence of natural numbers
must stabilise.

Theorem 8.1 (descent). Let 𝐶, 𝐸 ∶ ℕ → ℕ satisfy 𝐶𝑛+1+𝐸𝑛 = 𝐶𝑛 for every 𝑛. Then 𝐸𝑛 = 0
for all sufficiently large 𝑛.

Proof. The recurrence gives 𝐶𝑛+1 ≤ 𝐶𝑛. Choose an index at which the natural-number
sequence reaches itsminimum. Every later value equals thatminimum, and𝐶𝑛+1+𝐸𝑛 =
𝐶𝑛 then gives 𝐸𝑛 = 0.

The hypothesis is exactly one-sidedness: 𝐶 and𝐸 take values inℕ. If𝐸𝑛 < 0 infinitely
often, the numerator rises at those indices and this descent argument no longer applies.
The next two sections first treat constant and periodic negative errors.

9 Constant negative errors
A constant negative error makes the numerator grow linearly. Such behaviour can
persist for arbitrarily long finite intervals, even on genuine rational orbits, by the flat-
transient theorem in the working report on Problem #243 [9, “Flat-transient theorem”].
We exclude infinite constant and periodic negative tails below. These exclusions supply
no bound for the finite transient lengths.

Suppose the error is negative with a constant magnitude, 𝐸𝑛 = −𝑚 for a fixed 𝑚 > 0
and every 𝑛. By Proposition 4.1 the numerator increases by𝑚 at each step, so𝐶𝑛 = 𝑐+𝑛𝑚
with 𝑐 = 𝐶0, and the definition of the error becomes the identity

𝐷𝑛 +𝑚 = (𝑎𝑛 − 1) (𝑐 + 𝑛𝑚). (5.1)

Together with 𝐷𝑛+1 = 𝑎𝑛𝐷𝑛 this is a closed system in (𝑎,𝐷). We shall prove that it has
no infinite natural-number solution with 𝑎𝑛 ≥ 2, after examining a finite example.

Example 9.1 (a nonintegral second step). Take 𝑚 = 𝑐 = 1, so that 𝐶𝑛 = 1 + 𝑛 and (5.1)
reads 𝐷𝑛 +1 = (𝑎𝑛 −1)(1+ 𝑛), and take 𝐷0 = 1. Each step is now determined: at 𝑛 = 0
the equation reads 2 = (𝑎0 − 1) ⋅ 1, so 𝑎0 = 3, and 𝐷1 = 𝑎0𝐷0 = 3; at 𝑛 = 1 it reads
4 = (𝑎1 − 1) ⋅ 2, so 𝑎1 = 3, and 𝐷2 = 𝑎1𝐷1 = 9; at 𝑛 = 2 it reads 10 = (𝑎2 − 1) ⋅ 3, which
has no integer solution, and the orbit stops. Longer prefixes occur for other starting
values. For 2 ≤ 𝑎0 < 5000, the exact residue search in Appendix B gives a maximum of
17 successful updates, hence 18 multiplier values including 𝑎0.

Theorem 9.2 (no constant negative magnitude). For any 𝑚, 𝑐 ∈ ℕ with 𝑚 > 0, there is no
pair of sequences 𝑎,𝐷 ∶ ℕ → ℕ with 𝑎𝑛 ≥ 2 for all 𝑛 satisfying 𝐷𝑛+1 = 𝑎𝑛𝐷𝑛 and (5.1). The
same holds if the identity is assumed only from some index onwards.
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Proof when 𝑐 and 𝑚 are coprime. Assume first gcd(𝑐,𝑚) = 1. Every multiplier must share
a prime with 𝑚, but each such prime can occur in at most one multiplier.

Every 𝑎𝑗 shares a prime with 𝑚. Suppose gcd(𝑎𝑗, 𝑚) = 1. Then 𝑚 is invertible modulo
𝑎𝑗, so some 𝑛 has 𝑐 + 𝑛𝑚 ≡ 0, that is 𝑎𝑗 ∣ 𝐶𝑛; and 𝑎𝑗 ∣ 𝐷𝑛 for every 𝑛 > 𝑗, since 𝐷 is
multiplicative with 𝑎𝑗 among its factors. Choosing such an 𝑛 beyond 𝑗 and reading (5.1)
modulo 𝑎𝑗 gives 𝑎𝑗 ∣ 𝑚, contradicting gcd(𝑎𝑗, 𝑚) = 1 and 𝑎𝑗 ≥ 2.

A prime divisor of 𝑚 occurs in at most one 𝑎𝑗. Suppose 𝑝 ∣ 𝑚 and 𝑝 ∣ 𝑎𝑗. For 𝑛 > 𝑗 we
have 𝑝 ∣ 𝐷𝑛, so (5.1) gives (𝑎𝑛 − 1)𝐶𝑛 ≡ 0 (mod 𝑝). Now 𝐶𝑛 = 𝑐 + 𝑛𝑚 ≡ 𝑐, and 𝑝 ∤ 𝑐
because 𝑝 ∣ 𝑚 and gcd(𝑐,𝑚) = 1; hence 𝑝 ∣ 𝑎𝑛 − 1, so 𝑝 ∤ 𝑎𝑛. Thus 𝑝 cannot divide any
later multiplier.

This injects infinitely many multipliers into the finite set of prime divisors of 𝑚, a
contradiction.

The case gcd(𝑐,𝑚) = 1 is the exclusion when 𝑐 and 𝑚 are coprime. The special case
𝑚 = 𝑐 = 1, worked through in Example 9.1, where 𝑚 has no prime divisors at all and
the first fact is immediately contradictory, is recorded separately as the case 𝑐 = 𝑚 = 1.

Removing the scale. For general 𝑐, set 𝑔 = gcd(𝑐,𝑚). Equation (5.1) gives 𝑔 ∣ 𝐷𝑛. Both
identities are homogeneous in 𝐷, 𝑐,𝑚: dividing them by 𝑔 leaves the multipliers un-
changed and gives coprime data, excluded by the previous case.

The formal statements are the exclusion at every scale and the eventual exclusion. The
latter follows by shifting the orbit to the first index of constant error.

Theorem 9.2 excludes an error that is eventually constant and negative, at everymag-
nitude and every scale. Constancy fixes both the possible prime divisors and the con-
gruence used at later indices. For varying magnitudes, even when their prime divisors
belong to a fixed finite set, this argument does not supply the same later congruence. It
therefore does not settle that case.

10 Periodic negative errors
Let the negative error have periodic magnitude 𝑒𝑛 = −𝐸𝑛 > 0, so 𝑒𝑛+ℎ = 𝑒𝑛 and 𝐶𝑛+1 =
𝐶𝑛 + 𝑒𝑛. Summing over a period gives 𝐶𝑛+ℎ = 𝐶𝑛 + 𝑀, where the positive integer
𝑀 = ∑ℎ−1

𝑗=0 𝑒𝑗 is the drift. Periodicity makes this sum independent of the starting index.
At ℎ = 1 this says that the magnitude is constant and that 𝑀 is its value, which is

the situation of Section 9; Theorem 9.2 already excludes it without using the pointwise
bound 𝑒𝑛 < 𝑎𝑛 in the proof below. The new case is ℎ ≥ 2.

For a constant error, the proof used the finitelymany prime divisors of itsmagnitude.
For a periodic error we use the prime divisors of the increase 𝑀 over one period. The
required divisibility facts are as follows. Every multiplier 𝑎𝑗 divides each later denomi-
nator, by persistence of a multiplier. If a prime divides both 𝐷𝑛 and 𝑎𝑛, the numerator
update makes it divide 𝐶𝑛+1, the one-step divisibility implication. Once it divides both
numerator and denominator, it divides every later numerator, denominator and error,
by persistence of a common divisor.

Periodicity carries this divisibility back to every phase. Suppose 𝑑 ∣ 𝑀 and 𝑑 ∣ 𝑎𝑖, 𝑎𝑗
with 𝑖 < 𝑗. Then 𝑑 ∣ 𝐷𝑗, and 𝐶𝑗+1 = 𝑎𝑗𝐶𝑗 −𝐷𝑗 gives 𝑑 ∣ 𝐶𝑗+1. The common divisor persists
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in both sequences and in every later error. For any phase 𝑟, choose 𝑘 with 𝑟 + 𝑘ℎ ≥ 𝑗 + 1;
periodicity gives 𝑑 ∣ 𝑒𝑟+𝑘ℎ = 𝑒𝑟. Taking 𝑘ℎ ≥ 𝑗 + 1 also gives 𝑑 ∣ 𝐶𝑘ℎ = 𝐶0 + 𝑘𝑀,
hence 𝑑 ∣ 𝐶0. This is the repeated-divisor implication; it uses the period relation and
the increase over successive periods, each iterated through whole periods. A repeated
prime can therefore be divided out of the entire system. This explains the induction on
𝑀 in the proof.

Theorem 10.1 (no periodic negative magnitude). Let 𝑎,𝐷, 𝐶, 𝑒 ∶ ℕ → ℕ with 𝑎𝑛 ≥ 2,
𝑒𝑛 > 0 and 𝑒𝑛 < 𝑎𝑛 for every 𝑛, satisfying

𝐷𝑛+1 = 𝑎𝑛𝐷𝑛, 𝐶𝑛+1 = 𝐶𝑛 + 𝑒𝑛, 𝐷𝑛 + 𝑒𝑛 = (𝑎𝑛 − 1)𝐶𝑛,

and suppose 𝑒𝑛+ℎ = 𝑒𝑛 and 𝐶𝑛+ℎ = 𝐶𝑛 +𝑀 for some ℎ > 0 and 𝑀 > 0. This is impossible.

Proof. We use strong induction on the drift 𝑀. A prime divisor of 𝑀 that recurs among
the multipliers need not give an immediate contradiction. It instead divides the whole
orbit, allowing us to reduce 𝑀 by that prime and apply the induction hypothesis.

Suppose first that no prime divisor of 𝑀 is a common divisor of 𝐶0 and of every
magnitude. The repeated-divisor implication applies in the contrapositive: a prime di-
visor of 𝑀 occurring in two of the multipliers would be exactly such a common divisor,
so each prime divisor of 𝑀 occurs in at most one multiplier. On the other hand, ev-
ery multiplier shares a prime with 𝑀. Indeed, if gcd(𝑎𝑗,𝑀) = 1, choose 𝑘 ≥ 1 so that
𝑎𝑗 ∣ 𝐶𝑗+𝑘𝑀 = 𝐶𝑗+𝑘ℎ. The samemultiplier divides𝐷𝑗+𝑘ℎ, and periodicity gives 𝑒𝑗+𝑘ℎ = 𝑒𝑗.
The identity at 𝑗+𝑘ℎ therefore implies 𝑎𝑗 ∣ 𝑒𝑗, contrary to 0 < 𝑒𝑗 < 𝑎𝑗. Thus infinitelymany
multipliers would require distinct prime divisors of the fixed integer𝑀, a contradiction.

Otherwise some prime 𝑝 divides𝑀, divides 𝐶0, and divides every magnitude. Then
𝑝 ∣ 𝐶𝑛 for every 𝑛, since 𝐶𝑛+1 = 𝐶𝑛 + 𝑒𝑛 and both summands on the right are divisible
by 𝑝, and the same identity 𝐷𝑛 + 𝑒𝑛 = (𝑎𝑛 − 1)𝐶𝑛 then gives 𝑝 ∣ 𝐷𝑛 for every 𝑛. Divide
𝐷, 𝐶 and 𝑒 by 𝑝. The multipliers are untouched, so 𝑎𝑛 ≥ 2 and 𝑒𝑛 < 𝑎𝑛 persist and
the magnitudes stay positive; the three recurrences are homogeneous in (𝐷, 𝐶, 𝑒) and so
survive; the period is still ℎ; and the drift becomes 𝑀/𝑝 < 𝑀. The inductive hypothesis
applies.

The first of the two cases above is the exclusion when no prime of 𝑀 divides all phases,
the induction is the exclusion at every scale, and the eventual form is the eventual ex-
clusion.

The bound 𝑒𝑛 < 𝑎𝑛 rules out 𝑎𝑗 ∣ 𝑒𝑗. It follows eventually, without rescaling: on
an infinite orbit with periodic positive magnitudes, bounded errors and exponential
denominator growth suffice. The identity gives 𝐶𝑛 > 0, and periodicity gives

𝐶𝑛 = 𝑀
ℎ 𝑛 + 𝑂(1), sup

𝑛
𝑒𝑛 < ∞,

and 𝐷0 cannot be zero: otherwise all 𝐷𝑛 vanish and the defining identity gives 𝑒𝑛 =
(𝑎𝑛 − 1)𝐶𝑛 ≥ 𝐶𝑛, contradicting these bounds. Thus 𝐷𝑛 ≥ 2𝑛𝐷0, and

𝑎𝑛 − 1 = 𝐷𝑛 + 𝑒𝑛
𝐶𝑛

⟶ ∞.
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Consequently 𝑒𝑛 < 𝑎𝑛 eventually. Applying the eventual exclusion therefore rules out
periodic positive magnitudes without an independent smallness assumption. The num-
bered theorem retains the pointwise bound used by its checked phase-by-phase proof.
The later bounded-negative theorem also excludes this case.
Remark. For the tail numerators of [12], the absolute error satisfies |𝐸𝑛| < 𝑎𝑛 eventually.
Indeed, under the dictionary in Section 3, Lemma 4(2) gives−𝐶𝑛/2 ≤ 𝐸𝑛 < 𝐶𝑛/2, hence
|𝐸𝑛| ≤ 𝐶𝑛/2. The proof of Lemma 4(3) gives 𝐶𝑛+1 ≤ 3

2𝐶𝑛 [12, pp. 11–12], hence 𝐶𝑛 ≤
𝐶𝑁(3/2)𝑛−𝑁 beyond a pseudo-greedy starting index𝑁. On the other hand, convergence
of ∑1/𝑎𝑛 gives 𝑎𝑛 → ∞, and 𝑎𝑛+1/𝑎2𝑛 → 1 then gives 𝑎𝑛+1 ≥ 2𝑎𝑛 eventually. Thus
|𝐸𝑛|/𝑎𝑛 → 0. On a negative-error tail this gives 𝑒𝑛 < 𝑎𝑛.

For integer solutions of (19), the same conclusion follows when 𝑎𝑛 > 1, 𝐶𝑛 > 0
and 𝐸𝑛/𝐶𝑛 → 0 hold: the calculation in Section 4 already derives the reciprocal series
and its growth from these hypotheses. Summability is not an independent assumption
in that setting. The bound 𝑒𝑛 < 𝑎𝑛 is still only eventual, whereas Theorem 10.1 states
it at every index; its eventual form, cited above, is therefore the applicable one. For a
periodic magnitude, boundedness of 𝑒𝑛 and divergence of 𝑎𝑛 already suffice.

11 Bounded increases and coprimality
For nonperiodic errors, the Chinese remainder theorem replaces the fixed period. It pro-
duces a block of consecutive forbidden values. Anunboundednumeratorwith bounded
upward steps must enter that block when it first crosses its lower end.

Lemma 11.1 (shifted blocks of consecutive multiples). Let 𝑚0,… ,𝑚𝐵−1 be pairwise co-
prime and at least 2. For every bound there is a 𝑡 beyond it with 𝑚𝑖 ∣ 𝑡 + 𝑖 for each 𝑖 < 𝐵.

Proof. Solve 𝑡 ≡ −𝑖 (mod 𝑚𝑖) simultaneously by the Chinese remainder theorem.
Adding a sufficiently large multiple of ∏𝑖 𝑚𝑖 puts the solution beyond the prescribed
bound.

Lemma 11.1 matches each modulus 𝑚𝑖 to its own multiple 𝑡 + 𝑖 inside a window of 𝐵
consecutive integers. Matchings of a set of integers to distinct multiples in an interval
are the subject of Erdős Problem #650, solved by van Doorn, Li and Tang: for every set 𝑆
of 𝑘 positive integers, every open interval of length 2max𝑆 contains distinctmultiples of
at least min(𝑘, ⌈2√𝑘 ⌉) elements of 𝑆, and this count is optimal [11, Theorem 2.1]. Their
extremal construction uses the same Chinese remaindering for moduli that need not be
pairwise coprime, with their Claim 3.2 supplying the divisibility of residue differences
by greatest common divisors that the generalised theorem requires [11, pp. 4–5]. The
first-crossing argument below needs only the pairwise coprime case.

Example 11.2 (a block of three consecutive multiples). Take 𝐵 = 3 and (𝑚0, 𝑚1, 𝑚2) =
(3, 4, 5). The congruences 𝑡 ≡ 0 (mod 3), 𝑡 ≡ 3 (mod 4) and 𝑡 ≡ 3 (mod 5) hold exactly
when 𝑡 ≡ 3 (mod 60). At 𝑡 = 3 the block is 3, 4, 5 with 3 ∣ 3, 4 ∣ 4 and 5 ∣ 5; at 𝑡 = 63 it
is 63, 64, 65 with 3 ∣ 63, 4 ∣ 64 and 5 ∣ 65. A sequence of natural numbers that starts at 0,
tends to infinity and rises by at most 3 at each step cannot step over the block {3, 4, 5}:
it has a first value at least 3, that value is at most 5, and every member of {3, 4, 5} is
divisible by one of the three moduli.
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Theorem 11.3 (bounded increases and coprimality to earlier moduli). Let 𝑢 ∶ ℕ → ℕ
tend to infinity with 𝑢𝑛+1 ≤ 𝑢𝑛 + 𝐵 for a fixed integer 𝐵 ≥ 1. Then 𝑢 cannot remain coprime
to infinitely many fresh pairwise coprime moduli: there is no family of pairwise coprime 𝑚𝑖 ≥ 2,
one for each index, such that gcd(𝑚𝑖, 𝑢𝑡) = 1 whenever 𝑖 < 𝑡.

The CRT block must lie above the initial segment where some moduli are not yet
available. No monotonicity of 𝑢 is assumed.

Proof. Choose𝑚0,… ,𝑚𝐵−1 and use Lemma 11.1 to find 𝑡 > max(𝑢0,… , 𝑢𝐵)with𝑚𝑖 ∣ 𝑡+𝑖
for 0 ≤ 𝑖 < 𝐵. Since 𝑢𝑛 → ∞, there is a first 𝑛 > 𝐵 with 𝑢𝑛 ≥ 𝑡. Minimality and the rise
bound give

𝑡 ≤ 𝑢𝑛 ≤ 𝑢𝑛−1 + 𝐵 < 𝑡 + 𝐵.
Hence 𝑢𝑛 = 𝑡 + 𝑖 for some 0 ≤ 𝑖 < 𝐵 < 𝑛, so 𝑚𝑖 ∣ 𝑢𝑛. The inequality 𝑖 < 𝑛 now permits
the avoidance hypothesis, which says gcd(𝑚𝑖, 𝑢𝑛) = 1; this contradicts 𝑚𝑖 ≥ 2. The
argument uses the first crossing of the CRT block, not monotonicity of 𝑢.

Only unboundedness above is used to obtain this first crossing. Divergence is stated
because it holds for the reduced rational tail in the application. This distinction also
explains why the weighted proof in Section 6 works with an unbounded running maxi-
mum, without assuming that its numerator tends to infinity.

Divergence forces 𝑢 to reach the forbidden block, and the uniform rise bound pre-
vents it from jumping over the block. A bound only along a subsequence would
leave the intervening steps unrestricted. Without a scale restriction on the moduli,
Proposition 14.6 gives an unbounded coprime walk with rises 𝑜(log log 𝑢𝑛). The same
forbidden-block crossing, under a two-sided bound on the error, appears in the proof
of Bado’s Theorem 5.1 [8, pp. 4–5], posted in September 2026.

In the application, 𝑚𝑖 is the 𝑖th multiplier. Its coprimality is known only for later
numerators, which explains the condition 𝑖 < 𝑡.

To apply the preceding theorem, we reduce 𝐶𝑛/𝐷𝑛 to lowest terms and require that
no further common factor be cancelled. In that case the reduced numerators and de-
nominators still satisfy the original recurrences. The relevant coprimality is as follows.
Proposition 11.4 (persistent coprimality). Suppose that gcd(𝑢𝑛, 𝑣𝑛) = 1 at every index and

𝑢𝑛+1 + 𝑣𝑛 = 𝑎𝑛𝑢𝑛, 𝑣𝑛+1 = 𝑎𝑛𝑣𝑛.

Then gcd(𝑎𝑛, 𝑣𝑛) = 1, the 𝑎𝑛 are pairwise coprime, and gcd(𝑎𝑖, 𝑢𝑡) = 1 whenever 𝑖 < 𝑡.
Proof. A common prime divisor of 𝑎𝑛 and 𝑣𝑛 would divide both 𝑢𝑛+1 = 𝑎𝑛𝑢𝑛 − 𝑣𝑛 and
𝑣𝑛+1 = 𝑎𝑛𝑣𝑛, contradicting their coprimality. Hence gcd(𝑎𝑛, 𝑣𝑛) = 1. For 𝑖 < 𝑡, the
denominator recurrence gives 𝑎𝑖 ∣ 𝑣𝑡. Combining this with gcd(𝑎𝑡, 𝑣𝑡) = 1 proves that 𝑎𝑖
and 𝑎𝑡 are coprime; combining it with gcd(𝑢𝑡, 𝑣𝑡) = 1 proves that 𝑎𝑖 and 𝑢𝑡 are coprime.

These are the step coprimality, the pairwise coprimality, and the coprimality to each
earlier multiplier. Applying Theorem 11.3 shows that a numerator satisfying these con-
ditions cannot tend to infinity with uniformly bounded upward increments. This is the
reduced exclusion under bounded upward increments, together with its eventual form,
the version with an eventual increment bound.

https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L989
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1016
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1030
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1030
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1041
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1066


Reciprocal sums: further results and proofs 45

Example 11.5 (coprimality in Sylvester’s sequence). Put 𝑢𝑛 = 1 and 𝑣𝑛 = 𝐷𝑛 =
1, 2, 6, 42, 1806,… as in Example 4.2, with multipliers 𝑎𝑛 = 𝑣𝑛 + 1 = 2, 3, 7, 43, 1807,….
Then gcd(𝑢𝑛, 𝑣𝑛) = 1, 𝑢𝑛+1 + 𝑣𝑛 = 1 + 𝑣𝑛 = 𝑎𝑛𝑢𝑛 and 𝑣𝑛+1 = 𝑎𝑛𝑣𝑛, so Proposition 11.4
applies and gives the classical fact that Sylvester’s numbers are pairwise coprime. Its
numerator is constant, so it satisfies every hypothesis of the exclusion just stated except
divergence; since the tail exists, that hypothesis cannot be dropped.

The fraction 𝐶𝑛/𝐷𝑛 in Section 4 need not be in lowest terms. To use the preceding
argument, we must show that the common factor stops changing. One uniform bound
on the negative magnitudes at arbitrarily late indices suffices: each gcd divides every
later gcd, and at a negative index it also divides the nonzero magnitude. Thus a bound
at arbitrarily late negative indices bounds the entire gcd sequence. The next proposition
justifies dividing by its eventual value.

Proposition 11.6 (the tail gcd stabilises). Let 𝑎,𝐷, 𝐶 ∶ ℕ → ℕ satisfy 𝐶𝑛+1 + 𝐷𝑛 = 𝑎𝑛𝐶𝑛
and𝐷𝑛+1 = 𝑎𝑛𝐷𝑛, and put 𝐸𝑛 = 𝐷𝑛 −(𝑎𝑛 −1)𝐶𝑛. Suppose some fixed integer 𝐵 ≥ 1 satisfies
−𝐵 ≤ 𝐸𝑛 < 0 at infinitely many indices. Then gcd(𝐶𝑛, 𝐷𝑛) is eventually constant. Dividing
𝐶𝑛, 𝐷𝑛 by its eventual value gives coprime sequences satisfying the same recurrences.

Proof. First, 𝐶𝑛 > 0 at every index. If 𝐶𝑛 = 0, the nonnegative recurrence forces
𝐶𝑛+1 = 𝐷𝑛 = 0, and both sequences then vanish at all later indices. This contradicts
the existence of arbitrarily late negative errors.

The two recurrences give 𝐺𝑛 ∣ 𝐺𝑛+1 for 𝐺𝑛 = gcd(𝐶𝑛, 𝐷𝑛), as in the gcd divisibility
relation. Also 𝐺𝑛 = gcd(𝐶𝑛, |𝐸𝑛|), since 𝐷𝑛 = 𝐸𝑛 +(𝑎𝑛 −1)𝐶𝑛; at a negative index this is
the gcd identity with the negative magnitude. For any 𝑛, choose 𝑡 ≥ 𝑛with−𝐵 ≤ 𝐸𝑡 < 0.
Then

𝐺𝑛 ≤ 𝐺𝑡 ≤ |𝐸𝑡| ≤ 𝐵.

The entire positive divisibility chain is therefore bounded and eventually constant, by
stabilisation of a bounded divisibility chain. In Lean this is the gcd stabilisation result.
Dividing both sequences by the eventual value preserves the recurrences and gives co-
prime numerator and denominator at every later index.

Other negative errors may exceed 𝐵 in magnitude. Gcd stabilisation uses the
bounded witnesses, whereas the CRT application needs a bound on every upward in-
crement.

Vanishing relative error also gives sparsity of the strict gcd increases. The next propo-
sition asserts long finite intervals of constancy, not constancy on an infinite tail. For
𝑎, 𝐶,𝐷 ∶ ℕ → ℕ satisfying (19) with 𝐶𝑛 > 0, put

𝐺𝑛 = gcd(𝐶𝑛, 𝐷𝑛), Γ(𝑁) = #{0 ≤ 𝑗 < 𝑁 ∶ 𝐺𝑗 < 𝐺𝑗+1}.

Proposition 11.7 (vanishing relative error makes strict gcd changes sparse). Let 𝑎, 𝐶,𝐷 ∶
ℕ → ℕ satisfy 𝐶𝑛+1 + 𝐷𝑛 = 𝑎𝑛𝐶𝑛 and 𝐷𝑛+1 = 𝑎𝑛𝐷𝑛 with 𝐶𝑛 > 0, and put 𝐸𝑛 = 𝐷𝑛 −
(𝑎𝑛 − 1)𝐶𝑛, 𝐺𝑛 = gcd(𝐶𝑛, 𝐷𝑛) and Γ(𝑁) = #{0 ≤ 𝑗 < 𝑁 ∶ 𝐺𝑗 < 𝐺𝑗+1}. If |𝐸𝑛|/𝐶𝑛 → 0, then
Γ(𝑁) = 𝑜(𝑁). Moreover, for every starting bound 𝐵 and block length 𝐿, some 𝑛 ≥ 𝐵 satisfies

𝐺𝑛 = 𝐺𝑛+1 = ⋯ = 𝐺𝑛+𝐿.

https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1430
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1430
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1587
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1605
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1636
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Thefirst assertion is the sublinear strict-growth theorem; the second is the arbitrarily late
constant-block theorem. The proof first converts vanishing relative error into subexpo-
nential growth of𝐶𝑛. Each strict divisibility increase of𝐺𝑛 contributes a factor of at least
2, so 2Γ(𝑁)𝐺0 ≤ 𝐺𝑁 ≤ 𝐶𝑁 . Taking logarithms gives Γ(𝑁) = 𝑜(𝑁). For 𝐿 = 0 the second
assertion is immediate. For 𝐿 ≥ 1, if every block of 𝐿 successive transitions beyond 𝐵
contained a strict increase, disjoint such blocks would give Γ(𝑁) ≥ (𝑁 −𝐵)/𝐿−𝑂(1), a
contradiction.

The starting index may depend on the block length; arbitrarily long constant blocks
do not give an infinite constant tail. Proposition 11.6 needs additional bounded negative
witnesses, which Proposition 11.7 does not supply.

12 Bounded negative part
The lower bound 𝐸𝑛 ≥ −𝐵 has two uses. At negative indices it bounds the gcd, making
it stable. At every index it bounds the upward step 𝐶𝑛+1 −𝐶𝑛 = −𝐸𝑛. We can therefore
combine the preceding coprimality and first-crossing arguments.

Without the denominator recurrence, 𝐶𝑛 = 𝑐+𝑏𝑛, 𝐸𝑛 = −𝑏would be a counterexam-
ple for any positive integers 𝑏, 𝑐. Theorem 9.2 excludes this exact-orbit behaviour. The
separate summability criterion in the next section needs only the scalar update. For pos-
itive integer solutions of (19) with vanishing relative error, both criteria are equivalent
to eventual zero error. Neither extra estimate has been derived from the unrestricted
hypotheses.

Theorem 12.1 (bounded negative part). Let 𝑎, 𝐶,𝐷 ∶ ℕ → ℕ satisfy 𝑎𝑛 > 1, 𝐶𝑛 > 0, and

𝐶𝑛+1 +𝐷𝑛 = 𝑎𝑛𝐶𝑛, 𝐷𝑛+1 = 𝑎𝑛𝐷𝑛 (𝑛 ≥ 0).

Put 𝐸𝑛 = 𝐷𝑛 − (𝑎𝑛 − 1)𝐶𝑛. If

𝐸𝑛
𝐶𝑛

⟶ 0 and 𝐸𝑛 ≥ −𝐵 for all sufficiently large 𝑛

for some integer 𝐵 ≥ 0, then 𝐸𝑛 = 0 for all sufficiently large 𝑛.

The limit is equivalent, for positive𝐶𝑛, to the integer condition𝐾|𝐸𝑛| < 𝐶𝑛 eventually
for each 𝐾 ∈ ℕ. This is the form used by the linked declaration. Its 𝐾 = 1 case gives
|𝐸𝑛| < 𝐶𝑛 eventually.

Proof. Suppose that the error fails to vanish eventually. After the point from which
|𝐸𝑛| < 𝐶𝑛 always holds, Theorem 5.8 excludes every zero. Hence |𝐸𝑛| ≥ 1, and the
relative limit forces 𝐶𝑛 → ∞.

There are infinitely many negative indices, since otherwise Theorem 8.1 would give
eventual zero. At each sufficiently late negative index, 1 ≤ −𝐸𝑛 ≤ 𝐵, so 𝐵 ≥ 1. Propo-
sition 11.6 makes 𝐺𝑛 = gcd(𝐶𝑛, 𝐷𝑛) stabilise to an integer 𝑔 > 0. The divided se-
quences 𝑢𝑛 = 𝐶𝑛/𝑔, 𝑣𝑛 = 𝐷𝑛/𝑔 satisfy the coprime recurrences, with 𝑢𝑛 → ∞ and
𝑢𝑛+1 − 𝑢𝑛 = −𝐸𝑛/𝑔 ≤ 𝐵. Their coprimality properties from Proposition 11.4 now con-
tradict Theorem 11.3.

https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L2186
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L2202
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L2202
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Corollary 12.2. Under the hypotheses of Theorem 12.1, themultipliers satisfy 𝑎𝑛+1 = 𝑎2𝑛−𝑎𝑛+1
for all sufficiently large 𝑛.

Proof. Theorem 12.1 gives eventual zero error. Since 𝐶𝑛+1 > 0, Theorem 5.7 gives the
recurrence.

To apply it to Problem 1.1, delete a finite prefix and use Koizumi’s Corollary 3 [12,
p. 9]. The remaining sequence is the pseudo-greedy expansion of its own reciprocal
sum. His Lemma 4 gives positive integer numerators 𝑐𝑛, denominators 𝑑𝑛 and errors 𝑒𝑛
with

𝑐𝑛+1 = 𝑎𝑛𝑐𝑛 − 𝑑𝑛, 𝑑𝑛+1 = 𝑎𝑛𝑑𝑛, 𝑒𝑛 = 𝑑𝑛 − (𝑎𝑛 − 1)𝑐𝑛.

The terms 𝑎𝑛 eventually exceed one, and 𝑒𝑛/𝑐𝑛 → 0 by that corollary. The same con-
struction gives−𝑐𝑛/2 ≤ 𝑒𝑛 < 𝑐𝑛/2. The additional condition still required is an eventual
lower bound 𝑒𝑛 ≥ −𝐵. Neither Koizumi’s construction nor the constant and periodic
exclusions above establish this bound for every rational sum in the problem. The result
therefore remains conditional.

13 Finite total relative increase
We can bound a positive integer sequence by multiplying the relative increases of its
terms. If their sum converges, that product is finite. Only finitely many upward integer
steps can then occur, and descent finishes the argument. No denominator recurrence is
needed. For comparison, 𝐶𝑛 = 𝑛+1 and 𝐶𝑛 = (𝑛+1)2 have relative increases tending to
zero but divergent sums. The eventual Sylvester recurrence gives an eventually constant
numerator, so it satisfies the summability condition.

Theorem 13.1 (finite sum of relative increases). Let𝐶𝑛 ∈ ℕ>0 and 𝐸𝑛 ∈ ℤ satisfy𝐶𝑛+1 =
𝐶𝑛 − 𝐸𝑛. If

∞
∑
𝑛=0

(−𝐸𝑛)+
𝐶𝑛

< ∞,

then 𝐸𝑛 = 0 eventually. For an exact reciprocal-tail orbit this implies 𝑎𝑛+1 = 𝑎2𝑛 − 𝑎𝑛 + 1
eventually. No hypothesis |𝐸𝑛|/𝐶𝑛 → 0 is required.

Proof. Put 𝛿𝑛 = (−𝐸𝑛)+/𝐶𝑛. The update gives 𝐶𝑛+1 ≤ 𝐶𝑛(1 + 𝛿𝑛), so

𝐶𝑁 ≤ 𝐶0 ∏
𝑛<𝑁

(1 + 𝛿𝑛) ≤ 𝐶0 exp(∑
𝑛

𝛿𝑛) .

Choose an integer upper bound 𝐾 for 𝐶𝑛. Each strict rise of the integer sequence con-
tributes at least 1/𝐾 to ∑𝑛 𝛿𝑛, so there are only finitely many rises. The remaining pos-
itive integer sequence is nonincreasing and therefore stabilises, forcing 𝐸𝑛 = 0. The
recurrence follows from Theorem 5.7, since 𝐶𝑛 > 0.

Integer increments suffice even for positive real 𝐶0: the bounded values lie in the
finite set (𝐶0+ℤ)∩(0, 𝐾], so the same proof works. The Lean statement retains integer-
valued 𝐶𝑛.
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The two indispensable features of this argument are positivity and discrete incre-
ments. With 𝐶𝑛 = 1 + 1/(𝑛 + 1) and 𝐸𝑛 = 1/((𝑛 + 1)(𝑛 + 2)), the numerator decreases
foreverwith zero relative-increase sum, but the errors are not integers. With𝐶𝑛 = −𝑛−1
and 𝐸𝑛 = 1, the increments are integers but positivity fails.

The pseudo-greedy gap version, with the same product bound and integer descent,
appears in the 12 August 2026 working report [9, “A global termination criterion”].
Bado additionally accounts for factors removed in LCM clearing [8, Thm. 11.1 and Re-
mark 11.3, p. 9]. In the notation of Section 6, the update gives

log𝑈𝑁 ≤ log𝑈0 + ∑
𝑛<𝑁

(−𝐸𝑛)+
𝐶𝑛

− ∑
𝑛<𝑁

log 𝜌𝑛.

His sufficient condition is an upper bound on the difference of these two sums. The sub-
tractive term records the decrease caused by a repeated factor in the denominator. Itmay
offset some relative increases; the hypothesis does not require either sum to converge
separately. Unlike the scalar criterion above, this argument also uses the pseudo-greedy
limit: bounded 𝑈𝑛 and 𝑉𝑛/𝑈𝑛 = 𝐸𝑛/𝐶𝑛 → 0 make the integer 𝑉𝑛 eventually zero, after
which 𝜌𝑛𝑈𝑛+1 = 𝑈𝑛 gives eventual constancy.

Corollary 3 [12, p. 9] and Lemma 4 [12, pp. 11–12] supply the same positive integer
update after a finite restart. Theorem 13.1 therefore applies if the relative-increase sum
converges. This is the sole additional hypothesis, asked for in Problem 14.5; the cited
construction does not establish it.

Example 13.2 (the product bound at a geometric rate). Suppose 𝐶0 = 100 and
(−𝐸𝑛)+/𝐶𝑛 ≤ 2−𝑛−1 for every 𝑛, so that the sum of relative increases is at most 1; the
constraint at 𝑛 = 0 still permits 𝐸0 as negative as −50. Since 1 + 𝑥 ≤ 𝑒𝑥,

𝐶𝑁 ≤ 100 ∏
𝑛<𝑁

(1 + 2−𝑛−1) ≤ 100𝑒 < 272

for every 𝑁. For all sufficiently large 𝑛, we have 2−𝑛−1 < 1/272. A strict rise would then
force (−𝐸𝑛)+/𝐶𝑛 ≥ 1/𝐶𝑛 > 1/272, a contradiction. Thus𝐶𝑛 is eventually nonincreasing;
as a positive integer sequence it stabilises, and𝐸𝑛 = 0 thereafter. The constant 272 comes
from the total mass and not from any single magnitude, which is why the hypothesis of
Theorem 13.1 is summability of (−𝐸𝑛)+/𝐶𝑛 and not a bound on it.

14 Further questions
We collect the restrictions on a possible counterexample and the estimates which would
exclude it. The constant and periodic arguments concern all-negative tails. They leave
open a periodic pattern seen only along the negative indices of a mixed-sign sequence.
The unrestricted problem remains unresolved here.

Proposition 14.1 (necessary conditions on a counterexample). For the integer tail attached
to any counterexample to Problem 1.1,

𝐸𝑛 ≠ 0 eventually, |𝐸𝑛|
𝐶𝑛

⟶ 0,
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and
lim sup

𝑛→∞
𝐸𝑛<0

(−𝐸𝑛) = ∞,
∞
∑
𝑛=0

(−𝐸𝑛)+
𝐶𝑛

= ∞.

In particular, negative indices occur infinitely often. Thus the remaining regime consists of
unbounded negative errors along exact reciprocal tails for which the sum of relative increases
diverges.

Proof. Koizumi’s construction gives vanishing relative error after a finite shift, hence
|𝐸𝑛| < 𝐶𝑛 eventually. Absorption then makes 𝐸𝑛 ≠ 0 eventually, since eventual zero
would give the Sylvester recurrence. Descent excludes an eventually nonnegative error.
Theorem 12.1 excludes a bounded negative part, and Theorem 13.1 excludes conver-
gence of the sum of relative increases. These statements are unchanged by deleting a
finite prefix.

Proposition 14.1 does not assert infinitely many prime divisors of the error magni-
tudes. Nor are its numerical conditions alone a reformulation of the problem: the nu-
merator and denominator must satisfy the exact recurrences. With those recurrences,
positivity and vanishing relative error, Section 4 supplies the reciprocal-series realisa-
tion. The following exact-orbit question is therefore equivalent to the original problem.

Problem 14.2 (unbounded negative errors with divergent relative sum). Exclude, or
construct, natural-number sequences (𝑎,𝐷, 𝐶) satisfying (19), with 𝑎𝑛 > 1 and 𝐶𝑛 > 0,
whose multipliers satisfy lim𝑛 𝑎𝑛+1/𝑎2𝑛 = 1 and whose error satisfies vanishing relative
error, and which is negative infinitely often with magnitudes unbounded along that
infinite set and

∑
𝑛

(−𝐸𝑛)+
𝐶𝑛

= ∞.

Such an orbit fails the bounded-negative-part and summable-relative-increase hypothe-
ses. By Proposition 14.1 the integer tail of a counterexample is such an orbit after dele-
tion of a finite prefix, so an exclusion would settle Problem #243. Conversely, a global
orbit with the displayed properties has 𝐶𝑛/𝐷𝑛 → 0 by Section 4. The reciprocal-series
realisation then identifies its reciprocal sum as 𝐶0/𝐷0. After deletion of a finite prefix
the multipliers are strictly increasing, and the infinitely many negative errors rule out
a Sylvester tail. It is therefore a counterexample to Problem #243. Finite admissible
prefixes alone do not provide such a construction.

Remark. The recurrences alone admit unbounded negative errors for which
∑𝑛(−𝐸𝑛)+/𝐶𝑛 diverges. The following example fails both the relative-error and
growth assumptions of Problem 14.2. Put

𝐶𝑛 = 2𝑛, 𝑏0 = 2, 𝑏𝑛+1 = 1
2𝑏𝑛(𝑏𝑛 + 2), 𝑎𝑛 = 𝑏𝑛 + 2, 𝐷𝑛 = 𝑏𝑛𝐶𝑛,

so that (𝑏𝑛) = 2, 4, 12, 84, 3612,… and (𝑎𝑛) = 4, 6, 14, 86, 3614,…. Every 𝑏𝑛 is a positive
even integer, since 𝑏𝑛 = 2𝑘 gives 𝑏𝑛+1 = 2𝑘(𝑘 + 1), so all four sequences are ℕ-valued.
They satisfy both recurrences: 𝐶𝑛+1 +𝐷𝑛 = 2𝑛(2 + 𝑏𝑛) = 𝑎𝑛𝐶𝑛 and 𝐷𝑛+1 = 𝑏𝑛+12𝑛+1 =
𝑏𝑛(𝑏𝑛 + 2)2𝑛 = 𝑎𝑛𝐷𝑛. Its error is

𝐸𝑛 = 𝐷𝑛 − (𝑎𝑛 − 1)𝐶𝑛 = 𝑏𝑛2𝑛 − (𝑏𝑛 + 1)2𝑛 = −𝐶𝑛,

https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1955
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1955
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so the negative magnitudes 2𝑛 are unbounded and ∑𝑛(−𝐸𝑛)+/𝐶𝑛 diverges. Here
|𝐸𝑛| = 𝐶𝑛 at every index, so both the strict inequality |𝐸𝑛| < 𝐶𝑛 and the vanishing
relative error fail. The multipliers satisfy 𝑎𝑛+1 = 1

2(𝑎
2
𝑛 − 2𝑎𝑛 + 4), so 𝑎𝑛+1/𝑎2𝑛 → 1

2 and
the growth hypothesis fails as well. The example therefore says nothing about Prob-
lem 1.1, and it does not isolate the error bounds: 𝐸𝑛 = −𝐶𝑛 at every index forces that
multiplier recurrence, so growth fails with them. It is recorded only to show that the
two recurrences alone do not force the required conclusion.

A scalar profile need not satisfy the recurrences. The example 𝐶𝑛 = 𝑛2 + 1, 𝐸𝑛 =
−(2𝑛+1) satisfies the numerator update, |𝐸𝑛|/𝐶𝑛 → 0, log𝐶𝑛 = 𝑜(𝑛) and∑𝑛(𝐸𝑛/𝐶𝑛)2 <
∞. It is not an exact reciprocal-tail orbit. Indeed, 𝐶2 = 5, 𝐶3 = 10 and 𝐶4 = 17. The first
numerator update forces 5 ∣ 𝐷2; the multiplicative denominator update gives 5 ∣ 𝐷3;
the next numerator update then forces 5 ∣ 𝐶4, a contradiction. This is the failed-route
example referred to at the end of the short note: subexponential size and a small relative
error do not supply arithmetic compatibility.

14.1 Growth of the factors repeated in the denominator
To compare repeated prime factors in the denominator with its total size, define

𝐿0 = 𝐷0, 𝐿𝑛+1 = lcm(𝐿𝑛, 𝑎𝑛), 𝑀𝑛 = 𝐷𝑛
𝐿𝑛

.

The integer𝑀𝑛 records prime factors counted repeatedly in𝐷𝑛 = 𝐷0 ∏𝑗<𝑛 𝑎𝑗 but only to
their largest exponent in 𝐿𝑛; thus 𝑀𝑛𝐿𝑛 = 𝐷𝑛. Problem 14.3 asks whether failure of the
Sylvester recurrence forces exponential growth of 𝑀𝑛, contradicting its subexponential
upper bound. The following recovery estimate is local and does not supply that lower
bound.

14.2 Cancellation during recovery intervals
The LCM quotient 𝑀𝑛 need not equal the common divisor 𝐺𝑛 removed by reduction
to lowest terms. Since 𝑀𝑛 divides both 𝐶𝑛 and 𝐷𝑛, we have 𝑀𝑛 ∣ 𝐺𝑛, but equality is
not assumed. The following estimate concerns the successive reduction factors, over an
intervalwhere the reducednumerator regains its starting value. In the calculation below,
ℎ𝑛 is the factor removed at step 𝑛, 𝑐𝑛 is a positive integer with 𝑐2𝑛 ∣ ℎ𝑛, and ̃𝑒𝑛 denotes
the signed reduced error, as in Section 7. For the estimate itself, let 𝑢, ℎ, 𝑐 ∶ ℕ → ℕ and
̃𝑒 ∶ ℕ → ℤ satisfy

ℎ𝑛𝑢𝑛+1 = 𝑢𝑛 − ̃𝑒𝑛, 𝑢𝑛 > 0, ℎ𝑛 > 0.

Fix 𝐾, 𝑟, 𝐿 ∈ ℕ with 𝐾, 𝐿 > 0, assume

𝐾| ̃𝑒𝑟+𝑖| < 𝑢𝑟+𝑖 (0 ≤ 𝑖 < 𝐿), 𝑢𝑟 ≤ 𝑢𝑟+𝐿,

and let 𝑅 be a finite family of moduli. Suppose every 𝑚𝑞, 𝑞 ∈ 𝑅, divides ∏𝑟≤𝑛<𝑟+𝐿 𝑐𝑛,
and that 𝑐2𝑛 ∣ ℎ𝑛 throughout the interval. Then

𝐾𝐿 lcm(𝑚𝑞 ∶ 𝑞 ∈ 𝑅)2 < (𝐾 + 1)𝐿. (23)
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To see this, divide the recurrence by 𝑢𝑛 and multiply over the interval:

⎛⎜⎜
⎝

∏
𝑟≤𝑛<𝑟+𝐿

ℎ𝑛⎞⎟⎟
⎠

𝑢𝑟+𝐿
𝑢𝑟

= ∏
𝑟≤𝑛<𝑟+𝐿

(1 − ̃𝑒𝑛
𝑢𝑛

) < (1 + 1/𝐾)𝐿.

Recoverymakes the endpoint ratio at least 1, giving∏𝑟≤𝑛<𝑟+𝐿 ℎ𝑛 < (1+1/𝐾)𝐿. Without
𝑢𝑟 ≤ 𝑢𝑟+𝐿, a small endpoint ratio could conceal a large cancellation product. The least
common multiple of the 𝑚𝑞 divides the product of the 𝑐𝑛, and 𝑐2𝑛 ∣ ℎ𝑛 at every step. Its
square therefore divides, and is at most, the positive integer ∏𝑟≤𝑛<𝑟+𝐿 ℎ𝑛. Multiplying
by 𝐾𝐿 proves the claimed bound. This is the bound on cancellation over a recovery
interval.

The square in (23) comes from the assumption 𝑐2𝑛 ∣ ℎ𝑛. If the least common multiple
of the chosen moduli is at least 2|𝑅|, then

𝐾𝐿4|𝑅| < (𝐾 + 1)𝐿.

The formal consequence is the bound on the number of independent moduli. Taking
logarithms gives the explicit bound

|𝑅|
𝐿 < log(1 + 1/𝐾)

log 4 ≤ 1
𝐾 log 4.

Thus the number of these moduli is small relative to the recovery length when the
relative-error bound is small. This statement requires the lower bound 2|𝑅| on their least
common multiple; it does not apply to an arbitrary family with repeated prime factors.

For a fixed number of steps, the same estimate has a simpler consequence: a suffi-
ciently late recovery cannot include any cancellation. If 𝐾| ̃𝑒𝑛| < 𝑢𝑛 eventually for every
𝐾, then for each fixed 𝐿 > 0 there is an 𝑁 such that every recovery 𝑢𝑟 ≤ 𝑢𝑟+𝐿 with 𝑟 ≥ 𝑁
satisfies

∏
0≤𝑖<𝐿

ℎ𝑟+𝑖 = 1.

Indeed, choose 𝐾 so large that (1 + 1/𝐾)𝐿 < 2 and apply the same product estimate
beyond its error threshold. The positive integer product is then smaller than 2, so it
equals 1. The same𝐾 works for every length 1 ≤ 𝑗 ≤ 𝐿, since (1+1/𝐾)𝑗 ≤ (1+1/𝐾)𝐿 < 2.
Thus, after a sufficiently late step with ℎ𝑛 > 1, the numerator cannot regain its starting
value at any of the next 𝐿 indices. This includes a recovery followed by another fall
before the last endpoint. The fixed-length conclusion is formalised as absence of late
cancellation during recovery intervals of fixed length. The threshold 𝑁 depends on
𝐿: late cancellations require longer recoveries, but have not been excluded. A global
contradiction needs control of those varying lengths and a lower bound on themoduli’s
least common multiple; the interval estimate supplies neither.

Problem 14.3 (growth of repeated denominator factors). For every rational-tail orbit
satisfying the hypotheses but not the conclusion of Problem 1.1, must

lim sup
𝑛→∞

log𝑀𝑛
𝑛 > 0?

https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/RepairEntropy.lean#L48
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/RepairEntropy.lean#L48
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/RepairEntropy.lean#L78
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/RepairEntropy.lean#L107
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/RepairEntropy.lean#L107
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Equivalently, must there be a 𝐾 ≥ 1 for which

2𝑛 ≤ 𝑀𝐾
𝑛

at infinitely many indices?

The two displayed formulations are equivalent up to changing the positive con-
stant; the second is not a weaker target. Section 6 already gives 1 ≤ 𝑀𝑛 ≤ 𝐶𝑛, hence
log𝑀𝑛/𝑛 → 0 on every orbit under consideration. A positive answer would therefore
be a contradiction, not a further compatible necessary condition. It would prove Prob-
lem #243. The missing step is to force exponential growth of 𝑀𝑛 from failure of the
Sylvester recurrence.

There is also a more local-looking question whose content is nevertheless the entire
prefix. Put 𝐴𝑛 = ∏𝑗<𝑛 𝑎𝑗, so 𝐷𝑛 = 𝐷0𝐴𝑛. From

𝐷0𝐴𝑛 = (𝑎𝑛 − 1)𝐶𝑛 + 𝐸𝑛

one immediately obtains
gcd(𝐴𝑛, 𝑎𝑛 − 1) ∣ 𝐸𝑛.

The checked tail-height estimate and vanishing relative error make |𝐸𝑛| subexponential
in 𝑛.

Problem 14.4 (common factors of the prefix and 𝑎𝑛 − 1). In every rational-tail orbit
satisfying the hypotheses but not the conclusion of Problem 1.1, is

lim sup
𝑛→∞

log gcd(𝐴𝑛, 𝑎𝑛 − 1)
𝑛 > 0?

Equivalently, do there exist 𝜂 > 0 and infinitely many 𝑛 such that gcd(𝐴𝑛, 𝑎𝑛−1) ≥ 𝑒𝜂𝑛?

By Proposition 14.1, the error is nonzero eventually. The displayed divisibility therefore
bounds gcd(𝐴𝑛, 𝑎𝑛 −1) by |𝐸𝑛| at every sufficiently late index. A positive answer contra-
dicts the subexponential bound on that error. Arbitrarily long locally admissible blocks
do not answer this question: the gcd uses the complete prefix.

14.3 The direct analytic question
Problem 14.5 (summability from rationality). Let (𝑎𝑛) satisfy the hypotheses of Prob-
lem 1.1, and let (𝐷𝑛, 𝐶𝑛, 𝐸𝑛) be its integer tail. Must

∞
∑
𝑛=0

(−𝐸𝑛)+
𝐶𝑛

< ∞?

An affirmative answer closes Problem #243 by Theorem 13.1. Since the summands tend
to zero and log(1 + 𝑡) ∼ 𝑡, convergence is equivalent to bounded partial products
∏𝑛<𝑁(1 + (−𝐸𝑛)+/𝐶𝑛). A negative answer requires the full growth and rationality
hypotheses, not merely a locally admissible orbit. By Theorem 6.2, finiteness of (21) for
one nonincreasing weight with divergent integral and one fixed 𝐵 ≥ 0 also suffices. The
equivalent record-only sum in Theorem 6.2 weights the positive excess of each actual
upward jump over 𝐵 by 𝑓 (𝑈𝑛).

https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L2170
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Remark. One further question is not left open here, since it is answered in [12]: whether
vanishing relative error follows from 𝑎𝑛+1/𝑎2𝑛 → 1 and rationality. It does. After deleting
a finite prefix, Koizumi’s Corollary 3 [12, p. 9] makes the sequence the pseudo-greedy
expansion of its own reciprocal sum and gives 𝜀𝑛 → 0 under exactly the hypotheses of
Problem 1.1; rationality is not needed for that step, only summability of ∑1/𝑎𝑛. The
matched-index dictionary in Section 3 gives 𝜀𝑛 = 𝐸𝑛/𝐶𝑛 on the restarted tail. For a
rational sum, Lemma 4(2) [12, pp. 11–12] also gives −𝑐𝑛/2 ≤ 𝑒𝑛 < 𝑐𝑛/2 at every index
of that expansion. Thus |𝐸𝑛| < 𝐶𝑛 holds beyond the restart, as required by Theorem 12.1;
it need not hold at every original index. The eventual inequality |𝐸𝑛| < 𝐶𝑛 also follows
directly from vanishing relative error with 𝐾 = 1. What remains unsupplied is the
eventual lower bound on 𝐸𝑛 in Theorem 12.1. That additional hypothesis is why the
theorem is still conditional.

14.4 Unbounded upward increments
Proposition 14.6 (small increases when the primemoduli are sparse). There exist strictly
increasing primes 𝑝𝑖 and a strictly increasing positive integer sequence 𝑢𝑛 → ∞ such that
gcd(𝑢𝑛, 𝑝𝑖) = 1 for all 𝑖, 𝑛 and

𝑢𝑛+1 − 𝑢𝑛 = 𝑂(√log log(𝑢𝑛 + 𝑒𝑒)) = 𝑜(log log(𝑢𝑛 + 3)).

Thus the bounded-increment hypothesis of Theorem 11.3 cannot be replaced by an 𝑜(log log 𝑢𝑛)
bound without a quantitative restriction on the moduli.

Proof. Choose increasing primes 𝑝𝑖 > max{exp(exp((𝑖 + 2)2)), 2𝑖+3}, for 𝑖 ≥ 0. Primes
of arbitrarily large size suffice; no distribution theorem is used. Then 𝜃 = ∑𝑖 1/𝑝𝑖 < 1/4
and 𝑘(𝑧) = #{𝑖 ∶ 𝑝𝑖 ≤ 𝑧} ≤ √log log 𝑧 whenever 𝑧 is large. For integer 𝑥 put 𝐿(𝑥) =
⌈4√log log(𝑥 + 𝑒𝑒) + 8⌉. Since 𝐿(𝑥) = 𝑜(𝑥), eventually 𝐿(𝑥) > 𝑘(𝑥 + 𝐿(𝑥))/(1 − 𝜃). The
elementary window bound of Proposition 7.15 leaves an integer in [𝑥, 𝑥+𝐿(𝑥)) divisible
by no 𝑝𝑖. The set of such integers is therefore unbounded. Enumerate it increasingly as
(𝑢𝑛) and apply the same bound with 𝑥 = 𝑢𝑛 + 1 to obtain 𝑢𝑛+1 − 𝑢𝑛 ≤ 𝐿(𝑢𝑛 + 1).
For prime moduli nondivisibility is exactly coprimality, proving every claim. Sparse
moduli defeat the abstract coprimality argument, not the exact tail recurrences. The
next theorem instead fixes the moduli’s double-exponential scale.

We now keep the full family of moduli, rather than discarding a prefix as in Propo-
sition 7.15. The resulting coefficient depends on 𝜎 = ∏𝑗(1 − 1/𝑚𝑗). For a finite prefix,
the corresponding product is exactly the proportion of admissible residue classes by
the Chinese remainder theorem. This explains the constant in the statement before the
limiting argument is made.

Theorem 14.7 (largest gaps between integers avoiding given multiples). Let 𝑚0 <
𝑚1 < ⋯ be pairwise coprime integers at least 2 with ℓ(𝑚𝑗) = 𝑗 + 𝑂(1), where ℓ(𝑥) =
log2 log2 max(4, 𝑥). Let 𝜎 = ∏𝑗(1 − 1/𝑚𝑗) > 0 and enumerate the positive integers divisible
by no 𝑚𝑗 in increasing order as (𝑢𝑛). Then

lim sup
𝑛→∞

𝑢𝑛+1 − 𝑢𝑛
ℓ(𝑢𝑛)

= 𝜎−1.
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This is a statement about avoidance of multiples of whole moduli. It is not a statement about
coprimality to composite 𝑚𝑗, or about integer tail orbits.

Proof. Write 𝑘(𝑧) = #{𝑗 ∶ 𝑚𝑗 ≤ 𝑧} = ℓ(𝑧) + 𝑂(1). For a fixed prefix length 𝑇, set

𝑀𝑇 = ∏
𝑗<𝑇

𝑚𝑗, 𝜎𝑇 = ∏
𝑗<𝑇

(1 − 1/𝑚𝑗), 𝜃𝑇 = ∑
𝑗≥𝑇

1/𝑚𝑗.

Here 𝜃𝑇 → 0. By the Chinese remainder theorem, avoiding the first 𝑇 whole moduli
selects precisely the fraction 𝜎𝑇 of the residues modulo 𝑀𝑇 .

For the upper bound, fix 𝑇 before sending the interval to infinity, so the prefix error
𝑀𝑇 stays constant. An integer interval [𝑥, 𝑥 + 𝐿) contains at least 𝜎𝑇𝐿 − 𝑀𝑇 integers
avoiding that prefix. The remainingmoduli cover atmost 𝐿𝜃𝑇+𝑘(𝑥+𝐿) integers. Choose
𝑇 large enough that 𝜎𝑇 > 𝜃𝑇 , and then any 𝑐 > (𝜎𝑇−𝜃𝑇)−1. For 𝐿 = ⌈𝑐ℓ(𝑥)⌉, the number
left is positive for all sufficiently large 𝑥, since 𝑘(𝑥+𝐿) = ℓ(𝑥)+𝑂(1). Thus the set being
enumerated is unbounded, and every sufficiently late such interval meets it. Applying
this at 𝑥 = 𝑢𝑛 + 1 gives

lim sup
𝑛

𝑢𝑛+1 − 𝑢𝑛
ℓ(𝑢𝑛)

≤ (𝜎𝑇 − 𝜃𝑇)−1.

Letting 𝑇 → ∞ gives the upper bound 𝜎−1.
For the lower bound, fix 𝑇 and let the integer length 𝐿 tend to infinity. Among the

offsets 0 ≤ 𝑗 < 𝐿, precisely 𝐾𝐿 = 𝜎𝑇𝐿 + 𝑂(𝑀𝑇) avoid the first 𝑇 moduli. Assign to
these offsets distinct moduli 𝑚𝑇 ,… ,𝑚𝑇+𝐾𝐿−1. Solve simultaneously 𝑥 ≡ 0 (mod 𝑀𝑇)
and 𝑥 ≡ −𝑗 modulo the modulus assigned to 𝑗. Put 𝑄𝐿 = ∏𝑖<𝑇+𝐾𝐿

𝑚𝑖 and choose this
solution in [𝑄𝐿, 2𝑄𝐿). Every integer of [𝑥, 𝑥 + 𝐿) is then divisible by a modulus: either
an old one or its assigned new one. Let 𝑢 be the greatest admissible integer below 𝑥; its
successor is at least 𝑥 + 𝐿, so the gap is at least 𝐿. The scale assumption gives

ℓ(2𝑄𝐿) ≤ 𝑇 + 𝐾𝐿 +𝑂(1),

because log2 𝑚𝑖 = 2𝑖+𝑂(1) and these upper bounds sum geometrically. Since 𝑢 < 2𝑄𝐿,
the ratio for this gap is at least 𝐿/(𝑇+𝐾𝐿+𝑂(1)), tending to 𝜎−1

𝑇 . These 𝑢 tend to infinity:
𝑥 ≥ 𝑄𝐿 → ∞ and admissible integers are unbounded. Hence the limsup is at least 𝜎−1

𝑇
for every 𝑇. Let 𝑇 → ∞ to finish.

For the Fermat moduli 𝑚𝑗 = 22𝑗 + 1, pairwise coprimality and the finite-product
identity

𝑁
∏
𝑗=0

(1 − 1
22𝑗 + 1

) = 22𝑁+1−1

22𝑁+1 − 1

give 𝜎 = 1/2, so the coefficient is exactly 2. These results describe gaps between integers
avoiding fixed moduli. They do not construct multipliers or numerator and denomina-
tor sequences satisfying the exact recurrences. In particular, the static proportion 𝜎 must
not be substituted for 𝜑(𝑣𝑇)/𝑣𝑇 : the first excludes multiples of the whole moduli, while
the second excludes every prime factor of the reduced denominator.



Reciprocal sums: further results and proofs 55

Formalisation targets
Erdős–Straus. Formalise Theorem 3 of [1], with its prefix-LCM quotient and correctly
indexed growth factor, under the published analytic hypotheses.

Duverney. Formalise the absolute-convergence form of Corollary 3.2 of [2], including
its signed numerators, and recover the all-positive specialisation used for comparison
here. For the printed condition interpreted as mere signed convergence, first justify the
nonvanishing-product step discussed in Section 3. That interpretation is not treated as
an already verified formalisation target.

Statements and declarations
Artefact and data availability. The fixed toolchain, Lean sources and evidence record
are described in Appendix A.

Funding and competing interests. This work received no external funding. The au-
thor declares no competing interests.

Acknowledgements. The problem numbering follows Bloom’s Erdős Problems cata-
logue [13].

A Verification and reproducibility
The verification concordance lists the formal proofs by statement. Lean links to the sup-
porting declarations; a dagger identifies a proof that assumes a named input. Comparator
links to a recorded kernel check against a separately written statement; pending means
that this comparison has not been recorded. The verification record gives the precise
correspondence, dependencies and reproducible checks. A row with only a record link
has no complete formal proof recorded. The fixed toolchain, library manifest and Lean
sources are in the public repository. The evidence record identifies the exact declara-
tions, source versions andComparator status, including source-pin and index gaps. The
external formal-conjecture entry states the problem without proving it. The printed
square-specialisation proof uses Chebotarev, while the formal proof uses a Dedekind-
zeta pole comparison; the shared conclusion does not check every step of the printed ar-
gument. No new Lean build, Comparator replay or independent reviewwas performed
for this revision.

The recurrence identities and arithmetic exclusions are in ReciprocalTailRigi
dity.lean, the scalar convergence theorem is in SparseResetRecovery.lean, and the
bounds on cancelled factors are in RepairEntropy.lean. The Lean statement excluding
a periodic error assumes 𝑒𝑛 < 𝑎𝑛; Section 10 derives this bound eventually for a periodic
positive error magnitude. The printed bounded-negative theorem uses 𝐸𝑛/𝐶𝑛 → 0. The
formal statement uses its division-free form, 𝐾|𝐸𝑛| < 𝐶𝑛 eventually for each natural 𝐾;
the bound |𝐸𝑛| < 𝐶𝑛 is its 𝐾 = 1 case. Sections 3 and 12 give the construction from a
rational reciprocal sum.

https://github.com/wcook04/plectis-erdos/blob/b4d9b60327e3c4d4cc50acb37e62268788cd77e0/evidence/erdos243-reciprocal-tail-reasoning-surface.md
https://github.com/wcook04/plectis-erdos/tree/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd
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Indexing of the regular-rate theorems
Index translation for the Lean statements. Both Lean declarations use 𝑏 ∶ ℕ → ℕ, including
a positive 𝑏0, whereas the theorems above start at 𝑎1. A simple shift changes 𝜆/𝑛 by order
𝑛−2 and may lose the stated 𝑜(𝑛−𝜆) precision. Instead choose a large 𝑁 with 𝑎𝑁 > 𝑁.
Such an 𝑁 exists: strict increase gives 𝑎𝑛 ≥ 𝑛 and the rate gives 𝑎2𝑛/𝑎𝑛+1 < 2 eventually,
hence 𝑎𝑛+1 > 𝑎2𝑛/2 ≥ 𝑛2/2 > 𝑛 + 1 for large 𝑛. Define

𝑏𝑛 =
⎧{
⎨{⎩

𝑛 + 1, 0 ≤ 𝑛 < 𝑁,
𝑎𝑛, 𝑛 ≥ 𝑁.

Then 𝑏 is positive and strictly increasing, with the same indexed rate for every 𝑛 ≥ 𝑁.
Moreover

∑
𝑛≥0

1
𝑏𝑛

− ∑
𝑛≥1

1
𝑎𝑛

=
𝑁−1
∑
𝑛=0

1
𝑛 + 1 −

𝑁−1
∑
𝑛=1

1
𝑎𝑛

∈ ℚ.

The series converge by the stated rapid-growth rate. If the original sum were rational,
so would be the sum for 𝑏, contradicting the corresponding zero-indexed Lean theorem.
This finite-prefix implication is proved here in ordinary mathematics; the Lean declara-
tions check the zero-indexed theorems themselves.

The square-specialisation proofs
Lemma 2.7 and its consequences, Proposition 2.8, Theorem 2.3 and Theorem 2.1, are
formalised without Chebotarev. The printed proof of Lemma 2.7 uses that theorem; its
Leanproof insteaduses the simple pole of theDedekind zeta function. The zero-indexed
Lean statement of Theorem 2.1 requires the finite-prefix bridge above.

The nonintegral-rate formal proof uses the real-parameter extraction theorem and
a quantitative canonical-tail estimate. Convergence of the reciprocal series is derived
from the rate.

Recurrence declarations
Proposition 4.1. update law.
Proposition 4.3. denominator, numerator and error.
Theorem 5.1. defect identity.
Theorem 5.3. local rigidity step.
Theorem 5.7. eventual Sylvester recurrence.
Theorem 5.8. absorption of a vanishing error, with the companion contrapositive along
a tail.
Theorem 8.1. stabilisation of the nonnegative error, using the eventual constancy of a
nonincreasing sequence.
Lemma 11.1. shifted consecutive multiples.
Theorem 11.3. the Chinese-remainder first-crossing consequence.
Theorem 12.1. The theorem is stated with an eventual lower bound and division-free
vanishing relative error. The Lean proof shifts past both thresholds and applies the ver-
sion with |𝐸𝑛| < 𝐶𝑛 and the lower bound at every index. It uses divergence from van-
ishing relative error and the exclusion for bounded upward increments and arbitrarily

https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L57
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L65
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L70
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L75
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1775
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1787
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1805
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L2227
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L2254
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L2254
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1843
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1825
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1825
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L839
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L903
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L2360
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L2360
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L2271
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L2271
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1739
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1739
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1754
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late bounded negative magnitudes, via its formulation with divergence as a hypothesis.
Both exclusion statements require a uniform bound on all upward increments. Bounded
negative magnitudes at arbitrarily late indices suffice for gcd stabilisation, but not for
the jump bound in the CRT argument.
Theorem 13.1. The scalar conclusion is the eventual vanishing for a positive integer
sequence; its exact-orbit consequence is the scalar recurrence from a convergent sum.
A separate exact-orbit formulation retains the denominator and tail update equations,
positivity, the centered-step identity and division-free normalized vanishing. Under
∑𝑛(−𝐸𝑛)+/𝐶𝑛 < ∞, the checked results give a bound on numerator growth, eventual
zero error, and the Sylvester recurrence. These are conditional hypotheses, not proper-
ties proved here for the original orbit. The plectis-erdos-lean repository contains a
formulation for the rational-tail numerators using a convergent sum, not covered by the
evidence record. Summability remains an assumption; the elementary scalar implica-
tion needs neither growth nor vanishing relative error.
Proposition 14.1. In the Lean statement of Proposition 14.1, the divergent sum of relative
increases is recorded as divergence of the partial sums.

B A factorial modulus for integral recursion
In the case 𝑚 = 𝑐 = 1 of Section 9, the identity (5.1) becomes 𝐷𝑛 + 1 = (𝑎𝑛 − 1)(𝑛 + 1).
It determines the recursion 𝑎𝑛+1 = num(𝑛, 𝑎𝑛)/(𝑛 + 2), where

num(𝑛, 𝑎) = (𝑛 + 1)𝑎2 − (𝑛 + 2)𝑎 + (𝑛 + 3),

the forced numerator. We stop at the first nonintegral quotient. The formal survival
predicate requires exact division at each step. For 𝑎0 = 3, as in Example 9.1, the first
quotient is num(0, 3)/2 = 3, but the next quotient is num(1, 3)/3 = 13/3, so the re-
cursion stops. Direct iteration can produce very large intermediate integers. To decide
whether the first ℎ divisions are exact, however, it suffices to know the initial value mod-
ulo (ℎ + 1)!. Computing a pseudo-greedy orbit through residues modulo a shrinking
product modulus is Koizumi’s method [12, Remark 2 and Algorithm 1, pp. 13–14]; for
the forced numerator that product is a factorial.

Theorem B.1 (factorial residue reduction). Let ℎ be a nonnegative integer and let 𝑎, 𝑏 be
integers with 𝑎 ≡ 𝑏 (mod (ℎ+1)!). The first ℎ steps of the recursion 𝑎𝑛+1 = num(𝑛, 𝑎𝑛)/(𝑛+
2), starting at index zero, are integral for 𝑎0 = 𝑎 if and only if they are integral for 𝑎0 = 𝑏.

Proof. Each exact division consumes a congruence factor. Retain the remaining factors
by setting 𝑀(0, 𝑖) = 1 and 𝑀(ℎ + 1, 𝑖) = (𝑖 + 2)𝑀(ℎ, 𝑖 + 1). Thus 𝑀(ℎ, 0) = (ℎ + 1)!. We
prove the stronger statement that, at index 𝑖, congruent inputs modulo 𝑀(ℎ, 𝑖) give the
same answer to whether the next ℎ quotients are all integral. There is nothing to prove
for ℎ = 0.

For the inductive step, suppose 𝑎 ≡ 𝑏 (mod (𝑖 + 2)𝑀(ℎ, 𝑖 + 1)). Since num(𝑖, ⋅) is
an integer polynomial, its values at 𝑎 and 𝑏 are congruent modulo that product. In
particular, one is divisible by 𝑖 + 2 if and only if the other is. If neither is divisible, both
recursions stop. Otherwise their quotients are congruent modulo 𝑀(ℎ, 𝑖 + 1), so the

https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1754
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1754
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/ReciprocalTailRigidity.lean#L1661
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/SparseResetRecovery.lean#L612
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/SparseResetRecovery.lean#L612
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/SparseResetRecovery.lean#L690
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/SparseResetRecovery.lean#L378
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/SparseResetRecovery.lean#L488
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/SparseResetRecovery.lean#L488
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/SparseResetRecovery.lean#L510
https://github.com/wcook04/plectis-erdos-lean/blob/52f29ad173b04e3bac941b3663f2b9aebe5de0bb/ErdosProblems/Erdos243/PaperCompleteR8/CanonicalNegativeMass.lean#L19
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/FiniteHorizonResidue.lean#L22
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/FiniteHorizonResidue.lean#L75
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/FiniteHorizonResidue.lean#L75
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induction hypothesis applies to the remaining ℎ updates at index 𝑖 + 1. Taking 𝑖 = 0
proves the claim.

The formal factorial residue reduction uses the shrinking-modulus induction, polyno-
mial congruence, and cancellation after exact division. Its modulus is identified by the
ascending-factorial formula and its factorial value at the initial index.

For ℎ = 1, the modulus is 2! = 2. The first quotient is integral if and only if 2 ∣
𝑎2 − 2𝑎 + 3, or equivalently if 𝑎 is odd. For instance, num(0, 3) = 6 and num(0, 4) = 11.
Thus the parity of 𝑎 decides the first step, as Theorem B.1 asserts in this case.

Exact enumeration for 2 ≤ 𝑎0 < 5000 gives a maximum of 17 successful updates, or
18 multiplier values including 𝑎0. Nine seeds attain it, the least being 1501. The seed
𝑎0 = 1 is excluded: it gives 𝑎𝑛 = 1 at every step and violates the hypothesis 𝑎𝑛 ≥ 2.
The test certifies exact division, not a positive orbit. Even a surviving seed for every
finite horizon would not supply one integer seed surviving forever. Theorem 9.2 proves
the infinite exclusion; the residue reduction also applies to other polynomial-division
recurrences.

C Result map and proof dependencies
Beyond the short paper, this companion supplies signed-series comparisons (Section 3),
integer coefficients (Section 6), general 1+𝑐/𝑛 rates (Section 7), and regular-rate extrac-
tion with positive-density cubic exclusion (Section 2). Theorem 7.3 gives the double-
logarithmic bound; Section 14 includes the scalar failed-divisibility example. The prin-
cipal dependencies are:

Bounded upward increments. Vanishing relative error gives eventual absorption.
Bounded negative values at arbitrarily late indices give a stable gcd; CRT then excludes
the unbounded reduced tail with bounded upward increments. The increment bound
is an extra hypothesis.

A convergent sum of relative increases. The inequality 𝐶𝑛+1 ≤ 𝐶𝑛(1 + (−𝐸𝑛)+/𝐶𝑛)
turns summability into a uniform bound on 𝐶𝑛. Integrality then permits only finitely
many rises, after which the numerator stabilises. No vanishing relative error is needed.

Newmaxima and prime-power persistence. The amplified error bounds cancellation,
protecting large primes for Theorem 7.5. Density-one coprimality and CRT height con-
trol give the double-logarithmic bound. LCM tails give weighted crossings without
primitive numerators. For reduced tails, Corollary 7.2 protects a prime power below its
numerator threshold, allowing crossings to be counted before that protection fails.

Cubic rate. The tail estimate andfinite differences of theGamma ratio force an eventual
cubic polynomial for the integer numerator. The recurrence forces a modular square
condition, which the square-specialisation lemma lifts to the cubic field. The ordinary
proof uses Chebotarev; the Lean proof obtains the same implication from a Dedekind-
zeta pole comparison. The trace calculation leaves 𝑚 = 12, and both possible signs are
excluded modulo seven.

https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/FiniteHorizonResidue.lean#L134
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/FiniteHorizonResidue.lean#L97
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/FiniteHorizonResidue.lean#L26
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/FiniteHorizonResidue.lean#L26
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/FiniteHorizonResidue.lean#L41
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/FiniteHorizonResidue.lean#L59
https://github.com/wcook04/plectis-erdos/blob/be89e72217ec9c5f05aa5ec7b915c1ebf0816fdd/lean/ErdosProblems/Erdos243/FiniteHorizonResidue.lean#L69
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Avoidance of fixed moduli. For sufficiently sparse prime moduli, a coprime integer
sequence can have unbounded but very small increments. At the specified double-
exponential scale, counting residue classes and applying CRT give the largest gaps be-
tween integers divisible by none of the whole moduli. These auxiliary results do not
construct reciprocal-tail examples.

What remains. For the unrestricted problem, one still needs the stated summability or
record bound, or a contradiction to the necessary conditions on a counterexample. The
static examples and local identities supply neither.
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