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ABSTRACT
LetS=) ,(m!'—1)""and Ly = lem(2! - 1,...,N! — 1). We prove

log Ly 2\/5
e logly 22
W e log N = 73

The proof compares the product of a terminal block of denominators with their pairwise
gecds, using ged (i —1,j! — 1) | j!/i! — 1 rather than an external multiplicity theorem. This is
a bound before reduction. To study the reduced partial sums, we specialise a valuation for-
mula of Louwsma and Martino to reciprocal sums. Exact examples show that the primes
139 and 2593 are absent from the reduced denominators of every partial sum from indices
137 and 2591 onward, respectively.

The coefficient constructions give integer linear forms MS + k. We classify the vectors that
cancel prescribed initial weighted sums, determine their attainable moments M on indices
at least 2, and give a lower bound for their largest support index when the moment obeys
a stated upper bound there. At fixed moment the remainder changes only by an integer.
The rationality criteria use factorial digits and the next integer above a scaled partial sum.
The digit argument also applies to ). _,1/(n! + t) for integers t > —1, recovering the
irrationality of e at t = 0.

Finally, two exact finite calculations give g t 299999! and g > 239990 > 1012938 for any ra-
tional representation S = a/q, g > 0. The full carry calculation and the continued-fraction
calculation are external to Lean. These exclusions do not prove irrationality; the additional
tail and residue inequalities that would suffice are stated separately.

Organisation. The first two sections keep two different questions separate: which
prime powers survive reduction (§1), and how large a common denominator must be
before reduction (§2). The tail comparisons in §4 require information not supplied by
either answer. For the finite exclusions, only the carry criterion in §3 and the computa-
tions in §6 are needed. The coefficient constructions in §5 are a separate approach; §7
identifies the remaining inequalities, and the appendices give further deductions, un-
successful approaches, and formal-source links.

" Authorship and Al use. Will Cook built and directed the research infrastructure and reviewed the claims
when he could. Al agents did most of the research and drafting. Cook did not independently verify every
claim.
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1 Which prime powers survive reduction

Problem 1.1 (Erd6s #68). Is S = Y, (n! — 1)1 irrational?

Erdés states the question on p. 102 of his 1988 survey and, in the same passage, records
the expectation that ) 1/(n!+t) is irrational, indeed transcendental, for every integer ¢
[1, p. 102]. Here the sum starts sufficiently far out that n! +t > 0; changing that starting
index adds or removes only a rational number. In particular, no term with zero denom-
inator is included. The expectation for all integer shifts is not proved here. Numbering
follows Bloom'’s Erdés problem catalogue [2].

Put

M1 ML

d,=n'—1, Hy=) — Ly = lem(d,, ..., dy), Ay = d—M,
n=2 "N

so that Hy; = Ap/Ly. Throughout, den(x) is the positive denominator of a rational
number in lowest terms, and v, (a) is the exponent of the prime p in a positive inte-
ger a. The first question is which prime power present in L, remains in den(Hy).
For the largest exponent the answer follows by specialising Louwsma and Martino’s
valuation formula for an elementary symmetric sum [4, Lemma 4.1, p. 10]. Indeed,
Y l/x = (3 H]. 4 %))/ ['];x; for positive integers x;. Their lemma evaluates the nu-
merator’s valuation; subtracting the product’s valuation gives the reciprocal-sum form.
The proof below uses the least common multiple instead of the product.

The need to check cancellation is already visible in 1/3 + 1/15 = 2/5: the com-
mon denominator contains 3, but the reduced denominator does not. By contrast,
1/9 + 1/45 = 2/15 only lowers the exponent of 3 from 2 to 1. The theorem below tests
whether the largest exponent is preserved; a failure of that test need not remove the
prime completely. The formula is standard, whereas the two factorial-prefix examples
below and the later tail comparison concern this particular series.

Theorem 1.2 (maximal prime-power survival). Let M > 2, let p be a prime dividing Ly,
and put e = vp(LM). Let] ={n:2<n<M, vp(dn) = e} and write d,, = p°u,, forn € J.
Then, with inverses in IFP,

vy(den(Hyp)) =e = Zu,;l;eo inF,. (1)

nej

Proof. Write Ly, = pW withp | W. If vp(dn) < e thenp | Ly/d,. If n € ], then
u, (Lp/d,) = W, s0 Lyg/d, = Wu;; ' (mod p). Summing over 2 < n < M gives

L
Ay = —Ae/l Z u;!  (mod p). (2)
p nej

Finally den(Hy;) = Lys/ gcd (A, Lar), whose p-valuation is e exactly when p | Ay,
Since W is invertible modulo p, that is exactly the stated condition. O

The complete valuation identity is

Up(den(HM)) = max{0,e — UP(AM)}.
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A zero residue in (1) therefore lowers the exponent, whereas complete cancellation re-
quires v, (Apy) = e. Fore > 1, reduction modulo p alone cannot distinguish partial
from complete cancellation. The proof uses no property of factorials beyond the dis-
played denominators, so it applies to any finite sum of reciprocals of positive integers.
For d,, = n! —1, the examples below show that complete cancellation can actually occur;

the general valuation formula alone does not predict it.

Two complete cancellations. A unique maximal exponent makes the residue sum a
single nonzero term, so the condition holds automatically. With several maximal terms
it can fail. The following examples show cancellation in the factorial sequence itself, not
just in arbitrary rational sums. Take M = p — 1. The table lists every index with p | d,,,
and every one has valuation exactly one.

p indicesn d,/p (mod p) inverses modulo p

139 69, 122, 137 6,49, 73 116, 122, 40
2593 349, 2243, 2591 1508, 1566, 1678 1367, 356, 870

The inverse sums are 278 = 2-139 and 2593. By Theorem 1.2, 139 } den(H3g) and 2593 {
den(Hjs9;): each prime divides the common denominator of its prefix and vanishes
from the reduced one. Both hit lists and both valuations are checked by the recurrence

rn=1  r,=nr,_; (modp?), 0<r,<p?

run through n = p — 1. A hit is an index with r, = 1 (mod p), its lifted cofactor is
(r, —1)/p modulo p. Valuation at least two would give r,, = 1, which occurs for neither
prime among the tested indices 2 < n < p — 1. That enumeration is a finite calculation
separate from the theorem.

The recurrence is run modulo p?, not merely modulo p: reduction modulo p would
locate hits but could not establish that their valuations are exactly one. This is why the
zero inverse sums prove complete cancellation in these examples.

For each prime p > 3, the exponent Up (den(H)y,)) is constant for M > max(2,p — 2).
Wilson’s theorem gives (p —1)! =1 = -2 (mod p),and n! =1 = -1 (mod p) forn > p.
Hence every summand after index p — 2 has denominator coprime to p. If a reduced
fractiona/bis followed by a summand 1/d with p } d, their sum has numerator ad +b over
bd. When p | b, this numerator is nonzero modulo p, so the exponent of p in the reduced
denominator stays the same. When p { b, the new denominator remains coprime to p.
Consequently, the two cancellations persist in every later partial sum:

139 f den(Hy,) (M >137), 2593 t den(Hy,) (M > 2591).

The primes still divide the corresponding common denominators L,. These are asser-
tions about the partial sums; they do not constrain a hypothetical denominator of their
real limit S without a further approximation estimate.

We next ask where a prime first divides a denominator d,,,. This means it divides
none of d,, ..., d,,_q; it may still divide a later denominator, so uniqueness at its first
occurrence gives no uniqueness in every larger block.



Erdds #68: denominators and rationality criteria 4

Proposition 1.3 (cofinal first prime occurrences). For every integer B > 0 there are a prime
q and an integer m > B withm < q, q | m! — 1 and ged(q, k! — 1) = 1 for every k with
2<k<m.

Proof. Choose a prime g > B!+ 5. Wilson’s theorem gives (7 —2)! =1 (mod g), so there
is a least index m > 2 withg | m! —1,and m < g —2. If m < B,theng < m! -1 <
B!—1, contradicting the choice of g. Hence m > B, and minimality gives the coprimality
assertions. ]

The construction proves cofinality of first occurrences, but not the inequality in-
volving q needed for the additional two-factor test in §4. The sufficient tail inequal-
ity there does not require choosing a prime q. Wilson reflection limits what can be in-
ferred from a large prime factor alone: for odd 2 < n < q with g | n! — 1, the identity
g—1-m'n! = (-1 (mod q) gives the reflected congruence at g — n — 1. It gives
a second summand denominator only when g # 2n + 1 and n < g — 3. At the Wilson
endpoint n = g — 2, it instead returns index 1, where 1! — 1 = 0 is not a denominator of
this series. The reflection identity is classical; see Stewart [8, p. 462, (4)].

Status. The problem treated here is open, and this note does not close it. Every state-
ment below marked as checked is a proposition that the pinned Lean kernel accepts
from the sources this note links to, with no sorry, no added axiom, and no unchecked
evaluation. That is a claim about the formal statement, not about its mathematical inter-
est, its novelty, or the original problem. The unresolved obligations are named exactly,
in their own section, and none of the finite computations, reductions, or no-go results
here removes one of them.

Companion system context. The claim and trust boundary, cold-clone route to proof au-
thority, and public contribution protocol are described in sibling papers. Those descrip-
tions do not change the mathematical status of this note.

2 The growth of the common denominator

Theorem 1.2 concerns the denominator after reduction. The common denominator be-
fore reduction admits an unconditional lower bound of its own, by an elementary argu-
ment.

Lemma 2.1 (product, least common multiple, pairwise gcd). For positive integers
X1y eee s Xper
k
Hxi ‘ lem(xq, ..., xz) chd(xi,xj).
i=1 i<j
Proof. Fix a prime r and relabel so that a; < --- < a, where a; = v,(x;). The right-hand

side has r-valuation a; + }';_.min(a;,a;) = a; + Zi:ll (k — i)a;, and the left-hand side

i<j
has Zle a;. The difference is Zi:ll (k — i — 1)a;, which is nonnegative. O
The next divisibility is the case P = —1 of the relation gcd (i! + P (i), j!+ P(j)) | (j!/i")P (i) —

P(j) for P € Z[X], obtained by multiplying i! + P(i) by j!/i! and subtracting j! + P(j).
Luca and Shparlinski use this relation to bound a common divisor of n! + P(n) and
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(n + h)! + P(n + h) in the proof of their Lemma 5 [13], and Lai uses it for a common
prime-power divisor [14, proof of Lemma 2.4, display (2.5)].

The earlier spacing method of Erdés and Stewart [18, §3, pp. 516-517] is related
background. We now state only the subtraction needed for the lcm argument, rather
than importing the prime-factor estimates of those papers.

Lemma 2.2 (factorial-gap gcd). For 2 < i < j, the integer ¢ = ged(i! — 1,j! — 1) divides
jYi'—=1,and g <jl/i' —1 < ]']'—i,

Proof. Both i! and j! are congruent to 1 modulo g. The quotient j!/i! = (i + 1)(i + 2) -+
is an integer, and j! = i! - (j!/i!), soj!/i' =1 (mod g). Since j!/i! > i+ 1 > 1, the positive
integer j!/i! — 1 is a multiple of g, whence ¢ < j!/i! — 1. Finally j!/i! is a product of j — i
integers each at most . O
Lemma 2.3 (segment inequality). For2 <k <N -1,

> k+1
Z log(n!—1) < logLy + ( ; >logN. (3)

n=N-k+1

Proof. Apply Lemma2.1tox, =d, for N—k+1 < n < N. Their least common multiple
divides Ly. By Lemma 2.2 each pairwise gcd is smaller than N/, and over a block of k

consecutive indices .

=1 k+1

Y G-iy=) dk—d) = ( 3 )
i<j d=1

Taking logarithms of the resulting divisibility gives (3). O

Theorem 2.4 (common-denominator growth).

log L 22
liminf 98 N > \/—
N-co' N3/2logN 3

Proof. A terminal block keeps every factorial near N!, but increasing its length also in-
creases the total pairwise-gcd loss. The gain is of order kN log N and the loss of order
k3 log N, so the useful balance is k of order \/ﬁ . Fixa > 0 and take k = |« \/ﬁ |, which
satisfies2 <k < N —1for all large N. Putu = N —k + 1.

For the left-hand side of (3), use n! —1 > n!/2 and logn! > nlogn — n. Since
n — nlogn — n increases,

N
Z log(n!' —1) > k(ulogu —u) —klog2.
n=u

Here u > N—a\/ﬁandk = zx\/ﬁ+ O(1),sokulogu = aN3/2 log N + O(N log N), while
ku = O(N3?) and klog2 = O(VN). Hence the left-hand side is at least aN3/2 logN +
0(N321logN).
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For the right-hand side, (k+1) < (k + 1)3/6, so (kgl)logN = §N3/2 logN +
0(N3/21og N). Therefore

log L 3
l1m1nf& > n— a—.
N-c N3/2logN 6
The right-hand side is maximised at & = \/E, with value \/E T\/— = T\/— O

The displayed proof of the lem bound uses only Lemmas 2.1 and 2.2. Its formal coun-
terpart is listed in the sources section; the status of that entry is not a blanket assertion
about all linked modules. Theorem 12 of Garaev, Luca and Shparlinski [7, arXiv v1,
p. 16] supplies a different input: a uniform O(N 2/3y bound for the number of solutions
of n! = a (mod p), for fixed a # 0 (mod p), in an interval of length N contained in
1 < n < p. The weaker lcm deduction from it is retained in §B.3, not used here. No
exhaustive priority claim is made for the lem estimate; its precise elementary derivation
and the inherited subtraction are stated so that the claim can be assessed without relying
on a search conclusion.

Remark (polynomial shifts). Fix P € Z[X] \ {0}. By Lemma 3 of Luca and Shparlin-
ski [13], in the form given by Lai [ 14, Lemma 2.1], there is 1y > 2, depending only on P,
such thatn! + P(n) > 1 foralln > nyand P(n)(n+1) --- (n+h) + P(n+h) forall n > n,
and i > 1. The nonvanishing has a short direct proof. Beyond a cutoff, P has constant
nonzero sign and P(n+1)/P(n) - 1,500 < P(n+1)/P(n) < n+ 1 for every sufficiently
large n. Multiplying these inequalities gives

P(n+h)
0< —pon— <]_[<n+]> (h>1).

Thus the required subtraction is nonzero for every gap h, not merely for each fixed / after
a separate cutoff. Increasing ny also makes n! + P(n) > 1. The proof of Theorem 2.4 then
gives
lim inf loglem{n! + P(n) : ng <n < N} > 2\/5'
N—co N3/2logN

For ng <i <j < N, multiplying i! + P(i) by j!/i! and subtracting j! + P(j) gives

1
ged (it + P(0), !+ P()) | 5P = PO,

which replaces Lemma 2.2. The right-hand side is nonzero by the choice of 1, and its
absolute value is at most CpN/~"*9¢8" for a constant Cp. Over a block of k indices the
pairwise loss therefore grows by Op (k? log N), which is Op(N log N) when k = |« VN .
Since n! + P(n) > n!/2 for large n, the lower estimate for the sum of logarithms is un-
changed. The cutoff is needed, since for P = —2 the factor at n = 2 vanishes. The
hypothesis P # 0 is needed as well, since for P = 0 the least common multiple is N!
whatever the cutoff.
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A non-polynomial comparison. Forn!+2"—1, Luca and Shparlinski [ 19, Lemmas 2.1-
2.3, pp. 860-862] eliminate the exponential term using three hits; multiplicative order
enters the counting. Their valuation-layer identity [19, (3.2), p. 863] records repeated
prime-power divisibility. These are related tools, not inputs to Theorem 2.4, and no
extension to general non-polynomial perturbations is asserted.

Within the terminal-block estimate just proved, maximising « — a3/6 gives 2\/5 /3.
This is an optimisation of that one-parameter bound, not an optimality theorem for all
block selections or all ged arguments. The discarded factorial term has size N3/2, so a
finite normalised ratio need not be close to the limiting lower bound.

Theorem 2.4 concerns Ly;, not den(Hp;). Theorem 1.2 and the cancellations at 139
and 2593 show why these cannot be interchanged: a prime present in the common de-
nominator may be absent after reduction. The two examples establish this possibility,
not an asymptotic estimate for cancellation.

Even two consecutive denominators obstruct clearing by the full lem. For N > 3, the
gcd of (N —1)! —1and N! — 1 divides N — 1, whereas (N — 1)! — 1 is coprime to N — 1.
Thus those denominators are coprime, and

((N=1)!—1)(N'—1)
N+ —1 —

This argument does not use the stronger asymptotic growth theorem.

The direction of denominator control matters. Write Hy = Ay /Qy in lowest terms,
reserving Ay above for the numerator over the full common denominator. Under the
hypothetical identity S = a/q, witha € Z and q > 1, positivity of the tail gives

I]QN(S — HN) = HQN — qA\N e Z>O'

A direct clearing contradiction therefore requires an upper estimate that makes gQ (S—
Hy) < 1 for some N; equivalently, it needs Qy to be small relative to the reciprocal tail.
A lower bound on Qp points in the opposite direction. Indeed, the rational limit 1 and
the approximants 1 — 1/Qy have arbitrarily large reduced denominators without any
irrationality. The inequality dy (S — Hy) < 1 alone would not repair the argument, be-
cause dp generally does not clear the earlier summands of Hy;. The prime-power anal-
ysis describes which factors survive reduction, but it does not yet supply the required
upper control on Qy;.

For linear forms in p-adic zeta values, with p > 5 a fixed prime and n the index of the
form, Lai, Lupu and Sprang quantify a saving of this kind. They bound the denomina-
tors of the coefficients by powers of lem(1, ..., ), show that the bound may be divided by
a product ®,, of prime powers, and compute the growth rate of ®,, [15, Lemmas 5.3-5.7
and 7.3]. That saving enters the inequality [15, (8.1) ] under which the rescaled forms,
which have integer coefficients, meet the irrationality criterion [15, Lemma 2.1, p. 3]
that they quote from Lai [16, Lemma 2.1, p. 4]. Along one unbounded subsequence, the
forms must be nonzero and their p-adic absolute values, multiplied by the largest ordi-
nary absolute value of an integer coefficient, must tend to zero. The coefficient bound is
archimedean; the bound on the value is p-adic. The conclusion is that at least one of the
finitely many p-adic numbers in the forms is irrational, not that each is irrational. The
corresponding saving for Hy; is the ratio Ly /Qpy-

La(S — Hy) >
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This ratio is an integer. Merely naming it supplies neither its growth nor a small
linear form; the analogy is about what an eventual estimate would have to accomplish.
Theorem 1.2 decides, for each prime p | Ly, whether p divides this ratio; no asymptotic
lower bound for the ratio is established here. This paragraph compares the two methods;
no p-adic theorem is applied to S.

3 Rationality and the next integer above a scaled partial sum

For each scaled partial sum, take the least integer strictly above it. This differs from the
ordinary ceiling when the scaled sum is an integer. Write

Zp=\mH,|+1, Ay,=Z, 1—m—-1H, ; (m>3).

Thus A, is the distance from the preceding scaled partial sum to the next integer, and
0 < A,, £ 1. Define an integer b,, by

Zy=mZyy_1 +1—b,, (4)

Call b,, = 1 a unit carry. Put E,,, = m!(S — H,,) and ¢,, = 1/(m! — 1). Since d,, .1 >
(n + 1)d,,, a geometric majorant gives the tail estimate

2 m! 21 m>2) (5)

E " £
0< ’”<(m+1)!—1<m_

Compare the factorial scaling in Han¢l and Tijdeman’s tail-integrality lemma for facto-
rial series with integer coefficients [11, Lemma 2.1 and the following remark, p. 385].
Their scaled partial sums are integers; ours need not be, since already 3!H; = 36/5.
The next proof instead uses the short positive tail to identify the least integer above a
scaled prefix under a rationality assumption. The carry-defect expansion in §B.2 gives
a separate, direct application of factorial-series rationality criteria.

Theorem 3.1 (an exact criterion from successive partial sums). For m > 3,

by=1 = m|Z, = l+¢,<mh,<2+c¢,. (6)

Moreover
Se€ Q <= b, =1forall sufficiently large m, (7)
S¢Q < VB3Im>B: m}tZ,. (8)

IfS=a/quwithae Z,q>1andb,, #1,thenq} (m — 1)\ and q > m.

Proof. From m'H,, = mZ,,_1 — mA,, + 1 + ¢,, one gets b,, = [mA,, — 1 — ¢,,]1 with
-1 <b,, < m—1, which gives both equivalences in (6), endpoints included.
Suppose S =a/gand g | (n—1)!. Forj = m—1andj = m the number j! S is an integer,
and j!H; = jIS — E; with 0 < E; < 1 by (5), so Z; = j!S. Substituting into (4) forces
b,, = 1. Every fixed q divides (m — 1)! eventually, which gives one direction of (7) and,
by contraposition, the final assertion; g < m would imply g | (m — 1)!. Conversely, an
eventual unit-carry tail makes Z,, /m! eventually constant, and 0 < Z,,,/m! — H,,, < 1/m!
with H,, — S identifies that constant as S, which is then rational. Negating (7) gives
(8). O
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The conclusion g { (m—1)!is about prime-power multiplicities, not just prime factors.
It permits all prime factors of g to be at most m — 1 if one occurs to a larger exponent
than in (m — 1)

3.1 Why one proposed window argument is circular

A proposed argument starts by assuming b,, = b,,,; = 1, clears the denominators in
the resulting inequalities, and tries to contradict the size of a prime-power divisor. The
following calculation shows why the resulting size bound alone cannot provide that
contradiction.

Write A, = Pf/ Qﬁ in lowest terms, with Pﬁ, Qﬁ > 0. In one recurrence step the
unreduced denominator is Qf(k! —1);let G, = Qf(k! -1)/ Qﬁ 1 be the positive integer
cancelled in reduction. For m > 3, put

D,, = Q5 (m! —1)((m+1)! = 1),

+1 1
Qm:Dm<m(m+1)Am—m—2—m )

m—-1 (m+1!—1

Both are integers. The two unit carries are equivalent to 0 < (), < D,,,. Independently
of the carries, cancellation in two successive steps gives

D,, = Q% 261Gy = Q0 (m! = 1) ((m + 1! = 1),

and under the pair assumption the offset factors to match, Q,, = P2

tn42Gm+1Gpy. Divid-
ing by G,,,;1G,,, > 0 reduces the proposed bound to

A A
0 <P = Quio

which every reduced positive gap in (0,1] already satisfies. Thus the resulting gap
bound is not an additional restriction on a pair of unit carries. This calculation does
not exclude an independent arithmetic obstruction involving the transition numerators
or their valuations. Such an obstruction would need information not already implied
by the pair assumption; it need not take the form of a bound on the preceding gap A,,,.

3.2 Factorial digits of S — ¢ + 2

LetC = anz(n!(n! — 1))_1. Theidentity 1/(n!—1) = 1/n!+1/(n!(n! —1)) and absolute
convergence give
S=C+e-2 9)

The canonical factorial digits of a real x are a,, (x) = |m!x] —m|[(m—1)!x] € {0,..., m—1}
for m > 2. At a rational endpoint, the floor convention selects the terminating represen-
tation. For example, 1/2 = 1/2!also equals ), . (m —1)/m!, but its canonical digits are
a, = land a,, = 0 for m > 3, not an eventually maximal tail. With this convention, x is
rational exactly when its digits vanish from some index on. The criterion goes back to
Cantor [5]; Galambos treats the rationality of Cantor series in [6, Ch. II, §2.1, pp. 21-22],
and Koepf and Schmersau prove the irrationality direction for nonterminating factorial
expansions whose digits are not eventually maximal [9, Example 3.2, p. 121].
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Proposition 3.2 (rationality and factorial residues).
SeQ <= |m!C]=-2 (modm) forallsufficiently large m.

Proof. Put],, = ZZLO m!/k!. Then J,, is an integer, every summand with k < m is divisi-
ble by m and the summand atk =mis1,so],, =1 (mod m);and 0 < m!e —],, <1 for
m > 2.

Suppose S is rational. For all large m both (m —1)! S and m! S are integers, som | m!S.
Multiplying (9) by m! and using | —m!e| = —J,,—1gives |[m!C| = m! S+2m!-],—1 = =2
(mod m).

Conversely, assume the congruence from some index on. Because 0 < 4,,(C) <
m, for m > 3 the congruence is equivalent to 4,,(C) = m — 2. Choose N beyond the
exceptional indices. The canonical expansion gives

==

m!

7

IN!C| m—2
mgN

and the telescope )| msn (M —1)/m! = 1/N! turns this into

B [N'CJ+1 Noa
S=C+e-2= ZW

which is rational. O

The condition is eventual equality, not equality at many computed indices. The proof
works for any real C: it holds exactly when C + e — 2 is rational. For example, C =2 —¢
gives a rational sum, whereas C = 0 gives the irrational number e — 2. The issue here is
to decide the condition for the particular positive series defining C.

3.3 Escape from a smaller interval

Write 6,, = {m!S}. We ask whether 6,,_; lies outside [0, E,,,/m), an interval of width
less than 2/m?2.

Proposition 3.3 (lower-interval criterion).
S¢Q << VB3Im>B:E,<mb,_;. (10)

For m > 3 the finite condition
2
mA, <1+¢, or 1+€m+Z§mAm (11)

implies the escape inequality in (10). Cofinally many instances of (11) therefore imply S & Q.

Proof. 1f S is rational, the remainders 6,,,_; vanish eventually while E,,, > 0, so the escape
inequality fails eventually. Conversely, suppose m#0,, 1 < E,, for every sufficiently large
m. By (5) this gives mf,, 1 < 1, s0a,,(S) = 0and 6,, = mb,,_;. Fix N after this
recurrence begins. Then Oy, = ((N + k)!/N 8y < 1 for every k > 0, forcing 0y = 0.
Hence N!S is an integer and S is rational.
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For the finite implication, suppose mf,,_; < E,,. The tail recurrence is mE,, ;| =
1+¢,+E,,soE, 1 >E,/m>6,_1>0,and with0 < E,,_; < 1 the strict-successor
identity gives A, = E,,,_1 — 0,,_1. Hence

2
1+sm<mAm:1+sm+Em—m9m_1§1+sm+Em<1+sm+a,

which contradicts (11). O

Escape at a single index does not give a non-unit carry there.

The finite test excludes only the openinterval 1+¢,, < mA,, < 1+¢,,+2/m; itaccepts
either endpoint and all values outside. The width 2/m refers to mA,,,; the interval for A,
has width 2/m?. At one index this is a sufficient test for escape, obtained by replacing
E,, with the upper bound 2/m.

At arbitrarily large integer indices, however, the finite test itself characterises irra-
tionality:

S¢Q << (11) holds for arbitrarily large integers m.

Only the forward implication remains to be shown. If S is irrational, Theorem 3.1 gives
b,, # 1 at arbitrarily large indices. By (6), each such index satisfies mA,, < 1 + ¢, or
mA,, > 2+ ¢,,. Since 2/m < 1 for m > 3, either alternative implies (11). The converse
is Proposition 3.3. This is an ordinary consequence of the two proved criteria, not a
proof that either occurs infinitely often for S. The equivalence is over all integer indices;
restricting to primes is only a sufficient condition here.

For comparison at a single index, the exact classification is

E,<mb,, < b,+1ora,S) =m-1 (m > 3). (12)
To verify the classification, use 0 < E]- < 1 to write
Substitution in the carry recurrence gives

by =1—ay,(S) +mly >e, 1y — Lo, >E,)

Since 0 < 4,,(S) < m — 1, a unit carry has exactly two possibilities: both indicators are
zero and a,,(S) = 0, or both are one and 4,,(S) = m — 1. In the first case m#6,,_; =
0,, < E,; in the second, mf,,_; > m —1 > E,,. Conversely, m0,,_1 < E,, < 1 forces
a,,(S) = 0 and both indicators to be zero, using mE,,,_ = 1+¢,,+E,,. It therefore forces
a unit carry with zero digit. This proves (12), including the equality case in its left-hand
inequality.

Thus escape can occur even when b,, = 1, provided the digit is m — 1. This happens
at m = 52: exact rational arithmetic gives bs, = 1 together with 52 A5, > 1 + €5, +2/52,
the margin being about 0.5689674908. This example separates the two events at a single
index: the finite test can hold at a unit carry. Their occurrence at arbitrarily large indices
nevertheless gives equivalent rationality criteria. Since 52 is composite, the example
supplies no prime-index instance.
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3.4 The series with denominators n! + ¢

The same digit argument applies to the other shifts mentioned by Erdés. For an integer
t>—-lputS, =) ,1/(n!'+t)and C; =) _,1/(n!(n!+t)),sothatS, = —tC;+ (e—2).
Therestrictiont > —1 keeps every denominator positive forn > 2;t = —2is excluded
because its first denominator is zero. All series in this identity converge absolutely. The
familiar case t = 0 is e — 2; this example will make the residue condition explicit.

Theorem 3.4 (a criterion for the shifts t > —1). For every integer t > —1, the series S; is
rational exactly when
[tm!Cy,] =2 (mod m)

for all sufficiently large m, and irrational exactly when that residue is missed cofinally. The
member t = —1is S, and the member t = 0 is e — 2, for which the scaled correction is always 0
and hence misses the residue class at every m > 3, proving the irrationality of e.

Proof. Put Y = —tC;, so that S; = Y + e — 2. The proof of Proposition 3.2 applies to
any real Y: rationality of Y + e — 2 forces [m!Y| = —2 (mod m) eventually. Conversely,
that congruence forces the canonical digits of Y to equal m — 2 eventually; adding the
factorial series of e —2 leaves an eventually telescoping tail, hence a rational sum. Finally
[tm!C;] = —|m!Y ] translates the congruence. Negation gives the cofinal statement. For
t = 0, the left side is zero, which is not congruent to 2 for m > 3. O

The t = 0 specialisation recovers the classical irrationality of e. For t # 0, no estimate
proving failure of the displayed congruence at arbitrarily large indices is supplied here.
This is a statement about the scope of the present argument, not an assertion that every
other member has the same current literature status.

4 A sufficient comparison between the tail and an integer gap

We choose to clear every prime-power level shared by two summand denominators.
Each remaining prime then occurs in just one scaled summand denominator, so its max-
imal exponent cannot cancel. This is a sufficient construction, not a necessary size for
a clearing factor: cancellation in the partial sum can make a smaller scale suffice. The
remaining denominator will determine the gap to the next integer. For an integer p > 3,
not necessarily prime, put [, = {2,...,2p — 1} and F,, = (p — 1)!, and define

D, = lcmi,]gp ged(d;, dj), Cp = lcm(Pp, D,),
<J
L% = lem(F,, dy, ..., dyp_1), R, = Ly*/C,.

The integer D,, contains the prime powers shared by at least two of the denominators.
The integer C,, also contains the factorial base F,,, and R, is the quotient left in the full
common denominator. The factors C, and R, need not be coprime: a prime absent from
F,, with largest exponent 5 and second-largest exponent 2 occurs to powers 2 and 3 in
the two factors. This is an illustration of the valuation calculation, not a claimed pattern
in a particular factorial block. It will be useful to retain the ratio ép = Cp /PP, so that

blk _ —TrC
LB = C,R, = F,C,R,. (13)
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Including F, in both C,, and Lglk ensures that a fixed rational denominator divides
C, for all large p. The ratio q, removes precisely that factorial factor when we estimate
the shared part. Put

[ blk

i i
zelp

with p,, the least nonnegative representative. All of these depend only on a finite prefix.

For each prime, C, contains the larger of its exponent in F, and its second-largest
exponent among the denominators. A prime dividing R, therefore has a unique denom-
inator whose exponent is maximal and exceeds the exponent in F,, so the argument of
Theorem 1.2 applies to it and gives gcd(Tp,Rp) = 1. Thus R, = den(Cszp_l), the re-
duced denominator of the scaled prefix, not generally of H,,_;. When R, > 1, this ratio
is nonintegral and

I’;—Z = [C,Hpp_1]1— CpHzp1 € (O, 1), (14)
the distance to the next integer. When R, = 1, p, = 0 but the scaled partial sum is
integral, so the least strictly larger integer is at distance 1. The theorem below uses only
R, >1.

At p = 3, the denominators 1,5,23, 119 are pairwise coprime. Thus D3 =1, C3 = 2,
R3 = 13685, and

34264 03 34264 6791

13685 R; 13685 13685

The tail estimate in the proof below gives C5(S — Hs) < 7/1080 < 6791/13685. This veri-
fies the comparison for one actual prefix. The theorem needs such prefixes at arbitrarily
large p, so that F,, can absorb any fixed rational denominator.

C3Hs =

Theorem 4.1 (a sufficient tail inequality). Suppose that for every B there is a natural param-
eter p > 3withp > B, Rp > 1, and

Qp+ DLk <K

pOp- (15)

Then S is irrational.

Proof. Suppose S = a/q with g > 1, and choose a parameter in the hypothesis withp > 4.
Since g | F,, | Cp,, the number C,,S is an integer strictly above C,H;,_;. The gap identity
(14) gives

Lr

RP

On the other hand, 1/(n!—1) < 2/n! for n > 2p, and comparison with a geometric series
of ratio 1/(2p + 1) gives

Cp(S—Hyp_1) 2

2 2p+1 2p+1

em! 2 K,

S—Hyy 1 <

Multiplication by Cp and (15), with Lglk = CpRp, now give Cp(S - Hzp_1) < pp/Rp, a
contradiction. O
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The formal statement for natural-number parameters is comparison of the tail with the
next integer.
Cancelling R, in (15) through (13) displays the quantitative issue directly:

Pp
2p+1C, < KpR—p. (16)
The factor R,, has cancelled. Thus new prime divisors, even large ones, do not by them-
selves bound C,, or keep p,,/R,, away from zero. Proposition 1.3 supplies the primes but
not these two estimates.
Under R, > 1, we have p, > 0, and taking logarithms gives

2p2(2p — 1)!
Qp+1(p-1)

logép—logz—p < log ;= plogp + (2log2 —1)p + O(logp).

p !
Both terms on the left must be controlled at the same p. The elementary bound p, > 1
givesonly p,/R;, > 1/R,,, which may be too small. For a concrete comparison, a gap of at
least 1/2 would reduce the sufficient test to (2p + 1)Cp < Kp /2. At the opposite extreme,
the gap 1/R,, requires the stronger bound (2p+1)C,, < K,,/R,,. Neither type of favourable
behaviour is proved here for an unbounded family of these particular prefixes.

A more restrictive test also uses a prime g that first divides m! — 1 at an index m > 4.
Choose p = |m/2] + 1, which need not be prime. This choice puts m in the block and
gives g | Rp. Indeed, g > m > p,soq / Fp, and no earlier denominator contains 4. The
only possible later index in the block is m + 1; when it occurs, (m + 1)! =1 =m # 0
(mod gq). Thus ¢ occurs in just one block denominator and is absent from C,,.

The additional comparison uses the integer R;,/q. Requiring the tail bound to be
smaller than both Pp and RP/ q gives min(pp,Rp/ q) and is equivalent to the following
two inequalities:

2p + 1LE™ < K, min(p,, R,,/q)

blk
{(2;9 + 1L < K,p,, 17)

(2p + 1Cpq < K,,.

The equivalence follows by testing each entry of the minimum and using (13). Both
inequalities must hold for the same arbitrarily large parameters. The first alone is al-
ready sufficient by Theorem 4.1; the second is an extra restriction, not an equivalent
formulation of irrationality.

A fixed small index cannot supply new factors indefinitely. If nis fixed and p > n!—1,
then n! — 1 divides (p — 1)!, so none of its prime powers remains outside the factorial
base. For example, the factor 719 of 6! — 1 is useful only over a finite range of p. Any
argument using such factors at arbitrarily large p must let their indices increase.

5 What can be achieved by cancelling finitely many weighted
sums
We next try to remove the first few terms of a remainder by integer linear combinations.

The weights are chosen so that their difference from ordinary factorial weights is divisi-
ble by d! — 1. This preserves fractional parts after division by d! — 1, while allowing the


https://github.com/wcook04/plectis-erdos/blob/f36a98bf3d3e6f65f1074e3b800e3293d5b8a51a/ErdosProblems/Erdos68/PaperCompleteExisting.lean#L156-L168
https://github.com/wcook04/plectis-erdos/blob/f36a98bf3d3e6f65f1074e3b800e3293d5b8a51a/ErdosProblems/Erdos68/PaperCompleteExisting.lean#L156-L168
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contributions at selected denominators to vanish. For a finitely supported integer vector
¢ = (¢;) onindices i > 2, put

il

— il =
M(c) = Eclz., Wy i D’

Vae) =) Wy (d>2).

We call M(c) the moment; it and the weighted sums V;(c) may be negative. The remain-
der is V.o
c
R@y=Y .

= d—1

Beyond the support, V;(c) = M(c), so this series converges absolutely. Cancelling its
first weighted sums leaves a finite signed block followed by M(c) times the original tail.
The congruence below explains why this is still an integer linear form in 1 and S. The
power (d!)!"/4] need not be the largest power of d! dividing i!: atd = 2,i = 6, the chosen
exponent is 3, although 2% | 6!. We use the floor exponent because it changes between
i — 1 and i exactly when d | i. Adjacent differences will therefore affect only divisor-
indexed weighted sums, which is the reason the elimination in §5.1 works. Each W, ; is
an integer: writing i = kd + r with 0 < r < d, the quotient i!/((d!)*r!) is a multinomial
coefficient. Since il = (d!)!/4/W;;and d! =1 (mod d! — 1),

Vi(c) =M(c) (modd!—1). (18)

Theorem 5.1 (divisibility of the difference). For every finite integer support and every d > 2
there is an integer k with V;(c) = M(c) + (d! — 1)k.

Proof. By (18),d!—1divides V (c) —M(c). Thusk = (V4 (c)—M(c))/(d'—1) is an integer
and gives the identity. The modulus is positive also at d = 2, when it equals one. O

For any N > 2 at least as large as every supported index, the terms withd > N equal
M(c)/(d! —1). Therefore

N V.(c)-M
R(c) — M(c)S = Z %

d=2

€ Z.

The sum is finite and each term is integral by (18). This argument also holds when index
1 is temporarily allowed in the basis calculation below. In particular, a zero-moment
vector has integral remainder, and fixed moment fixes the fractional part. These facts
do not depend on solving the cancellation equations.

In the next theorem, the parameters d, k and the support indices are integers.

Theorem 5.2 (constant values of the floor in the weights). Let d > 2 and k > 0, and
suppose every supported index i satisfies kd < i < (k + 1)d. Then M(c) = (d!)ka(c). In
particular, cancellation on the interval d < i < 2d forces M(c) = 0; and if every supported
index is at least d while M(c) # 0 and V 4(c) = 0, then some supported index is at least 2d.

Proof. On this interval the quotient |i/d] is the constant k, so i! = (dhk W, ; for every
supported index and the factor (d!)* comes out of the sum. The two consequences follow
by taking k = 1 and by contraposition. O
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The hypothesis means that all supported indices lie in one interval on which |i/d ] is con-
stant. A single supported index always has this property; indices on opposite sides of a
multiple of d need not. The conclusion restricts the support of a solution with V;(c) = 0
and M (c) # 0. It neither constructs such a solution nor bounds its infinite remainder.

By (18), a vanishing d-th weighted sum forces (d!—1) | M(c), and annihilating every
weighted sum 2 < d < D forces L | M(c), where Lp = lemyy<p(d! — 1) is the same
quantity as in §2. At fixed moment, the same congruence fixes the fractional part of each
quotient V;(c)/(d! — 1) separately.

5.1 All solutions and their remainders modulo integers

Fix D > 2. We will solve V, = --- = V5 = 0, impose the restriction that the coefficient at

index 1 vanish, and then calculate the resulting infinite remainder. The support restric-

tion is an additional equation, not a consequence of cancelling the weighted sums.
Temporarily allow finitely supported integer vectors on n > 1, with M and V/;(-)

given by the same formulas; this introduces no term 1/(1! — 1) into S. Let e,, have coef-
ficient 1 at index 1 and zero elsewhere. Adjacent factorials suggest starting with

T,=ne, 1—e, (nx=2),

which has moment zero. The quotient |i/d| changes betweeni = n—1and i = n exactly
when d | n, so
Va(Ty) = @' =)Wy, 14,

For example, T, = 4e3 — ey has V,(T4) = 6 and V4(T4) = 23, with all other weighted
sums zero. Since U, := T, = 2e; — e, has only V,(U,) = 1 nonzero, subtracting 6U,
leaves only the fourth weighted sum. This suggests removing the contribution of each
proper divisor:

U,=T,— > Wy,Uy; (n>2).

dn
2<d<n

Induction gives M(U,,) = 0 and V (U,) = (d'— 1)1;,. On each finite initial seg-
ment, the columns eq, T, T3, ... form a triangular integer matrix with diagonal entries
1,-1,-1,.... Its determinant is +1, so it is unimodular. The change from T,, to U,, is
triangular over Z with diagonal entries 1. Thus e, U,, Uj, ... is a Z-basis of the finitely
supported integer vectors. Applying M and each V;(-) gives the unique expansion

Vi(c) — M(c)
C—M(C)el +; ar—1 Ud.
>2

When V, = -+ = V = 0, the congruences above force L, | M(c). To obtain moment L,
define

DL

D
KD = LD€1 — mud
d=2""

Then M(Kp) = Lp and V4(Kp) = 0 for 2 < d < D. Consequently every vector of the
enlarged space whose weighted sums 2, ..., D vanish has a unique expression

c=tkp+ Y z,U, M) =tLp, (19)

n>D
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with finitely many nonzero integers z,. Let ap and u,, denote the coefficients at index
1 in Kp and U, respectively. Requiring support on n > 2 adds precisely the scalar
equation

tap + Z z,u, = 0. (20)

n>D

The scalar coefficients satisfy u, = 2and u, = — 3 ;. »cy., Waultq for n > 2. Every
proper divisor of an odd 7 is odd, so induction gives u,, = O forodd n > 1. Atn = 2p
with p prime, only d = 2 contributes a nonzero term; hence Upp = —(2p)!/2°F —1 also for
p=2IfpisaprimewithD/2 <p<Dand H = D(2p — 1), then

ged{u,, :n > D} = ged(upyq, ..., uy) >0, H < 2D?. (21)

Indeed, the finite gcd g divides Uy, # 0 and hence (2p)!. For n > H and a divisord < D
of n one has n/d > 2p. The quotient W, ,,/(n/d)! counts partitions of n points into n/d
unordered blocks of size d, so (n/d)! | W;,, and hence ¢ | W, ,,. Strong induction in
the recurrence handles the remaining divisors D < d < n, so g divides every u,, with
n > D. Bertrand’s postulate supplies p for D > 3, and p = 2 serves for D = 2; finally
H < D@2D —1) < 2D?. The short note proves the same determination in its theorem “a
finite formula for the ged”.

Theorem 5.3 (the set of attainable moments). Fix D > 2 and a prime p with D/2 < p < D.
Put

Gp

H=D@2p-1), Gp = ged{lu,| : D < n < H}, =Lp—
2p-1 p = gcd{|u,| n } UD Dgcd(GD,aD)

The moments of finite integer vectors supported on n > 2 and cancelling all weighted sums
2,...,D are exactly upZ. The integer up is positive, is independent of the eligible prime p, and
is attained by a vector of coefficients with gcd one, that is, by a primitive vector.

Proof. By (21), Gp > 0 is the ged of the whole tail {u,, : n > D}, and H < 2D?. Thus
the finite integer combinations in (20) form GpZ, so that the equation is soluble exactly
when Gp, | tap. Dividing by gcd(Gp, ap) shows that ¢ is a multiple of Gp/ gcd(Gp, ap),
and (19) gives the displayed moment ideal. Bezout coefficients attain its positive gen-
erator. If an attaining vector had a nontrivial common coefficient divisor, division by
that divisor would produce a smaller positive attainable moment. Hence its coefficients
have gcd one. Since the set of attainable moments does not depend on the chosen prime,
neither does its least positive element. O

For a concrete instance, take D = 4. One first needs lem(1,...,n) | u,, not just a
list of computed coefficients. For d | n, Legendre’s formula shows that the valuation
of W, , at a prime r is at least the number of powers of r in (d,n]: each such power
contributes at least 1 to ) i1 (ln/¥ | = (n/d)|d/7']), and the other terms are nonnegative.
Hence lem(1, ..., n) | Wy, lem(1, ... ,d), and induction in the recurrence for u,, proves
the divisibility. It follows that 60 divides every u,, with n > 4. Conversely, ugs = —180,
ug = —4200 and 23ug — ug = 60, so G4 = 60. Since Ly, = 115 and a4 = —55, the least
positive moment is therefore 115-60/ gcd (60, 55) = 1380. The vector 12K, +253U¢—11Ujg
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attains it: its coefficient atindex 1is 12(—55) +253(—180) —11(—4200) = 0. This example
uses the ged of the entire tail, not only the observed coefficients.

If support is additionally restricted to n < 6, only us = 0 and ug = —180 remain
available in (20). The least positive moment is then 115 - 180/ ged (180, 55) = 4140. Min-
imising the moment and minimising the largest supported index are therefore different
problems.

The factor beyond Lp, is not always 12. At D = 6, the same recurrence gives

Le = 9839515, @, = —2242555, G = 840.

To verify the last value, u; = 0, while 840 = lem(1, ..., 8) divides every u,, for n > 8 by
the preceding divisibility. Conversely, ug = —4200, 1, = —14386680 and gcd (ug, u1,) =
840. Thus gcd(Gg,a¢) = 35 and the least positive moment is yg = 24Lg, not 12Lg¢. It is
attained by 24K, — 16240Ug + Uy ,: the coefficient at index 1 is zero and the coefficient
at 12 is —1. The attainable-moment formula records restrictions that the uniform factor
12 alone does not capture.

We can now express the remainder using the basis coefficients in (19). This refines
the integer-difference identity at the start of §5 by giving its integer term explicitly for
the classified vectors.

Theorem 5.4 (how the coefficient choices change the remainder). For the vector in (19),

J%(tKD + ) znlln) =tLp(S—Hp) + ) z,.

n>D n>D

The residual series converges for every finite vector supported away from index zero. A zero-
moment vector has integral residual, and any two finite vectors with the same factorial moment
have residuals differing by an integer.

Proof. Ford > D, we have V;(Kp) = Lp and V (U,,)/(d! — 1) = 1;_,. Summing these
identities gives tL (S — Hp) + ), . Z,,, as claimed. The first series converges and the
second sum is finite.

Absolute convergence and the general integer-difference identity were proved at the
start of §5, including for the auxiliary index 1. Setting the moment to zero proves inte-
grality; subtracting the identity for two vectors of equal moment proves the last asser-
tion. O

n>D

Formal counterparts are linked for a primitive vector attaining the least positive mo-
ment (Theorem 5.3) and the integer difference between remainders with equal moments
(Theorem 5.4).

The factor 12 used below follows directly on support n > 2. For n = 2,3 one has
n! = 2W, ,. For n > 4, both n! and 2W, ,, are divisible by 12: if n = 2k or 2k + 1, then
Wy o = k! 1_[;.{:1 (2j —1) is divisible by 6 for k > 2. Thus 12 | M(c) —2V,(c). Every d! —1
is coprime to 6, so V, = -+ = Vp = 0 implies 12Lp | M(c). This factor is attained at
D =2and D = 3 by —6e, + ¢4 and —6e, — 8e5 + 5ey, respectively. The depth-6 example
above shows why it is not always the whole restriction.


https://github.com/wcook04/plectis-erdos/blob/f20f727ae44d6dc3b24036bf63118b8fe591912e/ErdosProblems/Erdos68/PaperCompleteMomentIdeal.lean#L242
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The basis formula (19) describes all solutions of the weighted-sum equations, and
(20) imposes the support restriction. The remainder identity then determines their
residues modulo Z. In particular, R(c) is an integer linear form in 1 and S, and its
distance from the nearest integer equals that of M(c)S. Integer translation can choose
a representative near zero, but cannot change this distance. To exclude every rational
denominator this way, each positive integer 4 must divide the moment of some noninte-
gral remainder in the family. Eventual divisibility by every fixed g is sufficient; growth
of the moments alone is not. For example, the compulsory factor 12L, has 3-adic valua-
tion exactly 1 for every D, so this necessary divisor alone never guarantees that 9 divides
the moment.

A truncation cutoff can exceed the largest supported index without changing the
vector. For example, ¢ = —6e, + e4 has M(c) = 12 and R(c) = 125 — 17. At cutoff 4, its
finite part is —239/115: the gap 9/115 is smaller than the tail bound 24/119. At cutoff 5,
the finite part is —27061/13685, whose gap 13376/13685 exceeds the new bound 24/719.
Thus the second cutoff certifies nonintegrality of the same remainder, although the first
does not. This excludes only denominators dividing 12, already covered by the finite
exclusions.

For fixed ¢ with M(c) > 0, the finite part increases to R(c), with omitted tail
M(c)(S — Hy). The upper bound 2M(c)/((N + 1)! — 1) is smaller than the finite part’s
gap to the next integer at every sufficiently large cutoff if and only if R(c) ¢ Z. In-
deed, for a nonintegral remainder the gap is eventually at least |[R(c)] +1 — R(c) >0,
whereas the upper bound tends to zero. For an integral remainder, the eventual gap
equals the omitted tail itself and is smaller than that upper bound. At any one cutoff,
success places the remainder strictly above the finite part and below the least integer
strictly exceeding it, so it implies nonintegrality. The short note writes out the inequal-
ity in its section “The remaining real comparison”; increasing the cutoff alone does not
prove that it succeeds. This is a truncation choice, distinct from prescribing the largest
nonzero coefficient index.

To impose this small-tail comparison at the largest supported index, one needs more
than L | M: the positive moment must also fit below a factorial at that index. The next
theorem combines those two demands at D = 2#2. Its variable R is a support parameter,
not the remainder or the modulus R, of the preceding section. If a larger truncation
cutoff is used instead, the same numerical bound applies to that cutoff, not to the vector’s
actual support. The extra size assumption on M is not a consequence of cancelling the
weighted sums.

Theorem 5.5 (a lower bound for the support parameter). Let t, M,R € N satisfy
t>2%2, M>0, Ly|lM, M<ER+DI-1

Then 3t3 < 2(R + 1). Consequently no family satisfying these hypotheses for all sufficiently
large t has (R(t) + 1)/t3 < 3/2 eventually, and none has R(t) = o(t3).

Proof. PutD =22,k =2tandu =D —k +1 =2t> =2t + 1. Lemma 2.3 at N = D, with
n!—1>mn!/2and logn! > nlogn —n,and with L, <M < (R + 1)!, gives

2t+1
2t(ulogu —u —log2) < (R+1)log(R+1) + ( ;_ )log(th). (22)
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Suppose R + 1 < 5> Since t > 16 one has 2> < u < 21> and log u > 2logt, so the
left side of (22) is at least 2> log t —4t> —2tlog 2. Using (*;') < 53 and log 3 < log?2,
the right side is at most

2t3(log2 + 3logt) + 513 (log 2 + 2log ).
Dividing by #> and rearranging, (22) would require

2log?2
1 & 17

zlogt <4+ 2 + < log2.

But logt > 32log2 and % < log2 < 1 give %logt - %logZ > %10g2 > 5, while
4 + 2log2/t? < 5. This contradiction proves the finite inequality, and the two sequence
conclusions follow. O

These hypotheses are compatible: for a fixed t, one may take M = L,,» and then
choose R large enough. The restriction is on how small R can be. Vanishing of
Vs, ..., Vo forces the divisibility condition, but not the upper bound M < (R + 1)! — 1.
An application to a remainder estimate must establish that additional size bound and
M > 0. The theorem then rules out a parameter growing more slowly than cubically. It
is a bound on the actual support only when R denotes its largest index and the stated
size condition holds there; it does not prove irrationality.

Theorem 2.4 raises the asymptotic constant in the same estimate.

Corollary 5.6 (the asymptotic lower bound). Let M(t),R(t) satisfy M(t) > 0, L2 | M(t)
and M(t) < (R(t) + 1)! — 1 for all sufficiently large t. Then

~ RH+1 16
l1¥gglf 3 > R

Proof. Putr = R(t) + 1,50 Ly;» < M(t) < r!and log L, < rlogr. Since

(2t2)3/2Jog (2t%) a3
t3logt ’

Theorem 2.4 gives, for every € > 0 and all sufficiently large ¢,
log Ly, > (% - £)t3 logt.

Suppose r < ct? for arbitrarily large #, with 0 < ¢ < 16/9 fixed. On that subsequence
rlogr < ct3(3logt+1logc) = (3c+0(1))# logt. Choosing 0 < € < 16/3 — 3¢ contradicts
the lower bound for sufficiently large t. O

This corollary does not assert the strict inequality R+1 > 19—6t3 eventually. Indeed, the
finite logarithmic constraint (22) allows equality at that constant. To check this directly,
set R+1 = 16t3/9 with t > 4. Since u = 2t> — 2t +1 < 2t? and x log x — x is increasing for
x > 1, the left side of (22) is at most 4t3(log(2t2) — 1) — 2tlog 2. Subtracting this bound
from the right side gives

6. 16 8 5 2 4 2
3 Ploe— -2 2 _=z B3 _Zp
t (4+ 5 log 5 3log2)+t(3log2 3logt>>3t 3t >0,
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where log2 < 1 and logt < t suffice for the last comparison. Integer pairs with 9(R +
1) = 1613 exist for every multiple t > 6 of 3. This verifies the numerical constraint,
not the existence of a coefficient vector with that support. The asymptotic assertion in
Corollary 5.6 instead follows from Theorem 2.4; the finite-block Lean source does not
carry that deduction. The corresponding Lean source statement is the asymptotic lower
bound for the support parameter.

At a prime index, the two-term vector Tp already changes only one weighted sum;
there are no proper divisors to eliminate.

Theorem 5.7 (changing just one weighted sum). Let p > 3 be prime and let c,_y = p,
¢y = —1, with every other coefficient zero. Then M(c) =0, V,,(c) = p! =1, and V;(c) = 0 for
every d > 2 with d # p.

Proof. Since p > 3, both indices p — 1 and p lie in the prescribed coefficient domain i > 2.
The moment is p (p — 1)! — p! = 0. For 2 < d < p the quotient identity | (p — 1)/d] =
|p/d] holds, since d | p, so the two factorial weights carry the same power of d! and the
weighted sum evaluates to p (p — 1)!/(d!)P/4 — pt/(d@)P/4) = 0. For d > p both indices
lie below d, so both weights are the plain factorials and the same cancellation occurs. At
d = p the weights are (p — 1)! and p!/p! =1, givingp (p — D! -1 =p! - 1. O

For p = 2, the same auxiliary identities would require c; = 2. They do not define

an admissible vector on the domain i > 2, since every vector supported on that domain
hasc; =0.
Adding an integer multiple of this vector changes V), by that multiple of p! — 1, with-
out changing M or any other V;. Suppose c has nonzero moment, V,(c) = -+ =
Vp(c) = 0, and every supported index exceeds a prescribed integer B. Choose a prime
p > max(D, B +1,2) and replace c by

c—|R(c) + 1/2JTP.

Both new indices, p — 1 and p, exceed B. Since p > D, the prescribed weighted sums
remain zero, and the moment is unchanged. The new remainder is R(c) — |[R(c) +
1/2] € [-1/2,1/2). The progression construction below supplies such an initial vector:
choose its first index r > B.

This rounding proves a size bound, not nonvanishing: an integral remainder be-
comes zero. In fact, a rounded remainder is nonzero exactly when the original remain-
der is nonintegral. Choosing larger adjustment primes cannot extend the denominator
coverage, since the moment stays fixed. The chosen integer | R (c) +1/2| depends on the
remainder itself. The formula establishes the existence of a representative in the stated
interval; it does not independently certify that this representative is nonzero.

A primitive solution on an arithmetic progression. To extend the example —6e, + ¢4
to cancellation at larger D, place the support on an arithmetic progression with its first
index prescribed. Let D,r > 2 and let { be a positive multiple of 2, ..., D. Equal spacing
makes V,; = 0 a root condition at (d!)~%“. We choose the degree-D — 1 polynomial with
exactly these roots and scale its coefficients so that the last supported coefficient is 1. Put

ii=r+jt(0<j<D), N=r+@D-1t a;=@)",


https://github.com/wcook04/plectis-erdos/blob/0b500c7cf8e8bb7ae343484378df02f277fb8194/lean/ErdosProblems/Erdos68/PaperCompleteLiminf.lean#L54
https://github.com/wcook04/plectis-erdos/blob/0b500c7cf8e8bb7ae343484378df02f277fb8194/lean/ErdosProblems/Erdos68/PaperCompleteLiminf.lean#L54
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D D-1 D
[Jaax-1=> mxi, A=]]ay
d=2 j=0 d=2

Atindex i; put the coefficient
. N'h;
i A
and put every other coefficient equal to zero. We verify that these coefficients are in-
tegers and that V, = .- = V, = 0. For 2 < d < D, divisibility of { by d gives
[i]-/dj = |r/d] + jt/d. Hence

| D-1 j
Vi) = ———— hal =0,
Anlridl g
because zxgl is a root of the displayed polynomial. Evaluating that polynomial at 1 gives
the moment

D
M=NT]a-1/ap >0.
=2

For integrality, each term of /1;/A is, up to sign, the reciprocal of a product of D—1—j
distinct factors a;. In that denominator, each selected d contributes {/d blocks of size d.
The total sizeis (D —1 —j){ = N — ij, SO the multinomial coefficient shows that this
denominator divides N!/i;!. Thus every ¢;, is an integer. Since hp_q = A, the coefficient
at N is 1, and the coefficients have gcd one. This does not establish minimal support. The
smallest permitted step is { = lem(2, ..., D); taking D = r = { = 2 recovers —6e, + ey.

The stronger divisibility

D D
A Jwd! [ -1 1M
a=2 a=2

follows because
N!

HAT T, ()]
is an integer: it counts partitions into one distinguished block of size r and, for each
d, an unordered collection of {/d blocks of size d. Their sizes sum to N. Using M =
(N!/A) Hil):z (2z; — 1) now gives the asserted divisibility. Put v = max(r, £/2), an integer
since 2 | £. The displayed factor divides M, so v! | M. Since D < { <2vandr < v,

N=r+(D-1l<4?—v<4? ov>[VN/2+1.

Consequently ([\/ﬁ /2]+1)!'| M. Every positive integer g < [\/ﬁ /2] +1 therefore divides
M, as does every divisor of that factorial. In particular, N > 4(g — 1)2 suffices for q|M.
This includes denominators growing with N.

The construction also supplies the required absolute smallness of the omitted tail
at its own support endpoint. Every factor 1 — 1/a, lies strictly between 0 and 1, so

0<M < N!and
0<M(S—H ><—2M <2
(5 —Hy (N+1)!'—1 N’
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where the last inequality follows from (N + 1)! —1 > NN! for N > 2. In particular, the
moment obeys M < (N +1)! — 1 without an additional hypothesis for this family. What
is not established is that the displayed upper bound is smaller than the finite part’s gap
to the next integer. That gap depends on the same vector and may shrink with N; an
upper bound tending to zero does not supply the required comparison. Neither this
size estimate nor the divisibility proves nonintegrality of the remainders.

6 Finite denominator exclusions

Two finite computations constrain a hypothetical denominator g in S = a/g, and they
constrain different features of it:

g1299999!, g > 239990 > 112038, (23)

The size bound holds for every integer a4 and positive natural g with S = a/g; no reduced-
ness assumption is needed. Its evidence is the exact continued-fraction computation de-
scribed below. The stronger candidate finite-size Lean certificate is not cited as kernel
verification: its source records that the computation has not yet been kernel checked.
The factorial-grid exclusion q t 299999! is supported separately by the external GMP
computation; its full Lean certificate also remains an outstanding formal obligation.

Neither condition implies the other. The prime 300007 fails to divide 299999! but is
smaller than 239990 whereas 299999! satisfies the size lower bound but fails the nondi-
visibility condition. High powers of small primes further show why nondivisibility is
not a smoothness exclusion.

The first exclusion comes from an exact interval carry census. The supplied
record describes an independently implemented GMP integer computation certifying
all 299998 carry cells for 3 < m < 300000 with a scale of 25925679 and 96 guard bits,
using no floating-point arithmetic; at every step the outward interval is proved to lie
inside one half-open unit cell before the carry is recorded. Its unit carries occur exactly
at

52, 591, 1030, 1407, 1438, 2164, 4258, 10991, 21236,

80 b3pp000 # 1. Theorem 3.1 then gives g } 299999! and in particular 4 > 300000. The
full-range carry replay reported in the supplied manuscript was not repeated for this
prose revision. A separately recorded replay through m = 4000 reproduces the unit-
carry prefix 52,591,1030, 1407, 1438, 2164 with a non-unit carry at the endpoint, giving
g > 4000 on its own. These are external computations; the implication from a non-unit
carry to a factorial-divisibility exclusion is the kernel-checked statement.

The first exclusion says that the least positive integer r with q | r! is at least 300000.
This is the factorial index used by Sondow [21, §3, Theorem 1], not the largest prime
factor of . No approximation bound for e is being applied to S.

The second exclusion has a short integer description. Put D = 289000 and let N be
the first integer with N! — 1 > D. Define

-1

b =0+ (N-2 2D 1
PN e O P e


https://github.com/wcook04/plectis-erdos/blob/27c2fc5fe3c55fe547feaeb4c9bb68b3cf63a5bf/lean/ErdosProblems/Erdos68/PaperCompleteFiniteSizeCertificate.lean#L58
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Each rounded prefix term loses less than one. Since (n+1)! —1 > (n+1)(n!—1), succes-
sive terms in the tail from N have ratio less than 1/(N + 1). Their sum is consequently
smaller than (N +1)/(N(N!-1)) <2/(N!—1), proving ¢/D < S < u/D.

There are exactly N — 2 rounded prefix terms. The extra +1 in u keeps the upper
enclosure strict even if 2D/(N! — 1) happens to be an integer; the positive omitted tail
keeps the lower enclosure strict. Here N = 7054 and u — { = 7053. Apply the continued-
fraction algorithm to both endpoints at once, retaining a quotient only while the integer
parts agree and both remainders are nonzero, and reversing the endpoint order at each
inversion. There are 23449 common quotients, and the convergent denominators

Qo=1 Q1=0 Q=40 _1+Q>

satisfy Qpzaag > 239990, Every rational in the open enclosure shares this initial segment,
so its reduced denominator is at least Q»344g. Indeed, write P; for the convergent numer-
ators. Such a rational either equals P53445/Q53445 Or has a complete quotient A/B > 1 af-
ter the segment, with A and B coprime, and then equals (P53448A + Pr3447B) / (Q23448A +
Q23447B); the determinant identity P;Q;_; — P;_1Q; = +1 makes both fractions reduced
[17,81.12(ii), (1.12.5)—-(1.12.7), (1.12.20)—(1.12.21) ]. The argument is about a common
prefix and does not require the last convergent to lie inside the enclosure. The integer
comparison 239990 > 10120938 closes (23). The integer replay and its receipt record scale
80000 bits, bracket width 7053, 23449 certified partial quotients, power-of-two exponent
39990 and strict decimal exponent 12038.

Carry computation record. The receipt verification/erdos68-strict-successor. j
son, with schema erdos68_strict_successor_exact_interval_v1, records the scale
and guard bits above, the driver and backend used for its run, the event-trace digest,
and the final enclosure. The source packet names the driver scripts/check_erdos68_
strict_successor.py and the backend scripts/check_erdos68_strict_successor_g
mp. cpp. Their published digests, followed by the receipt payload digest, are

Driver: f25b5bd8ffbfd66bdbb42ca6ad7a936aab9b4eb7d3a57446725be55ach6421
91.
Backend: 43308ddc3902dd537b789ae6e0648054a0d752adf07e5d6e1d829811e93420
83.
Payload: 044ef27a60f7294c39b8279b7f04e22e1234a942e2862e9e8c64eb66505af2
9b.

The supplied record states that the event trace and unit-carry certificate match the pre-
viously retained receipt. These identifiers distinguish the reported full run from the
separate computation through 4000; they do not certify a new replay in this revision.

Both certificates are finite. A further computation can enlarge an exclusion, but need
not do so: a narrower enclosure may retain the same common continued-fraction pre-
fix, and a later unit carry supplies no new carry exclusion. Neither finite calculation
excludes an eventual unit-carry tail. The continued-fraction identities are classical [17,
§1.12(ii) |; the enclosure, the prefix length and the exponent are outputs of the compu-
tation above.


https://github.com/wcook04/plectis-erdos/blob/cd3bd6fe245867a435e15d503ccedd699c5d02e2/scripts/check_erdos68_continued_fraction.py
https://github.com/wcook04/plectis-erdos/blob/cd3bd6fe245867a435e15d503ccedd699c5d02e2/verification/erdos68-continued-fraction.json
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7 The remaining arithmetic inputs

The exact targetis m { Z,, atarbitrarily large indices, as in (8); the equivalent comparison
with fractional parts is (10). The estimates discussed below would suffice for this target
but are not proved here. The finite test (11) implies escape at each indeXx; its occurrence
at arbitrarily large integer indices is also equivalent to irrationality, as proved in §3. Thus
the missing step is to prove that this actual rational sequence meets the test at arbitrarily
large indices, not to supply another equivalence. Restricting to a prime subsequence or
replacing a numerator by a residue imposes additional conditions. A model obeying
only selected congruences is not the actual sequence.

Value sets do not determine the weighted residue sum. Garaev, Luca and Shpar-
linski’s harmonic-sum estimate [20, Theorem 1 and (5) ] concerns unconditioned har-
monic sums, not sums restricted to the indices where n! = 1 (mod q). The value-
set literature addresses different invariants. Banks, Luca, Shparlinski and Stichtenoth
[25] provide historical missing-value context; Klurman and Munsch [26, Theorems 2.1-
2.2] distinguish unconditional averages from GRH-dependent improvements. Greben-
nikov, Sagdeev, Semchankau and Vasilevskii [27, Corollaries 1.2 and 1.4] study sizes
of value and quotient sets, as do the factorial-residue and representation results of Hu
[22] and Garaev and Pardo [23]. None is a noncancellation theorem for the reciprocal
unit weights here. A lower bound for the number of distinct residues does give an up-
per bound on the multiplicity of residue 1, since every other value needs at least one
index. But that bound does not determine the reciprocal unit weights or test whether
they cancel modulo 4. The two explicit cancellations in §1 illustrate why the weights
matter. Hu's September preprint [24, Theorem 3.1] considers pairwise distinct maps
To(x) = bg + cy/x over IFP, with ¢y # 0. An internal transition is a pair (x, 8) for which
x € A\ {0} and Ty(x) € A. With at least M distinct such pairs, at most |A| parame-
ters, and a bound # > 1 on the number of ordered parameter pairs representing each
nonidentity map T,7T§1, the theorem gives |A| » min{M, p}¥/1°u~4/15_Tts incidence es-
timate comes from Stevens and de Zeeuw [28, Theorem 4]. To apply this to the residue
classes of indices satisfying n! = 1 (mod q), one would first have to specify the set
A and the transition maps. The number of such indices is not automatically a lower
bound for M: different indices may produce the same pair (x, #), and their factorial val-
ues are all 1. One must prove that enough distinct transitions remain, as well as bound
the ordered-pair multiplicity . The unconditioned value-set theorem does not provide
these additional facts.

The shared denominator and the gap must be controlled together. For the blocks
selected from first prime occurrences, the second inequality in (17) is

2p-1,
~ 202 Iz ]
logC, <log (Zprjl- T ]qp ) . (24)

The first inequality is (15). Both must hold at the same arbitrarily large parameters.
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The order of quantifiers is part of the proposed result: for every bound, one parame-
ter must satisfy both inequalities. Two unrelated infinite subsequences would not prove
the combined criterion.

For a prime r and an integer e > 1, let h, . (p) = #{i € I][J : ¢ | i' — 1}. The exponent
of r in the shared part is at least e exactly when k, ,(p) > 1. Removing the exponent
already present in F), therefore gives

v,(C)) =#e>1: My evo,E,) (P) > 1}.

When r } Fp, this counts the positive exponents for which two or more denominators
are divisible by r°. The spacing bound h, ,(p) (e + 1) < 2p + e — 2 follows from the gap-
product argument: if i < j are two such indices, thenj < rand 0 < r* < jl/il — 1 < /7,
soj—i > e+1. All indices lie between 2 and 2p — 1, giving the bound; the zero-hit case is
immediate. To estimate log ép, these exponent counts must be multiplied by log r and
summed over primes. A count ignoring the sizes of the primes does not give (24). For
a prime g, Wilson reflection of an odd index n < g contributes a repeated divisor only
when the reflected index is distinct and in the same block, with both indices at least 2.
The endpoint n = g — 2 reflects to 1 and contributes no such pair, as shown in §1.

Even for two admissible indices, the reflection identity is only modulo g [8, (4),
p. 462]. For example, exact multiplication gives

609'=1 (mod 9712), 361! = 736019 =1+ 758-971 (mod 9712),

where 361 = 971 — 609 — 1. Both indices lie in I3, but their factorial denominators have
971-exponents at least 2 and exactly 1, respectively. Thus reflection supplies two hits
modulo g, not necessarily modulo ¢° for e > 1. Each level in the valuation sum requires
its own congruence; neither distinctness nor a higher exponent may be inferred from
the prime-level identity alone. Theorem 12 of Garaev, Luca and Shparlinski [7, arXiv v1,
Thm. 12, p. 16] is a multiplicity bound and supplies no lower bound for the distance to
the next integer in (15).
For the first inequality alone, a joint mean bound

1 ( ~ Op
— log C —log—) < (1-¢)XlogX

on nonempty sets Iy C [X,2X] N N, with Rp > 1, afixed 0 < € < 1, and arbitrarily
large X, would suffice: at least one summand is at most the average, while the required
upper bound is log(Kp/((2p + 1)Fp)) = plogp + O(p), uniformly for p € [X,2X]. Two
separate estimates on unrelated sets of indices would not give this joint comparison.

What two gap-product tests do not show. For integers 1 > 1 and x > 0, let F;,(X) =

H]P.lzl (X +J). Suppose x + h < q for a prime g. If x! and (x + h)! both equal 1 modulo g
and the harmonic sums through these indices are equal modulo g, then Fj,(x) = 1 and

F,(x) = Fj(x) Z;;l(x + j)_l = 0 in that field. An exact calculation gives

ng(F12 - 1, F‘,lz) = (X — 4:626) (X - 7848) in ]F12487[X:|.
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Thus a uniform bound of one repeated root is false. But 4626! = 442 and 7848! = 6300
modulo 12487, so neither root also satisfies x! = 1. Counting repeated roots of F;, — 1
therefore does not count the indices required by the factorial problem. These are finite
modular calculations, not a bound on the number of indices satisfying both congru-
ences.

Stewart’s gap-product estimate [8, Lemma 2, (21)—(24) ] requires the two products
to be unequal. He supplies that step separately: in the proof of his bound (14), a prime-
distribution argument separates the products when the common divisor is large; the
smaller-divisor case is immediate [8, p. 467, proof of Lemma 2].

The non-power theorem gives a different argument when the gaps are adjacent. For
integers 2 < i < j < k, equality j!/i! = k!/j! would make k!/i! a square, contrary to
that theorem [31, Theorem 1]. Selecting two short gaps with nearly equal lengths need
not preserve adjacency, so this observation alone cannot replace Stewart’s nonvanishing
argument. The wider equal-product problem has a separate history [29]; the doubled-
length theorem discussed by Nguyen Xuan Tho [30, Theorem 1] is another special case,
not arbitrary near-equal-length nonvanishing. No stronger lcm exponent is inferred
from these local observations.

Prime powers already seen at earlier indices. Recall that A, = P4/Q% is the positive
gap in lowest terms. Define

An — 1_[ por(nl=1)
r prime, rln!-1
rlk!—1 for some 2<k<n
v, (Q4)<v,(n!-1)
Thus the product includes the full power of a prime in n! — 1 when that prime has
appeared before but has smaller exponent in Q3. The recurrence for the gaps is

1
nl—1

For a prime r in the product, put e = v, (n! — 1). The reduced denominator of nA,, — b,
has r-exponent at most v,(Q%) < e, whereas 1/(n! —1) has exponent e. Clearing denom-
inators leaves exactly one numerator term nonzero modulo 7, so the reduced denomi-
nator of A, 1 has exponent exactly e. Hence A,, | Qﬁ .1 and, when A, > 1, Pﬁ g Z0
(mod A,)). The earlier occurrence of r is not used in this divisibility argument; it re-
stricts the product to the primes proposed for this approach. A sufficient quantitative
estimate, at arbitrarily large indices n, withm =n +1landd = A, > 1,is

An+1 = nAn - bn

((m +2)ym! —2)Q% < m2(m! — 1) (P mod d). (25)

It implies the upper alternative of (11). A nonzero least representative can equal one
even when the modulus is large. Neither a lower bound for log A,, nor infinitely many
increases in a previously occurring prime’s exponent therefore proves (25): the least
representative itself must satisfy the displayed inequality. Repeated prime squares can
first occur before the Wilson index r —2: for example, 971 divides 361! — 1 and its square
first divides 609! — 1, with 609 < 971 —2. Such an example rules out confinement to that
last index but supplies no unbounded family satisfying the required inequality.
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The upper alternative in the finite test. It would suffice for (11) to hold at arbitrar-
ily large indices; an unbounded set of prime indices would suffice as well. The upper
alternative is exactly ((m +2)m! —2)Q%, < m?(m!—1)P%,. Replacing P4, by its least non-
negative residue modulo a specified divisor of Q% gives a stronger sufficient test. No
bound forcing this inequality at arbitrarily large indices is established here. The full re-
currence for the actual scaled partial sums, including its initial value, is fixed; a rational
example for a weakened recurrence does not satisfy that full specification (§B.7). Nor
does a zero canonical digit assert membership in the specified real interval.

Conditions at twice a prime. For an odd prime p, the carry range and Z,, = 2pZ,, ;1 +
1 — by, give
by, =land p|Zy, 4, or

(26)
b2p =1 + p andp | 2Z2p_1 —1.

Pz | ZZp = {
Reduction modulo p forces pr =1 (mod p), and the two displayed values are the
only possibilities in [—-1,2p — 1]; division by p gives the predecessor conditions. For
rational S = a/q and p > g, the tail estimate gives Z,, = (2p)! S, which is divisible by P2
A proof through p? Z,, must therefore exclude both displayed alternatives at the same
prime, for arbitrarily large primes. That is a requirement of this particular test, not of
every irrationality argument. Rationality also forces by, = 1and Z;,_; = (2p — Dla/q,
withp | Zzp—11 hereq | (p—1)!, and the remaining factorial factors include p. Thus either
by, # 1atarbitrarily large odd primes or p t Z,,,_; at arbitrarily large odd primes would
already contradict rationality. The first is a special case of Theorem 3.1; the second uses
the same factorial-clearing argument. Neither unbounded occurrence is proved here.

The cofactor form of the progression construction. For a positive starting parameter, a
Vandermonde matrix gives another formula for the progression vectors of §5; it does not
resolve the remaining nonintegrality problem. For integers n,t > 0, puts,, = ((1+2)!)2
and i; = (t +j)s, for 0 < j < n + 1. This step size matches the recorded construction;
the determinant argument only needs a positive step divisible by every d = 2,...,n + 2.
Here the factorial-weight formula is also allowed at index 0; the case t = 0 will show
why a lower support condition is necessary. Form the integer matrix A with moment
row (i ) and weighted-sum rows (Wdl )i for2<d<n+2.

To see that det A # 0, divide column j by i;l. Since d | s,,, the dth weighted-sum row
becomes ((d!)~¢+)sn/ d)]. Removing the nonzero factor (d!)~ tsn/d from that row leaves
a Vandermonde matrix with nodes

1, 2H™sn/2, .., ((n 4 2)!)~sn/(1+2)

These nodes are distinct: (d)1/9 is strictly increasing, since d! < (d + 1)4. The Vander-
monde determinant is the product of their pairwise differences [32, (1.3.13)], and is
therefore nonzero. None of the row or column factors removed is zero, so the original
determinant is nonzero too.

Let ¢ be the cofactor vector of the moment row, and let N,; be the determinant ob-
tained by replacing that row with (Wd,i]_) i Cofactor expansion gives M(c) = detA # 0
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and V;(c) = Ny. For 2 < d < n + 2 the replacement duplicates a row, so V;(c) = 0. By
(18) each (V;(c) — M(c))/(d! — 1) is an integer and vanishes for d > max; i;, SO

Ny
Ry p 1= —1

d>n+2

Ry, —det(A)S € Z.
A family with min;i; = ts, > oo and R,,; ¢ Z would prove irrationality. Indeed, for
a fixed denominator g, every entry of the moment row is divisible by q once the least
support index is at least g, so g | det A. If S = a/g, the integer-difference identity would
then force R, ; € Z. Conversely, if S is irrational, that same identity and detA # 0
make every R, ; irrational. Taking, for example, n = 0 and t — oo gives the required
family. Thus nonintegrality along such a family is equivalent to the original irrationality
question, not a weaker conjecture obtained from the construction.

Merely making (n,t) unbounded does not ensure that the support tends to infinity:
when t = 0, the least support index is always zero. The coefficient at iy really is nonzero:
its cofactor uses columns 1, ...,n + 1, and after nonzero row and column scalings it is
a Vandermonde determinant on the weighted-sum nodes. The eventual identity N; =
det A determines the tail, but not the finite intermediate sum, whose terms may have
either sign. The construction solves the linear equations. What is still needed here is
a proof that the particular sum is nonintegral, whether by a gap estimate or another
arithmetic argument.

For t > 1, primitive normalization identifies this vector exactly. Take D = n + 2,
l =s, and r = ts,, in the progression construction of §5, and put N = r + (D — 1){. For
any coefficient vector supported on these D indices, the equations V, = - = Vp =0

say that the polynomial .
Z Cij l]'X]
j=0

vanishes at the D — 1 distinct points a;! = @)~Y4,2 < d < D. Its degree is at most

D — 1, so it is a scalar multiple of ngz(adX — 1). Thus the rational solution space is
one-dimensional. The progression vector has coefficient 1 at N, so every integer solution
is its integer multiple, with multiplier cy. In particular, the cofactor ged is |cy |, and the
primitive cofactor vector is the progression vector up to sign. With the sign chosen so
that its moment is positive, that moment equals

D
N T = @h=4).
=2

For example, n = 0,t = 1 gives support {4, 8}, cofactor vector 2520e, — 6eg, and positive-
moment primitive vector —420e, + eg.

The factorial divisibility proved for the progression moment therefore also applies to
this primitive vector. Normalization still leaves the nonintegrality condition equivalent
to irrationality along families whose least support index tends to infinity: the moment is
nonzero, every factorial below that index divides it, and (18) gives the integer-difference
identity. This identification does not estimate the distance from an integer. The case
t = Ois excluded from the identification with the stated progression construction, whose
indices are at least 2.
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Criteria from the literature that do not apply. Duverney’s Theorem 3.1 assumes,
among other conditions, quadratic growth cu?2 < u,.; < c'u? for positive constants
¢, c’. For u,, = n! — 1, however, u,,.1 /u% — 0. His Corollary 3.2 assumes convergence of
the signed series )" (u1,,,1/u2 —1) in (3.6). Here its terms tend to —1, so that hypothesis
fails as well [ 10, pp. 275, 285-287]. For a single denominator sequence the rapid-growth
criterion goes back to Erdés [3, Theorem 1, p. 1]; Barreto, Kang, Kim, Kova¢ and Zhang
treat products of consecutive denominators and weighted extensions [ 12, Thms. 2-3 and
Rem. 4]. Fora,, = n! —1,log(n! —1) = O(nlogn) makes (n! — HIY" 51 for every fixed
¥ > 1, so neither Erdés’s hypothesis lim sup,, a)/?" = oo nor the growth hypotheses of
their Theorems 2 and 3 hold. These criteria do not decide S; the useful content is the
target these papers identify: a subsequence with clearing integers small enough for the
corresponding remainders, or enough exact cancellation in those integers. Theorem 2.4
measures the cost of clearing all summands before reduction; it does not bound cancella-
tion in their sum. Theorem 1.2 tests whether a maximal prime power survives reduction.
Neither supplies the upper bound for a clearing integer, relative to its remainder, that

these arguments need.

No irrationality conclusion is obtained here. The finite conclusion is that every rational
representation S = a/q, ¢ > 0, must satisfy both g } 299999! and q > 239990 > 1012038,
The criteria above require a condition at arbitrarily large indices. Extending either finite
computation alone does not establish it.

Sources and evidence

The links below identify formal statements and proofs in the source records supplied
with this revision. They retain their original commits and paths; they are not a claim
that all linked modules were compiled together at 92b88dc1bbe®.

The attached declaration index is for public snapshot 6b78209ab63a8c64328111
5f8628a3be79ff7ec7 and the separate release 52f29ad173b04e3bac941b3663f2b9
aebe5de@bb. It distinguishes recorded checked declarations from source outside the
recorded build and from release-only declarations. In particular, PaperCompleteExist-
ing is present but outside the recorded checked build; the earlier references to its ab-
sence are superseded by this source packet. The same outside-build qualification ap-
plies to the candidate finite-size certificate.

The build receipt refers to a successful Lean build at an earlier commit; the Lean
build step at the supplied public pin was skipped. No Lean build or axiom audit was
run for this prose revision. A source declaration, a recorded proof-checking result, and a
numerical computation are different kinds of evidence. Descriptions below of checked
statements refer to the supplied records, not to a new compilation. Theorem 2.4 and
Corollary 5.6 are ordinary proofs given in full above, with corresponding Lean source
statements the liminf bound for the common denominator and the asymptotic lower
bound for the support parameter. The finite-block inequality is the separate Lean source
the inequality for a terminal block. The two prefix cancellations, the index-52 example
and the continued-fraction enclosure are finite integer calculations with the procedures


https://github.com/wcook04/plectis-erdos/blob/0b500c7cf8e8bb7ae343484378df02f277fb8194/lean/ErdosProblems/Erdos68/PaperCompleteLiminf.lean#L42
https://github.com/wcook04/plectis-erdos/blob/0b500c7cf8e8bb7ae343484378df02f277fb8194/lean/ErdosProblems/Erdos68/PaperCompleteLiminf.lean#L54
https://github.com/wcook04/plectis-erdos/blob/0b500c7cf8e8bb7ae343484378df02f277fb8194/lean/ErdosProblems/Erdos68/PaperCompleteLiminf.lean#L54
https://github.com/wcook04/plectis-erdos/blob/d788dd4b8c59f2246000f2ed98fffb8a5e8ac72e/lean/ErdosProblems/Erdos68/ChannelIntegralCongruence.lean#L524-L529
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displayed above. The carry census through 300000 is a separate exact-interval compu-

tation with the receipt named in §6.

Statement

Formal counterpart

Theorem 1.2

Proposition 1.3
Theorem 3.1

Proposition 3.2

Proposition 3.3

Theorem 3.4

Theorem 4.1

Equation (17)

Removal of a fixed denominator factor

Weight identities used in Theorem 5.1 and
(18)

Theorem 5.5

Changing one weighted sum V,,

Equation (26)
Canonical factorial digits

Amplification modulus

maximal-power survival, with the residue for-
mula at line 129 and the denominator form at
line 41

first prime occurrences at arbitrarily large in-
dices; reflection at line 3139

failures of divisibility for the next integer; de-
nominator exclusions at line 812 and line 836

factorial residues and rationality

the equivalent fractional-part inequality; fi-
nite window at line 122, irrationality implica-
tion at line 145, classification (12) at line 39,
radius at line 158

the criterion for the shifted series; escape form
at line 156, member t = —1 at line 175, and the
irrationality of e at line 211

the prime-parameter specialization; the
natural-parameter wrapper is linked after the
proof and is outside the recorded checked
build. Coprimality (14) is at line 4209

the two simultaneous inequalities, floor iden-
tity at line 4701, irrationality implication at
line 1574

a fixed factor eventually divides the factorial

integrality of the weights, the denominator-
times-weight identity

finite radius bound; sequence form at line
1103, little-o form at line 905, limitation of
the numerical inequalities proved here (the at-
tached release also contains sharp_radius_s
atisfies_square_log_constraint; this is
separate from the historical link above)

adjustment at sufficiently large indices, resid-
ual identity at line 1559

doubled-prime criterion
termination equivalence

divisibility, nonvanishing at line 5572

The two weight identities in the table are ingredients, not the complete congruence
statement. In the supplied public snapshot, ChannelIntegralCongruence.lean con-


https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/PrimePoleCriterion.lean#L223
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/PrimePoleCriterion.lean#L129
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/PrimePoleDenominator.lean#L41
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/PrimeZeroBranch.lean#L3097
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/PrimeZeroBranch.lean#L3097
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/PrimeZeroBranch.lean#L3139
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/FactorialGapPlateauCore.lean#L986
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/FactorialGapPlateauCore.lean#L812
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/FactorialGapPlateauCore.lean#L836
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/CompanionOrbitRationality.lean#L438
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/ShrinkingTargetNormalForm.lean#L82
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/ShrinkingTargetNormalForm.lean#L122
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/ShrinkingTargetNormalForm.lean#L145
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/ShrinkingTargetNormalForm.lean#L39
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/ShrinkingTargetNormalForm.lean#L158
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/FactorialShiftFamilyOrbit.lean#L139
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/FactorialShiftFamilyOrbit.lean#L156
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/FactorialShiftFamilyOrbit.lean#L175
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/FactorialShiftFamilyOrbit.lean#L211
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/EndpointWeightedPrivateSupport.lean#L6164
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/EndpointWeightedPrivateSupport.lean#L4209
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/EndpointWeightedPrivateSupport.lean#L4766
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/EndpointWeightedPrivateSupport.lean#L4701
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/PrimeZeroBranch.lean#L1574
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/EndpointWeightedPrivateSupport.lean#L2677
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/FactorialChannelCertificate.lean#L25
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/FactorialChannelCertificate.lean#L43
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/FactorialChannelCertificate.lean#L43
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/ChannelIntegralCongruence.lean#L1084
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/ChannelIntegralCongruence.lean#L1103
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/ChannelIntegralCongruence.lean#L1103
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/ChannelIntegralCongruence.lean#L905
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/PrimeUnitTranslator.lean#L1657
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/PrimeUnitTranslator.lean#L1559
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/FactorialZeroPlateauSupplement.lean#L257
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/CanonicalFactorialTermination.lean#L78
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/PrimeZeroBranch.lean#L5557
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/PrimeZeroBranch.lean#L5572
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tains channelNumerator_mod_factorialMoment (line 76) and exists_channelCorrec
tion (line 127). The former states (d! — 1) | M(c) — V;(c); negating the integer quotient
gives the sign convention of Theorem 5.1. These are source correspondences, not a fresh
build or axiom audit.

Attribution. Wilson’s theorem and the Wilson reflection identity are classical, the
latter recorded by Stewart [8, p. 462, (4) ]. The factorial-digit termination criterion goes
back to Cantor [5]; Koepf and Schmersau prove its irrationality direction for digits that
are not eventually maximal [9, Example 3.2, p. 121], and Galambos treats rationality
criteria for Cantor series [6, Ch. II, §2.1]. Here the identity C = S — e + 2 gives the even-
tual digit value m — 2 and extends to the shifted family. The comparison with Han¢l
and Tijdeman [11, Lemma 2.1 and the following remark, p. 385] concerns factorial scal-
ing: their lemma makes a scaled tail integral, whereas the proof in §3 identifies the next
integer above a generally nonintegral scaled prefix. The multiplicity bound is Garaev,
Luca and Shparlinski’s [7], and the lcm deduction from it is not theirs. The divisibil-
ity in Lemma 2.2 is the case P = —1 of the relation used in the proof of Lemma 5 of
Luca and Shparlinski [13] and at display (2.5) of Lai [14]. The nonvanishing cutoff for
polynomial shifts is Lemma 3 of [13], restated with the bound n! + P(n) > 1in [14,
Lemma 2.1]. The survival criterion is a specialisation of Louwsma and Martino’s valua-
tion formula [4, Lemma 4.1, p. 10]. The single-denominator growth criterion is Erdés’s
[3, Theorem 1, p. 1], and the continued-fraction identities are those of [17, §1.12(ii)].
The deductions from Wilson’s theorem, the conditional finite support bound and Theo-
rem 2.4 are proved above. No further priority claim is inferred from this comparison.

A  Guide to the formal sources

The following links identify the statements used above and related lemmas. Each pre-
serves the original file, declaration, and line reference. The evidence qualifications in
the preceding section apply throughout; in particular, source presence alone does not
establish inclusion in a checked build.

e the factorial-scaled floor of a rational number

e eventual zero digits of a rational number

e adigit as the floor of a scaled fractional part

e the digit is smaller than its radix

e the recurrence for fractional parts

e the finite factorial expansion with its remainder

e a zero remainder forces all later digits to vanish

e eventual zero digits force a zero remainder

e a zero factorial remainder implies rationality

e the scaled partial sum and limit select the same integer

e non-unit carries at arbitrarily large indices imply irrationality


https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/CanonicalFactorialDigits.lean#L47
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/CanonicalFactorialDigits.lean#L81
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/CanonicalFactorialDigits.lean#L124
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/CanonicalFactorialDigits.lean#L153
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/CanonicalFactorialDigits.lean#L162
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/CanonicalFactorialDigits.lean#L196
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/CanonicalFactorialDigits.lean#L269
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/CanonicalFactorialTermination.lean#L38
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/CanonicalFactorialTermination.lean#L54
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/FactorialGapPlateauCore.lean#L82
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/FactorialGapPlateauCore.lean#L945
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e every rational denominator is at least sixty-seven

e the exact interval condition for the lower endpoint

e a prime-product bound gives a late first occurrence

e areflected prime survives normalization under the block and upper-half hypotheses
e two distinct in-block indices under the same reflection hypotheses
e the selected prime powers divide the remaining quotient

e the factors one and a selected prime in the chosen block

e the exact integer interval for two consecutive unit carries

e the two denominator-reduction factors telescope

e the denominator after two steps

e the offset equals the later numerator times the reduction factors

e factorisation when the floor in the weights is constant

e vanishing of the moment on one such interval

e factorisation on the interval from d to twice d

e anonzero moment forces an index at least twice d

e a cubic lower bound for the support parameter

e exclusion of the stated eventual cubic upper bound

e no change unless the divisor divides the index

e the strict rational bounds for the example remainder

e the consecutive-term quadratic ratio tends to zero

o divergence of the absolute quadratic-ratio errors

e the iterated-root growth expression tends to one

e updating the pairwise ged lem after insertion

e updating the lem with a fixed prescribed factor

e exact removal of the common part with the base

e the valuation after removal of the base

e the shared part times the lem divides the product

e fixed denominator indices are eventually absorbed by the factorial
e the shared part is bounded by the product divided by the lcm

e the surviving valuation after removal of the factorial base

e ashared prime power is bounded by the gap product


https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/FactorialZeroPlateauCertificates.lean#L136
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/PrimeZeroBranch.lean#L6099
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/PrimeZeroBranch.lean#L3047
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/PrimeZeroBranch.lean#L3231
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/PrimeZeroBranch.lean#L3252
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/PrimeZeroBranch.lean#L1419
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/PrimeZeroBranch.lean#L1524
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/AdjacentUnitCarryWindow.lean#L148
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/AdjacentUnitCarryWindow.lean#L215
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/AdjacentUnitCarryWindow.lean#L243
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/AdjacentUnitCarryWindow.lean#L337
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/ChannelBreakpointRigidity.lean#L71
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/ChannelBreakpointRigidity.lean#L91
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/ChannelBreakpointRigidity.lean#L101
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/ChannelBreakpointRigidity.lean#L130
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/ChannelIntegralCongruence.lean#L868
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/ChannelIntegralCongruence.lean#L885
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/FactorialChannelCertificate.lean#L65
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/FactorialChannelCertificate.lean#L156
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/FactorialAnalyticBoundary.lean#L52
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/FactorialAnalyticBoundary.lean#L84
https://github.com/wcook04/plectis-erdos/blob/92b88dc1bbe099aa73bcc900c3c405e9ba5c2334/ErdosProblems/Erdos68/FactorialAnalyticBoundary.lean#L131
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e two indices sharing a prime power are farther apart than its exponent
e the resulting bound on the number of such indices

e the total relevant exponent is less than the prime

e the total relevant exponent is less than the block diameter

e asurviving prime has square greater than the parameter minus one

e the projection moduli have the required lcm

e the two-factor bound is no larger than the full residue bound

e the valuation counts exponents occurring at two indices

e a finite exponent range suffices for that count

e the exact repeated-power criterion above the factorial base

B Further deductions and limitations

This appendix supplies details used by the earlier sections: factorial digits and their
remainders, exact gcd and lcm identities, and additional finite examples. It also records
weaker deductions and explains why several proposed irrationality arguments do not
establish their needed hypotheses.

B.1 Factorial digits and their remainders

For a real number x, write 6, = {x} and, form > 1,
a, =|mé,_1l, 0, =mb,,_1—a,,

so that 8,, = {m!x} for m > 1. The kernel checks the floor formula, the digit bounds
0 <a,, < m, the recurrence 6,, 1 = (m + 1)6,, — a,,,, the finite telescoping expansion

_ N Apm GN
x=|x|+ Z l + NI
and the rule that a zero remainder at one index forces every later digit to vanish. The
rational direction is also checked: ifa € Z, g € N,and 0 < q < n, then |nla/q| = (n!/q)a
and the canonical digit at radix n + 1 vanishes, so every rational input has an eventually
zero expansion. The converse holds for every real input, and gives Cantor’s termination
criterion [5]
xeQ < a,(x)=0foralllarge m.

If all digits after index N > 1 vanish, the recurrence gives 0y, > (k + 1)8y; since every
remainder is below one, 8y = 0 and x = [N'!x]/N!.

For x = S, a zero canonical digit means m#f,,_; < 1. The stronger condition
mb,,_1 < E,,, where E,, = m!(§ — H,,), is the lower-interval event used in §3. The
reported interval data contain zero digits at m = 5 and m = 23, but no occurrence of
that stronger condition through m = 100000.
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There is also a useful identity for an abstract rational sequence F,, and integer se-
quence k,,. Suppose F,, = mF,,_1 +1 +¢,, — k,,, and define

6,, =[F,,1—F,, Gm =m[F,_11+1—k,, —[F,].
Then 0 < §,, < 1, and the exact identities are

Am = Lmém—l —E&ml, ‘Sm = m5m—1 —&n — Y4m-

The attached Lean source proves these identities under the displayed recurrence. They
do apply to the actual partial sums: take F,, = m'H,,, k,, = 0 and ¢,, = 1/(m! — 1) for
m > 3. The recurrence then follows from H,, = H,,,_1 +1/(m! —1), starting with F, = 2.
The ceiling code g,,, need not equal the carry b,,, because Z,, is the least integer strictly
above F,,, not always its ceiling. Precisely, Z,, = [F,,] + 1 F,, €7} SO

by =Gy + Ml czy — L, cz)-

For example, F, = 2 and F3 = 36/5 give g3 = —1 but b3 = 2. The codes agree whenever
both scaled prefixes are nonintegral. Once F, = 2 and ¢,, = 1/(m! — 1) are fixed, the
recurrence with k,, = 0 determines every F,, uniquely by induction. Thus matching
the recurrence and its initial value is stronger than satisfying selected congruences or
carry bounds. This specialization is an ordinary deduction from the partial-sum recur-
rence, not a new Lean check. It does not show that the rational gaps admit a finite-state
description or establish the unbounded non-unit carries needed for irrationality.

B.2 How the classical criteria apply here

Lets, < abe partial sums tending to a. Koepf and Schmersau show that |ns,, | = |na] for
all sufficiently large n forces a to be irrational [9, Thm. 1.1, p. 117]. The strict inequality
matters: if a = A/B were rational, then every sufficiently large multiple n of B would
give |ns, | < na = |na|. Their rational-term version uses a positive integer multiplier p,,
and obtains the floor equality from np,;s,, € Ng and the strict tail bound a—s,, < 1/(np,,)
[9, (2.1) and (2.3), p. 118; Thms. 2.2-2.3, pp. 119-120]. Indeed, integrality makes ns,, a
multiple of 1/p,,, so its gap to the least strictly larger integer is at least 1/p,,; the increase
na —s,) < 1/p, cannot cross that integer. For the choice they record after (2.1), the
least common multiple of the reduced summand denominators, here p,, = lem{k! — 1 :
2 < k < n}, the last two denominators already obstruct the tail bound. As proved in §2,
they are coprime for n > 3, so

pp > (i —1)((n— 1! —1).

For n > 4 this gives np,, > (n+1)! —1. Hence the first omitted summand 1/((n+1)!—1)
already exceeds 1/(np,,), and this p,, cannot satisfy their tail hypothesis. This rules out
the displayed choice of p,,, not the criterion itself. In fact, the least positive integer p,, for
which np, H,, is integral is exactly

den(H,,)
ged(n,den(H,))"

p, = den(nH,) =
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Indeed, writing H,, in lowest terms shows that its denominator must divide np,. With
this least choice the required inequality is

gcd(n,den(H,,))

0<S—H, < == 5o

Thus reduction of the partial sum, and the common factor of its reduced denomina-
tor with n, determine the best scale available in this criterion. The eventual inequality
above remains unproved here; failure of a larger clearing multiplier does not establish
its failure.

Duverney’s Theorem 3.1 includes the quadratic growth assumption cu? < u,,; <
c'u? for positive constants c,c’, while u,,,;/u2 — 0 for u,, = n!' —1[10, (1.3), p. 275;
Thm. 3.1, pp. 285-286]. His Corollary 3.2, which allows signs a,, € {—1,1}, assumes
convergence of the signed series Y (u,,1/uz — 1) in (3.6) [10, Cor. 3.2, p. 287]. Its
terms tend to —1 here, so the series does not converge. The supplied Lean records check
the ratio limit and also the divergence of the absolute-value series; the signed condition
fails already by the term test. To see the ratio limit directly, divide numerator and de-
nominator by (n")2: the numerator tends to zero and the denominator (1 —1/n!)2 tends
to one.

For a strictly increasing sequence (1) of positive integers, Erdés proved irrationality
of ), 1/n; under the following conditions, with a fixed & > 0 [3, Theorem 1, p. 1]:

limsup n o, n; > k¢ eventually.

k—»oo

1/2kF _
SO =

Barreto, Kang, Kim, Kova¢ and Zhang treat products of consecutive denominators and
weighted extensions [12, Thms. 2-3 and Rem. 4, pp. 2-5]. For a, = n! — 1 and every
fixed p > 1,

2
< log(z!n— 1) < %
Thus neither Erdés’s limsup hypothesis, which uses ¢ = 2, nor the growth hypotheses
of their Theorems 2 and 3 hold. The supplied Lean limit is the special case p = 2;
the estimate above also covers the other bases greater than one used in those theorems.
Their proof of Theorem 3 uses the classical criterion, which they trace to Fourier’s proof
that e is irrational, that a rational sum of nonnegative rationals with infinitely many
positive terms admits no prefix-clearing integers Dy with lim infy Dty = 0, where ryy
is the tail after N terms [12, Lem. 8, p. 6]; their Proposition 12 produces such integers
under the hypotheses of that theorem [12, pp. 9-12]. For the present series, even the full
summand lem Ly makes Ly (S — Hyy) tend to infinity, as shown in §2. A smaller integer
cannot clear every summand. It can nevertheless clear the partial sum after addition:
the least positive such integer is den(Hy;), and every other one is a multiple of it. Thus
this criterion would require information about cancellation in the reduced partial sum,
not merely an improvement from the product to the lcm. More precisely, if S = a/g, then

0 — 0, (n! — HIY" — 1.

1
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Thus lim infy, den(Hy ) (S—Hy) = 0is a sufficient target for this prefix-clearing criterion;
the preceding common-denominator estimates do not establish it.
Dividing the recurrence Z,, = mZ,,_, +1—1b,, by m! and telescoping gives the exact
finite identity
Zm Zp, ¥ 1-b,
M2t T

4

m=3

so the carry defects 1 — b, are integer coefficients of a factorial series. Han¢l and Tijde-
man classify the rational sums with polynomial coefficients [11, Thm. 3.1 and Cor. 3.1,
pp. 390-391]; their denominator is the cumulative linear product [ | a<N (@n+Db),and the
individual number N! — 1 does not occur. In the factorial casea = 1, b = 0, the criterion
of Oppenheim that they reproduce [11, Lem. 2.2, p. 385] says the following: for integer
coefficients c,, with |c,,| < n eventually and liminf, c,|/n = 0, the sum ) c, /n!is ratio-
nal exactly when c,, = 0 eventually. This formulation concerns integer coefficients and
factorial denominators, not reciprocal terms with denominator n! — 1. However, their
introduction records a version of Oppenheim’s result without the liminf assumption:
under |c,,,| < m — 1 eventually, rationality is equivalent to eventual vanishing [11, In-
troduction, p. 383]. Changing finitely many terms adds a rational number, so eventual
hypotheses suffice. Here2 —m < c,, =1—-0b,, < 2gives|c,| < m —1for m > 4; the
classical result therefore applies directly.

For completeness, the following elementary proof specialises that result to these one-
sided bounds. For N > 2, telescoping »_, . (m —1)/m! = 1/N! gives

c 1 2
—1 < N! 2 < 2N! — < —.
mZ‘N m! mZN m! N
The lower bound follows from c¢,, > 2 — m and N! Zm>N(m - 2y/m! = 1 -

N!},.-n 1/m! < 1. The upper bound follows by comparison with ijl (N+1)7 =1/N.
If 55y /m! is rational, the scaled tails are integers for all sufficiently large N. They
must then be zero, and subtracting consecutive tails gives c,, = 0 eventually. The
converse is immediate. Since Z,;/M! — S, the displayed finite identity recovers The-
orem 3.1. This is a self-contained specialisation of the classical rationality criterion, not
a strengthening of it. It proves an equivalence, not the nonvanishing needed for irra-
tionality.

B.3 A superseded deduction

A multiplicity theorem gives a weaker lecm bound, which is useful for comparison with
the elementary proof in §2. For an odd prime r, let m, count the indices 2 < n < N with
r | n!—1; such an index satisfies n < r. The factorial-congruence multiplicity estimate of
Garaev, Luca and Shparlinski [7, arXiv v1, Thm. 12, p. 16], applied to the residuea = 1
onl <n < min(N,r — 1), gives m, < N2/3; the prime 2 divides none of these factors.
The sum of the exponents at a prime is at most the number of occurrences times the
largest exponent, which is its exponent in Ly;. Thus

N N
Z log(n!—1) = Z Z v,(n! —1)logr < (m;axmr) log Ly « N2/31ogLy;,
n=2

r n=2
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and Stirling’s formula makes the left side = N?log N, whence logLy >» N%/2logN.
Theorem 2.4 supersedes this: its exponent is 3/2, its constant is explicit, and it does not
use the external multiplicity theorem. The deduction is retained because it is the only
place a multiplicity bound enters the record.

Dividing all coefficients by their gcd does not evade the lem restriction: the result-
ing integer vector still has V, = -« = Vp = 0, so its moment is still divisible by Lp.
For the nonzero cofactor vector in §7, normalization is justified by the elementary argu-
ment given there. It supplies no proof that the remainder is nonintegral. No formalised
primitive cofactor construction is claimed here.

B.4 Rational grid points and first crossings

One can instead compare a partial sum H with the rational numbers having a fixed
positive denominator q. The next such number above H is (|gH] + 1)/q. Itis at most S
exactly when |[gH] + 1 < g4S. Suppose H < G < S, the number n!G is an integer, and
n!(S — H) < 1. Then

n!'H <n!G <n!S<n'H+1.

Thus n!G is both the least integer strictly above n!H and the floor of n!S. In particular,
for n > 2, suppose a single rational level G satisties H,,; < G < S and n!G € Z. Since
H, < H, 4, the tail bounds at both indices give

[(n+DIS]=m+1DIG=m+1)[n!S].

The next canonical digit is therefore zero. The same level must persist at both indices;
choosing an unrelated rational level at each index would not imply this equality.

Set H; = 0, the empty partial sum. Now let T > 2 be a first crossing of a rational
level G, so that H,_; < G < H,, and write G — H,_; = a/v with positive integers a,v.
The newly added summand gives

a 1
0<-< , v>a(t!-1)>1! -1
v T1l—-1

The scaled overshoot is

0<TI(H,—G) =1+ —T!g<2.

T!—1
Consequently —|7!(H,; — G)] is 0 or —1. Here the minus sign is outside the floor; tak-
ing the floor of the negative overshoot would give a different integer at nonintegral
overshoots. The displayed integer is —1 precisely when the overshoot is at least 1, or

equivalently when
1

(t!=1)"
In that case v > 7!(7! — 1). This extra small-gap condition is not asserted for every

crossing. Nor is —| T!(H, — G) ] automatically the carry b, defined from Z;: here G is an
arbitrary rational level. Neither denominator bound requires a/v to be in lowest terms.

a
- <
v
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There is also a direct obstruction at prime indices. With A, as defined in §3, the
formal source proves for m > 3 the criterion

m|Z, < 1+ <mh,, <2+

m! —1 ml -1’

and if 5 = a/q with q > 0, then p | Z, for every prime p > g, so one exact missed
prime p gives g > p. Exact kernel reduction gives 11 { Z1;, hence g > 11; exact rational
normalisation gives 60 { Zgy, 64 | Zgy and 67 t Zg,, and the prime index 67 gives the
checked bound

S:g,q>0 — g6

The exact-interval census of the short note replaces 67 by 300000.
The finite geometric-series identity gives another exact decomposition. For a real
x # 0,1 and an integer K > 0,

K1
Z_ xK(x—l)

=Y

When x = k! and a chosen factorial scale is divisible by (kYK the scaled finite sum is
integral and only the last term retains the factor k! — 1 in its denominator. The identity
isolates one residual fraction before exact bounding, and it supplies no cofinal family of
nonzero residuals.

The earlier record rejects a proposed divisibility strengthening of the first-crossing
bound and reports examples at m = 52 and m = 591. Its notation for the rational quan-
tity in that claim was not defined, so those reports are not used as a verified counterex-
ample here. The established conclusion remains the lower bound on the denominator’s
size, not a specified factor dividing it.

There is a second, more arithmetic mechanism at doubled prime indices, stated in
(26). The formal theorem is not restricted to individually computed indices; the divisi-
bility criterion holds for the actual partial sums at every odd prime.

B.5 Exact identities for shared prime powers

The following identities make it possible to update the shared part of a common de-
nominator and to calculate the prime powers left after removal of a factorial factor. Let
I C{2,3,...} be finite.

Write D(I) = lch] ijel ged(d;, ]), with D(I) = 1 for an empty or singleton fam-
ily. For each prime , its valuation is the second-largest valuation among the d;, count-
ing missing values as zero; the denominator Icm has the largest valuation. This proves
D(I)lem;g;d; | [ 1,7 4; prime by prime.

The integer D(I) can be updated exactly when one index is added. For the positive
factorial-gap denominators, adjoining a new indexa > 2, a & I, gives

DU {a}) = lcm(D(I), gcd(da,lcm eld ))

since finite-family gcd and lem distributivity collapses the lem of all pairwise geds
against d, to a single gcd. For a fixed positive integer F, take the lcm with F on both
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sides:
lem(F,D(I U {a})) = lem(F, D(I), ged(d,, lemjc; d;) ).

Thus one need only retain the denominator lcm and lem(F, D(I)) at each step. The pre-
scribed factor F is not an extra summand denominator.

There is also an exact bound by the product of the denominators divided by their
least common multiple. For a positive integer F, define Cd) = lem(F,D())/F =
D)/ ged(F,D(I)). Since C(I) divides D(I), the preceding divisibility gives

Hjel df

Chlemgd; | | |4, Cu)y < ———.
J J ]1; lijeld]'

For the factorial block this specialises to

Hnelp(n! -1

P = lcmnelp(n! -1

an upper bound for the shared factor in terms of the denominator product and lem. The
bound alone does not establish (24).

Dividing by Fp subtracts its prime exponents; it does not remove every prime that
occurs in Fp. With Fp = (-1 Dp = D(Ip) and Cp = lcm(Fp, DP)' as in the main

record,
. G D, .
C="L=—"r__ v,(C,) = max{0,0,(D,) — v,(F,)}.

P F, - gcd(Fp,Dp)'

Fore > 0, r° | @p exactly when Dp is divisible by rewr(PP), which in the block forces

two distinct denominators to be divisible by that higher power, by the second-largest-
valuation formula. If i < j are two such hits and f = v, (Fp), then r°*f | j!'/i' — 1. Since
r|jl—1forcesj <r, 0 <jl/il —1< rf_i,hencee+f < j —i. For a prime r | ép,
this bounds the surviving valuation by Ur(ép) + U,,(Fp) < r. Since vr(q,) > 1 and
vr(Fp) > |(p—1)/r], weobtain [(p — 1)/r] < r—2,hencep -1 < r(r—1) < 2.
Consequently 5,7 is coprime to k! whenever k(k — 1) < p — 1: a prime r < k dividing
both would givep —1 < 7(r —1) < k(k —1) < p — 1. This excludes the small primes but
does not bound the product of the remaining prime powers.

If a prime r divides a denominator n! — 1 with n > p, then r { Fp and ¢ | C; = 7°|
Cp for every e > 0. This has an exact incidence-count form,

1C, e 1<#Hiel,:r|il-1)},
so a bound of at most one such index implies vr(ﬁp) < e. Counting the exponents gives
0,(C) =#ec[Lr—1]:1<#i€l,:r|il —1}},

and for a prime r > 2p — 1 the range can be restricted to e € [1,2p — 4]. The same
equivalence holds under the exact condition r } F, in place of r > 2p — 1, hence in
particular for every prime r > p. Ate = 2, an upper bound of one on the number of
indices gives vr(ép) <1.
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A surviving prime power also forces two indices to be far apart. If r is prime, e > 0

and r° | q,, there arei < jin L, with r¢+orEp) 1, perorEp) eror(Ep) < jj_i;
e+v,(Fp)

| ! — |j!=T1andr
consequently (2p— 1% < r forces d < j—i. The required spacing follows directly:
any two r°-hits i < j satisfy e < j — i, because r | j! — 1 already forces j < r and the
inequality for j!/i! — 1 then forces the strict separation. More generally, for any two

indices 2 < i < j and any prime power r* with e > 0,
relit—=1, r|jl-1 = r°<j7,
so successive solutions of i! =1 (mod r¢) are at least ¢ + 1 apart, and
(e+1)#{iEIp:re|i!—1} < 2p+e—2.
The resulting bound on the exponent is
7| ép = Ur(ép) + ZJ,,(FP) <2p-3

for every prime r and p > 2. Thus the exponent already present in F,, uses part of the
same bound 2p — 3. To apply (15), one still needs sufficiently strong bounds for the
product of the shared prime powers and for the gap p,,/R,.

The available squarefreeness evidence is finite. An exhaustive modular scan through
r < 2,000,000 and n < 240 found four individual square hits and no prime with two such
hits. All 498,501 pairs 2 < a < b < 1000 have squarefree gcd(a! —1,b! —1). The supplied
aggregate scan through p = 499 also reports a ratio below 0.374, but does not specify its
logarithmic normalisation; that ratio is not used as a quantitative premise here. These
are reported finite computations, not an asymptotic bound or a proof of squarefreeness
at all indices.

A finite version of the argument for first prime occurrences compares the product
of a chosen set of primes, each at least 5, with [ [,_, (k! — 1); if the prime product is
larger, at least one chosen prime has no hit through B, while Wilson still bounds its least
hit by g — 2. Wilson reflection limits what a linear-size divisor can be assumed to be: if n
isodd,n < g,and g | n!—1, thenq | (§—n—1)!—1. Suppose also that p < n, both indices
lie in I, and the reflected index is earlier, equivalently g < 2n + 1. The prime g then
divides two denominators in the block. Since g > n > p, it does not divide F, = (p —1)!,
s0q | q,: removing the factorial factor does not remove this shared prime.

Stewart states that for every & > 0 there are infinitely many odd n whose least prime

factor q of n! — 1 satisfies
(«m5—1 )
n<g< — 8 +e|n,

estimate (9) of Theorem 1 being stated for n! + 1 [8, p. 463] and transferred to n! — 1
in the text [8, p. 464]. This controls g relative to the specified index n, not to its first
occurrence. It does not by itself force a repeated divisor. For the minus sign, the bound
is already met at all sufficiently large Wilson indices n = q — 2. For every prime g > 5,
Wilson gives q | (7 —2)! — 1, and g is its least prime factor. Indeed, every prime divisor
exceeds g — 2, and g — 1 is even; moreover q/(q — 2) — 1. The reflected index is then 1,
outside the denominators of S.
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For example, modulo 11 the only solution of k! = 1 with2 < k < 9isk =9, although
11/9 < (\/E — 1)/8. A small ratio q/n therefore supplies neither a second admissi-
ble hit nor membership of a reflected index in the chosen block. The earlier reflection
argument needs both block-membership hypotheses and distinct indices. Neither the
required estimate at first occurrences nor a bound for the total shared part follows from
the transferred least-prime-factor estimate alone.

For a selected prime g | R,,, the factors 1 and g are coprime, and the associated moduli
R, and R,,/g have lem R,. Thus this specialisation requires no second selected prime.

The elementary fact behind the projection argument is as follows. Let Z, T, B be non-
negative integers, let R > 0, and suppose Z = T (mod R). Every positive divisor Q of
Rwith Z < B < Q satisfies T mod Q = Z, since Z is already the least nonnegative rep-
resentative. Consequently, unequal residues modulo two divisors exceeding B rule out
such a Z. More generally, if T mod Q; # T mod Q,, then min(Q,, Q,) < T: otherwise
both residues would equal T.

B.6 Finite vectors and exact numerical examples

The minimum-moment vector 12K, + 253Uy — 11Ug from §5 also gives a finite nonin-
tegral remainder. By Theorem 5.4, its remainder is 242 + 1380(S — Hy). Exact rational
arithmetic gives

5 2.1380 1
&  9—-1 7100

2 2 242 +1 ! 2
55+ £ <242+ BSO;m < 255 +
The tail bound therefore places the remainder strictly between 255 and 256. Its fractional
part, rather than the size of the remainder itself, is what excludes denominators dividing
1380. This small instance explains the signed-part comparison in the short note; the
headline finite exclusions already imply its denominator restriction.

The finite-support vector A = 2e3 — ey has, by kernel check, V,(A) = 0, factorial
moment —12, V3(A) = =2, V4(A) = 11, and V4 (1) = —12 for every d > 5. Under the
exact tail enclosure 1/119 < ), -1/(d! — 1) < 1/50 its residual lies strictly between
—93/575 and —309/13685, so it is nonzero and has absolute value less than 1.

In the enlarged coefficient space of §5, exact integer computation verifies the vectors
Kp for every 2 < D < 12: weighted sums 2 through D vanish, the factorial moment is
Lp, and the coefficients have gcd one. They lie outside the space of vectors supported
onn > 2, since L is odd and every such vector has even moment. AtD =9,

Lg = 31540008254514077395, ag = [e1]1Kg = —3902884074990939115.

Since U;; = Tq; has uy; = 0, the vector Kg — 9553024718754 U, keeps the coordi-
nate a9 and has coefficients with gcd one. By Theorem 5.4 its residual is Lo (S — Hg) —
9553024718754, and exact rational arithmetic with the tail bound Zn>36 1/(nl —1) <
2/(36! — 1) places it strictly between 1353/100000 and 1354/100000. A different exam-
ple is supported on n > 2: the vector ¢ = (—40,55,-10,1) on the support (3,4,5,6)
annihilates weighted sums 2 and 3, has moment 600, and satisfies

0.09925341997208298 < R (c) < 0.09925341997208300,
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which excludes denominators dividing 600.

A separate interval computation reports the stronger geometric statement that no
lower-interval event mf,,_; < E,, occurs at any 3 < m < 100000; its executable and
source digest are not available, so that classification remains external finite evidence.
The carry census through 300000 used in the short note is the GMP computation re-
ported in the supplied manuscript, not a run repeated for this prose revision. Section 6
records its reported driver, backend and payload digests and the separate earlier cal-
culation through 4000. The full range is external computational evidence outside the
Lean development. The original prose packet contains the manuscript’s report, not the
complete GMP executable and payload, so the present revision does not independently
authenticate those digests.

B.7 Limits of the recurrences and clearing factors used here

e Without the defining floor relation, the carry recurrence and its range allow Z,, /m!
to be the constant 3/2. Taking Z,, = 3m!/2 form > 2 and b,, = 1 for m > 3 gives
Z,=mZ, 1+1-0b, and -1 < b,, < m — 1, with the actual initial value Z, = 3.
But it gives Z3; = 9, whereas the actual prefix Hy = 6/5 gives Z3 = 8. This example
only disproves sufficiency of the stated recurrence, bounds and initial integer. It
fails the floor definition. No claim is made that it satisfies the additional prime-
index identities. The rational recurrence for F,, = m!H,, in §B.1 determines the
actual partial sums uniquely.

e The arguments considered with Wilson quotients, harmonic sums, p-adic gamma
identities, and factorial residues still need a real gap estimate and the required
modular divisibility at the same indices. No such unbounded family is obtained
here. This records the missing step in these arguments, not an impossibility theo-
rem for the use of those identities.

e For the genus-zero product E(z) = [] uso(1=z/nl), local uniform convergence and

logarithmic differentiation give —E’(1) /E(1) = S. Termwise clearing by ]_[2]:2 (n!-—
1) cannot give a positive remainder tending to zero: this product is at least Ly,
and Ly (S — Hy) — oo by §2. The conclusion concerns this clearing factor alone;
Hermite—Padé systems with other denominators are not ruled out.

e Changing a coefficient vector without changing its moment changes the residual
by an integer only. Also, cancelling the first D — 1 weighted sums forces L, to
divide the moment; factorial divisibility does not remove that constraint.

e A fixed pair of denominator indices cannot make the projection argument work at
arbitrarily large parameters, because their factors eventually divide the factorial
being removed.

B.8 An elementary criterion for any real number

The fractional-part condition in (10) follows from the following consequence of Can-
tor’s termination criterion. For a real x and any positive sequence c,, with ¢,, < 1/m
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eventually,
x¢EQ <= {(m-1)!x}>c, for arbitrarily large m.

For rational x the fractional parts vanish eventually. Conversely, if {(m — 1)!x} < ¢, <
1/m for all large m, then m{(m — 1)!x} < 1, so every sufficiently late canonical digit
is zero. Cantor’s criterion then makes x rational. Equality c,, = 1/m is allowed: it is
failure of the displayed weak inequality that makes m{(m — 1)!x} strictly less than one.
For x = S, the choice ¢,, = E,,/m gives exactly (10); indeed 0 < E,, < 1 ensures the
required threshold bound. The finite test (11) is a separate sufficient condition at one
index. Its cofinal converse uses the carry theorem, as shown in §3, not substitution into
this general criterion. Neither argument proves that S meets the test at arbitrarily large
indices.

The threshold 1/m cannot be replaced by A/m for a fixed A > 1. Forx = eand m > 3,
the factorial tail gives

1 1
m{(m—1)le} =1+ m! Z o <1+Z <A eventually.

n>m "

Thus the irrational number e would never meet the enlarged threshold at sufficiently
large indices. Positivity is also essential: with c,, = 0, rational numbers would meet the
threshold eventually. These examples explain the two assumptions without imposing
any equidistribution hypothesis.

C Relations among the criteria

The two finite exclusions in §6 use only the carry criterion and a rational enclosure. The
coefficient constructions do not enter either calculation. They instead produce integer
linear forms R.(c) = M(c)S + k, k € Z. At fixed moment, changing coefficients changes
only k; primitive cofactors on the stated progression reproduce the explicit progression
vector rather than a new family.

For a rational value S = a/g, such a form is integral whenever g | M(c). To extend
this method beyond finite exclusions, one therefore needs nonintegral remainders with
moments covering every positive denominator in this divisibility sense. The common-
denominator lower bound and the prime-power survival test do not supply the needed
upper bound for a remainder relative to its integer gap. Likewise, the equivalent carry,
digit and interval criteria still require events at arbitrarily large indices. A finite calcula-
tion can rule out denominators without proving any of those unbounded assertions.
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