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ABSTRACT

Let 𝐹(𝑡) = ∑𝑛≥1(𝑡𝑛 − 1)−1. Problem #1049 asks whether 𝐹(𝑡) is irrational for every ratio-
nal 𝑡 > 1; it remains open, and we prove no irrationality result. At the rational base 3/2
we instead prove two scoped arithmetic obstructions. The first concerns a common-width
integer-linear-form approach. Integer scalar multiplication changes the analytic error and
the exterior determinant by the same factors, including determinant height, so scalar con-
tent alone gives no local-to-Archimedean gain. Homogeneous specialisation at (3, 2) de-
tects the constant endpointmodulo 3 and the top endpointmodulo 2; under unit-endpoint
hypotheses, neither prime can divide both specialised evaluations. Thus an argument us-
ing this particular local-divisibility strategy must obtain its 2- and 3-primary gain after
primitive normalisation. These results exclude only thosemechanisms; they neither prove
that local gain is necessary nor rule out polynomial factors before specialisation, cross-row
arithmetic, or another proof architecture. We also give a finite-group collision lemma: for
positive bottom depth 𝑅, any 𝑀 ≥ 4𝑅 + 2𝑆 coefficient pairs admit a nonzero selector dif-
ference cancelling four prescribed endpoint residues, that is, both endpoint jets in both
sequences. This constructs only the signed relation; it does not ensure that the resulting
polynomial pair or analytic remainder is nonzero.
Second, we isolate a six-condition coordinatewise clearing scheme at a rational base 𝑟/𝑠.
Its hypotheses force 𝑠𝑁+𝐾+1 < 𝑟(𝑁 + 𝐾), which is impossible at 3/2 when the shift and
cleared window are nonempty. The associated cleared-tail recurrence 𝑈𝑁+1 = 𝑟𝑈𝑁 −
𝐵𝑐(𝑁 + 1)𝑠𝑁+1 is recorded as an explanatory identity; its forcing term satisfies 2𝑁+1 ≤
𝐵𝑐(𝑁 + 1)𝑠𝑁+1 for 𝑠 ≥ 2 and positive data, whereas at 𝑠 = 1 that term is 𝐵𝑐(𝑁 + 1). The
recurrence is not derived from rationality and does not exclude other clearing or linear-
form constructions.
For comparison, Bundschuh and Väänänen’s published theorem settles a restricted family
containing 7/2; Lean checks only the elementary height inequality required by that 1994
criterion [4], leaving its analytic irrationality argument external. Polynomial denominator-
exponent bounds for a homogenised Padé construction likewise leave the analytic remain-
der untreated. We also verify elementary membership and exclusion statements for the
logarithmic region log 𝑏/ log 𝑎 < 81/200, but cite no analytic irrationality theorem for that
cutoff. Problem #1049 remains open: nothing here proves rationality or irrationality at 3/2,
or supplies a method-wide obstruction.

Authorship and AI use. The prose, formal proofs, and software in this version were drafted and revised
by large-language-model agents under Will Cook’s direction. Cook set the objectives and acceptance crite-
ria, reviewed and authorised the manuscript, and is responsible for its contents. The agents are production
tools, not authors. See Statements and declarations.
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1 Introduction
Let 𝑡 > 1 be a rational number and let 𝜏(𝑛) count the divisors of 𝑛. Erdős Problem #1049
asks whether

𝐹(𝑡) = ∑
𝑛≥1

1
𝑡𝑛 − 1 = ∑

𝑛≥1

𝜏(𝑛)
𝑡𝑛

is irrational [2, p. 102]. The two forms agree by expanding (𝑡𝑛 − 1)−1 = ∑𝑘≥1 𝑡−𝑛𝑘 and
collecting the terms with the same exponent, the coefficient of 𝑡−𝑚 being the number
of divisors of 𝑚. The question is a conjecture of Chowla; Erdős proved it for every in-
teger 𝑡 ≥ 2 [1]. Bloom’s current catalogue record reproduces the displayed rational-𝑡
question, labels it open, attributes it to Chowla, and points to Erdős’s 1988 statement on
p. 102 and the 1948 integer-base theorem [11]. The same record warns that its status
is the website owner’s current assessment and asks readers to cite the original Erdős
sources. Accordingly, the catalogue is used here for numbering and current reported
status, while the two original publications carry themathematical claims. The universal
conjecture over all rational 𝑡 > 1 remains open; individual non-integral rational bases
are known, including 7/2 below.

Write 𝑡 = 𝑟/𝑠 in lowest terms with 𝑟 > 𝑠 ≥ 1, so that 𝑠 = 1 is exactly the integer
case Erdős settled. The resistant explicit base of least naive height 𝐻(𝑟/𝑠) = max(𝑟, 𝑠) is
𝑡 = 3/2. A published height criterion of Bundschuh andVäänänen [4, Thm. 2, p. 177; hy-
potheses pp. 175–176] settles a family of rational bases restricted by a height condition;
that family contains 7/2 and does not contain 3/2. Between the two lies the question
this note is about: what exactly stops the integer-base argument from running at 3/2?

Relation to prior work. The Formal Conjectures file for Problem #1049 contains the con-
jecture and integer-base theorem as sorry placeholders, but it also proves the Lambert
identity between the two displayed series for rational 𝑡 [12]. In the present 𝑡 > 1 regime
its lambert_convergent branch is an ordinary convergent-series proof; the same file’s
|𝑡| ≤ 1 branch instead uses Lean’s convention that the tsum of a nonsummable series
is zero. Thus it supplies genuine checked prior art for the identity, but no irrationality
theorem. The present note formalises propositions about the clearing argument and
likewise does not answer the conjecture. Erdős’s positive-integer theorem of 1948 [1]
sits inside a larger integer-base literature. At the level of functions, Rivin proves that if
a sequence 𝛾 and its divisor-sum sequence are both eventually linearly recurrent, then
𝛾 is finitely supported [9, Theorem 1.1, p. 2; proof pp. 6–7]. His periodic-coefficient
corollary therefore shows that

∑
𝑛≥1

𝑧𝑛

1 − 𝑧𝑛

is not a rational function [9, Corollary 6.4, p. 9]. This is an exact structural statement
about the function underlying Problem #1049, but it gives no irrationality statement for
a special value at 𝑧 = 1/𝑡: a nonrational function may take rational values at particular
rational points. In 1991 Borwein proved the irrationality of shifted series ∑𝑛≥1(𝑡𝑛+𝑤)−1

at integer bases 𝑡 ≥ 2, for every nonzero rational 𝑤 with 𝑤 ≠ −𝑡𝑚 for all 𝑚 ≥ 1, by Padé
approximation rather than by digit clearing; his estimates also show that these values
are not Liouville numbers [3, Thm. 4, pp. 257–258]. In 2001 Van Assche recovered the



Erdős #1049: arithmetic boundaries at base 3/2 3

integer-base irrationality and the bound 𝜇(𝐹(𝑝)) ≤ 2𝜋2/(𝜋2 − 2) = 2.50828 … using lit-
tle 𝑞-Legendre Padé approximants [7, Thm. 1, p. 10; proof pp. 10–11]. His more general
Theorem 3 proves irrationality of ∑𝑘≥1(𝑐𝑝𝑘 −1)−1 for an integer 𝑝 > 1 and fixed rational
𝑐 away from the poles [7, Thm. 3, p. 14]; it does not cover a rational noninteger base 𝑡
in 𝐹(𝑡), because the multiplier needed to write 𝑡𝑘 over an integer base varies with 𝑘. In
2013 Vandehey proved that ∑𝑛≥1 𝑑(𝑛)𝑎𝑛/𝑏𝑛 is irrational whenever 𝑏 > 1 is an integer
and (𝑎𝑛) ranges in a finite integer alphabet excluding zero; taking 𝑎𝑛 = (−1)𝑛 completes
the elementary digit method for integer bases 𝑏 ≤ −2 [8, Thm. 1.2, p. 2]. His companion
theorem permits a finite alphabet of nonnegative integers containing zero, provided the
coefficient sequence is not eventually zero [8, Thm. 1.1, p. 2]. All three retain an integer
base. In 2004 Zudilin obtained the uniform bound 𝜇(𝐹(𝑝)) ≤ 2.46497868 … for every in-
teger 𝑝 ∉ {0, ±1}, byway ofHeine’s basic transform and a permutation group [5, Thm. 1,
p. 154; Secs. 4–5, pp. 159–162]. The ordinary-hypergeometric antecedent is Rhin and Vi-
ola’s 𝑆5 action and twelve-coset denominator reduction for rational forms in 𝜁(2) [6,
Sec. 3, pp. 38–42; Sec. 4, pp. 46–51]. Those sources motivate the permutation, denom-
inator and polynomial- specialisation architecture of Section 3; the endpoint lemmas
there are abstract and are not yet applied to either source’s actual coefficient family.
The neighbouring problem of Lambert subseries ∑𝑛∈𝐴(𝑡𝑛 −1)−1 over a restricted index
set 𝐴 is treated by Kovač and Tao [10]. The rational non-integer progress relevant here
is instead the height criterion of Bundschuh and Väänänen [4]. No claim of priority is
made for anything below, which concerns the formal status of an argument rather than
a new theorem about 𝐹(𝑡).

Erdős’s integer-base argument, in outline. For an integer 𝑏 ≥ 2, Erdős rewrites
𝐹(𝑏) = ∑𝑛≥1 𝜏(𝑛)𝑏−𝑛. A Chinese-remainder construction forces arbitrarily long blocks
in which the divisor coefficients have the powers of 𝑏 needed to make the correspond-
ing base-𝑏 digits zero. Explicit bounds control the middle and far tails, while positivity
proves that the expansion does not terminate. The resulting base-𝑏 expansion has ar-
bitrarily long zero blocks without being eventually zero and is therefore irrational [1,
pp. 63–66].

The direct cut-and-clear attempt studied here. A more naive route is to suppose
𝐹(𝑏) = 𝑝/𝑞, cut at 𝑁, and multiply the remaining identity by 𝑞𝑏𝑁 . This does not by itself
trap a positive integer below 1: the first uncleared tail contribution is 𝑞𝜏(𝑁 + 1)/𝑏. The
sections below isolate additional corridor hypotheses under which a bounded-window
version of this route would work, and then show why those hypotheses fail at 3/2.

Write 𝛽 = 𝑟/𝑠 for the base and 𝑐(𝑛) for the coefficient of 𝛽−𝑛, so that 𝑐 = 𝜏 in the case
at hand. The term 𝑐(𝑛)𝛽−𝑛 is 𝑐(𝑛)𝑠𝑛/𝑟𝑛. Clearing the power of 𝑟 leaves the numerator
factor 𝑠𝑛 in place. That factor is invisible when 𝑠 = 1 and grows geometrically when
𝑠 ≥ 2. At 3/2 it is 2𝑛.

Terminology. The linear-form route uses polynomial pairs before specialisation and
integer pairs afterwards. We reserve row for an integer pair (𝑈, 𝑉). Its integer scalar
content is gcd(|𝑈|, |𝑉|); a row is primitive when this number is 1, and dividing by it is
primitive normalisation. A polynomial pair may instead have a polynomial common fac-
tor in ℤ[𝑋]; that is a different operation and is not called row content here. The exterior
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determinant of two integer rows is 𝑈𝑛𝑉𝑚−𝑈𝑚𝑉𝑛, the determinant of the 2×2 matrix they
form. Two quantities attached to that determinant are compared throughout: an integer
dividing it, which is a local gain, and its absolute value, which is an Archimedean cost;
we call that comparison the local-to-Archimedean balance. The endpoints of a coefficient
polynomial, taken relative to the declared width 𝑊 of Section 3, are its constant coeffi-
cient and its coefficient at 𝑊; we call these the constant endpoint and the top endpoint, so
the top endpoint is the coefficient at 𝑊 and not the leading coefficient unless the two
agree. A unit endpoint is one equal to ±1, the units of ℤ; Theorem 3.1 is the reason only
these two coefficients decide divisibility by 3 and by 2 after specialisation at (3, 2). A
jet is a residue of a specialised coefficient modulo a prime power: the bottom jet is its
residue modulo 3𝑅 and the top jet its residue modulo 2𝑆, and 𝑅 and 𝑆 are the bottom
and top depths. A jet vanishes exactly when the prime power in question divides the
specialised coefficient.

The shortfall at 3/2. The elementary route and the linear-form route are both exam-
ined below. For the coordinatewise clearing scheme the leftover at each step is the forc-
ing term of an exact recurrence, of size at least 2𝑁+1 whenever 𝑠 ≥ 2 and the scaling
constant 𝐵 and the coefficient 𝑐(𝑁 + 1) are at least 1 (Theorem 5.2), and the scheme
itself is excluded at 3/2 for every shift 𝑁 ≥ 1 and every cleared window of width 𝐾 ≥ 1
(Theorem 4.5). For the linear-form constructions we examine two possible sources of
2-adic and 3-adic gain. Integer scalar content is exactly neutral, since it scales the exte-
rior determinant and its absolute height by the same factor (Theorem 2.1), while unit
endpoints keep both 2 and 3 out of any common divisor of the two specialised evalua-
tions (Theorem 3.1 and Proposition 3.3). Corollary 3.5 states the two scoped exclusions
together; neither is claimed to be necessary for every linear-form proof. Separately, the
scalar parametermargin is negative under the assumed source inequality (Theorem3.8).
One candidate pursued here is additive: an integer relation among rows that cancels the
endpoint jets. Theorem 3.6 shows that a nonzero relation with coefficients in {−1, 0, 1}
cancelling all four jets exists whenever the bottom depth is positive and the number of
coefficient pairs is at least 4𝑅 + 2𝑆. It does not show that the resulting combination has
a nonzero polynomial pair or a nonzero remainder. Problem 8.1 gives a precise suffi-
cient specification for that particular candidate architecture, not a necessary condition
for solving Problem #1049. Sections 6 and 7 record two external routes and what each
leaves unproved at 3/2.

Sharpness. Two questions of scope are worth isolating. The corridor bound of Theo-
rem 4.2 is exponential on the left and linear on the right, so for a fixed numerator and
any 𝑠 ≥ 2 a corridor can survive only for bounded 𝑁 + 𝐾; the base 3/2 is the case in
which the crossing has already happened at the smallest admissible window, which is
why the exclusion there holds for all 𝑁 ≥ 1 and 𝐾 ≥ 1 with no further restriction. The
height criterion of [4] is restricted by a height condition satisfied at 7/2 and not at 3/2,
so the two bases are separated by that criterion rather than by anything proved here.

Status. The problem treated here is open, and this note does not close it. Every state-
ment below marked as checked is a proposition that the pinned Lean kernel accepts
from the sources this note links to, with no sorry, no added axiom, and no unchecked
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evaluation. That is a claim about the formal statement, not about its mathematical inter-
est, its novelty, or the original problem. The unresolved obligations are named exactly,
in their own section, and none of the finite computations, reductions, or no-go results
here removes one of them.

Structure. Section 2 proves that integer scalar content is neutral for the local-to-
Archimedean balance. Section 3 proves the endpoint congruences at (3, 2), deduces
from them and from Section 2 that neither integer scalar content nor a common divi-
sor of the two specialised evaluations supplies the targeted endpoint gain, gives the
four-jet collision count, and records one further exclusion on Zudilin’s scalar parame-
ters. Sections 4 and 5 return to the elementary clearing scheme and record what the
residue 𝑠𝑛 costs there, first as an exclusion and then as an exact recurrence with a lower
bound on the surviving term. Sections 6 and 7 record what is and is not formalised
of two external routes, together with the separate 81/200 logarithmic comparison. Sec-
tion 8 separates kernel escape from asymptotic adequacy and states the remaining obli-
gations. Linked phrases open the corresponding Lean declaration at the pinned source
revision 76b5b0a7ed5d.
Keywords. irrationality; Lambert series; rational base; Padé approximation; Lean 4.
MSC 2020. 11J72 (primary); 11J82, 68V20 (secondary).

2 Integer scalar content is neutral
An irrationality argument by linear forms replaces the clearing scheme by explicit ra-
tional approximation: one constructs integer linear forms in 1 and 𝐹(𝛽) whose analytic
decay outruns the height of their common denominator. For an integer coefficient pair
(𝑈, 𝑉) and a real target 𝑆, put

𝐿𝑆(𝑈, 𝑉) = 𝑈𝑆 − 𝑉, Δ((𝑈𝑛, 𝑉𝑛), (𝑈𝑚, 𝑉𝑚)) = 𝑈𝑛𝑉𝑚 − 𝑈𝑚𝑉𝑛.

We call 𝐿𝑆(𝑈, 𝑉) the error of the row at 𝑆; a good approximation is one that makes it
small. The second expression is the exterior determinant of the two rows, and it elimi-
nates 𝑆 exactly:

Δ = 𝑈𝑚𝐿𝑆(𝑈𝑛, 𝑉𝑛) − 𝑈𝑛𝐿𝑆(𝑈𝑚, 𝑉𝑚).

This identity is what makes the determinant useful. Since Δ is an integer, if it does not
vanish then

1 ≤ |Δ| ≤ |𝑈𝑚| ∣𝐿𝑆(𝑈𝑛, 𝑉𝑛)∣ + |𝑈𝑛| ∣𝐿𝑆(𝑈𝑚, 𝑉𝑚)∣,

and the two errors cannot both be smaller than 1/(|𝑈𝑛| + |𝑈𝑚|). The determinant there-
fore carries two competing quantities at once, an integer that divides it and its own
absolute value, and the theorem below is about how a rescaling moves them.

Theorem 2.1 (integer-scalar-content no-go). Let 𝑆 be real, let (𝑈𝑛, 𝑉𝑛) and (𝑈𝑚, 𝑉𝑚) be
pairs of integers, and let 𝑐𝑛, 𝑐𝑚 be integers. Then

𝐿𝑆(𝑐𝑛𝑈𝑛, 𝑐𝑛𝑉𝑛) = 𝑐𝑛𝐿𝑆(𝑈𝑛, 𝑉𝑛),

Δ(𝑐𝑛(𝑈𝑛, 𝑉𝑛), 𝑐𝑚(𝑈𝑚, 𝑉𝑚)) = 𝑐𝑛𝑐𝑚Δ((𝑈𝑛, 𝑉𝑛), (𝑈𝑚, 𝑉𝑚)),
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and consequently

∣Δ(𝑐𝑛(𝑈𝑛, 𝑉𝑛), 𝑐𝑚(𝑈𝑚, 𝑉𝑚))∣ = |𝑐𝑛| |𝑐𝑚| ∣Δ((𝑈𝑛, 𝑉𝑛), (𝑈𝑚, 𝑉𝑚))∣ .

In particular 𝑐𝑛𝑐𝑚 divides the scaled determinant. Hence a local divisor supplied only by the
two integer scalar factors is paid for by exactly the same factor in the Archimedean determinant
height.

Proof. All three identities are routine expansions in ℤ or ℝ; the divisibility statement
uses the primitive determinant as its witness.

Informally, Theorem 2.1 says that multiplying specialised integer rows by scalar fac-
torsmoves the local gain and the Archimedean cost by exactly the same amount. Within
an argument whose only extra divisor is integer scalar content, primitive normalisation
therefore loses no net gain. This says nothing about polynomial factors before special-
isation, cross-row common factors, determinant-specific arithmetic, or additive combi-
nations.

Example 2.2. Take (𝑈𝑛, 𝑉𝑛) = (1, 2) and (𝑈𝑚, 𝑉𝑚) = (3, 5), so that Δ = 1 ⋅ 5 − 3 ⋅ 2 = −1.
Multiplying the first row by 𝑐𝑛 = 6 and the second by 𝑐𝑚 = 10 gives the rows (6, 12) and
(30, 50), whose determinant is 6 ⋅ 50 − 30 ⋅ 12 = −60. That determinant is now divisible
by 60, which looks like a local gain of 60; and its absolute value has risen from 1 to 60,
which is a cost of exactly the same size.

Lean checks the error identity in error scaling, the determinant identity in content fac-
torisation, the exact absolute-height identity in absolute determinant scaling, and the di-
visor statement in content-product divisibility. The elimination identity is the checked
exterior determinant identity.

The key point is that the two scalings are the same scaling. Each identity on its own
is a one-line expansion, and the interest of the theorem is not in any one of them. Taken
together they say that the factor 𝑐𝑛𝑐𝑚 which a rescaling introduces into the determinant
reappears undiminished, as |𝑐𝑛| |𝑐𝑚|, in the absolute value of that determinant. The third
identity is displayed with absolute values for exactly that reason: it is what makes the
statement one about theArchimedean height and not about divisibility alone. Whatever
𝑐𝑛 and 𝑐𝑚 are, a rescaling therefore leaves the balance between the local divisor and that
height where it was.

The theorem does not construct primitive Padé rows, estimate their remainders, or
prove that their exterior determinant is nonzero. It removes one source of apparent
gain: multiplying a useful row by a large common integer cannot improve the local-to-
Archimedean balance. Within a construction whose proposed gain comes only from
those integer scalars, the rows may be primitive-normalised without a net loss. This
does not say that every candidate family must use such a normalisation or that every
proof needs separate 2-adic and 3-adic gain. The theorem quantifies over arbitrary inte-
ger pairs, so it applies whenever a construction has reached that specialised-row stage.

https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/RationalPadeArithmetic.lean#L84
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/RationalPadeArithmetic.lean#L94
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/RationalPadeArithmetic.lean#L94
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/RationalPadeArithmetic.lean#L104
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/RationalPadeArithmetic.lean#L116
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/RationalPadeArithmetic.lean#L124
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3 Endpoint residues at (3, 2) and the four-jet kernel
Zudilin’s treatment of 𝑞-harmonic series [5] builds linear forms of the shape used in
Section 2 out of Heine’s basic transform. The generic endpoint and jet lemmas below
concern arbitrary integral coefficient pairs of this shape; they do not construct or instan-
tiate Zudilin’s actual polynomial family. Each lemma uses no property beyond integral-
ity and quantifies over arbitrary elements of ℤ[𝑋]. The exception is Theorem 3.8 at the
end of the section, which concerns the scalar parameters of Zudilin’s cone rather than
the coefficient polynomials.

Substituting 𝑋 = 3/2 into an integer polynomial produces a rational number, and
multiplying by a power of 2 clears its denominator. The following evaluation records
that cleared numerator, so that all the arithmetic below stays inside ℤ. For 𝑃(𝑋) =
∑𝑖 𝑝𝑖𝑋𝑖 ∈ ℤ[𝑋] and a declared width 𝑊 ≥ 0, put

𝐻𝑊(𝑃) =
𝑊
∑
𝑖=0

𝑝𝑖 3𝑖2𝑊−𝑖.

This is the homogeneous endpoint evaluation. It is homogeneous in the sense that 𝑋𝑖

is replaced by 3𝑖2𝑊−𝑖, so the numerator and the denominator of the base are carried
symmetrically. When 𝑊 ≥ deg𝑃 it is exactly the cleared numerator, since

𝑊
∑
𝑖=0

𝑝𝑖 3𝑖2𝑊−𝑖 = 2𝑊
𝑊
∑
𝑖=0

𝑝𝑖 (3
2)

𝑖
= 2𝑊𝑃(3

2) .

Theorem 3.1 (endpoint residues). Let 𝑃 = ∑𝑖 𝑝𝑖𝑋𝑖 ∈ ℤ[𝑋] and let 𝑊 ≥ 0. Then

𝐻𝑊(𝑃) ≡ 𝑝0 2𝑊 (mod 3), 𝐻𝑊(𝑃) ≡ 𝑝𝑊 3𝑊 (mod 2).

Consequently a unit constant coefficient prevents divisibility by 3, and a unit coefficient at the
declared width 𝑊 prevents divisibility by 2.

Proof. Modulo 3, every summand with 𝑖 > 0 vanishes; modulo 2, every summand with
𝑖 < 𝑊 vanishes. The remaining powers are units in the corresponding residue fields.

Since 2𝑊 is invertible modulo 3 and 3𝑊 is invertible modulo 2, the two congruences
say more than the stated consequence: divisibility of 𝐻𝑊(𝑃) by 3 is decided by 𝑝0 alone,
and divisibility by 2 by 𝑝𝑊 alone. The rest of the coefficient vector is invisible to both
primes. The coefficient 𝑝𝑊 is the top coefficient of 𝑃 exactlywhen deg𝑃 = 𝑊, and is zero
when deg𝑃 < 𝑊; the identity 𝐻𝑊(𝑃) = 2𝑊𝑃(3/2) likewise holds only for deg𝑃 ≤ 𝑊.

Example 3.2. Take 𝑊 = 2. The three polynomials below differ only at an endpoint.

𝑃 𝐻2(𝑃) 3 ∣ 𝐻2(𝑃) 2 ∣ 𝐻2(𝑃)

𝑋2 + 1 1 ⋅ 4 + 0 ⋅ 6 + 1 ⋅ 9 = 13 no no
𝑋2 + 3 3 ⋅ 4 + 0 ⋅ 6 + 1 ⋅ 9 = 21 yes no
2𝑋2 + 1 1 ⋅ 4 + 0 ⋅ 6 + 2 ⋅ 9 = 22 no yes

https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/ZudilinConeArithmetic.lean#L96
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The first has both endpoints equal to 1 and its evaluation, 13, is divisible by neither
prime; as a check, 22((3/2)2 + 1) = 13. The second and third show that each hypothesis
is used: spoiling the constant endpoint admits 3, and spoiling the top endpoint admits
2.

The congruences are the bottom-endpoint identity and top-endpoint identity; the unit
consequences are the constant-endpoint obstruction and top-endpoint obstruction.

The proof is two lines, but the shape of the statement is not incidental. The difficulty
lies in the fact that the specialisation sees a different endpoint at each of the two primes:
modulo 3 only the constant coefficient survives, and modulo 2 only the top one does.
The two exclusions are therefore conditions at opposite ends of the coefficient vector, and
the statement below imposes one at each end, on the two entries of a single coefficient
pair.

Proposition 3.3 (common divisor). Let 𝑈, 𝑉 ∈ ℤ[𝑋] and let 𝑊 ≥ 0. If 𝑈 has unit top
endpoint, 𝑉 has unit constant endpoint, and an integer 𝑐 divides both 𝐻𝑊(𝑈) and 𝐻𝑊(𝑉),
then

2 ∤ 𝑐 and 3 ∤ 𝑐.

This is the checked common-divisor exclusion. The proposition does not say that the
two evaluations are coprime; it says that whatever they share misses both of the primes
that matter at 3/2.

Example 3.4. Take 𝑊 = 2, 𝑈 = 𝑋2 + 3 and 𝑉 = 5𝑋2 + 1. The top endpoint of 𝑈 and the
constant endpoint of 𝑉 are both 1, and

𝐻2(𝑈) = 3 ⋅ 4 + 1 ⋅ 9 = 21, 𝐻2(𝑉) = 1 ⋅ 4 + 5 ⋅ 9 = 49.

Here gcd(21, 49) = 7, so a common divisor does exist and is not small; it is simply
coprime to 6.

Corollary 3.5 (no gain from integer scalar content or the stated common divisor at 3/2).
Under the endpoint hypotheses of Proposition 3.3, neither integer scalar content of specialised
rows nor a common divisor of the two specialised evaluations 𝐻𝑊(𝑈) and 𝐻𝑊(𝑉) can supply
factors 2 and 3 by those mechanisms in the common-width endpoint architecture studied here.

Proof. By Theorem 2.1 integer scalar content multiplies the analytic error and the ex-
terior determinant, including the absolute determinant height, by exactly the factors it
introduces, so a divisor obtained thatway is paid for by the same factor in that height. By
Proposition 3.3 an integer dividing both specialised evaluations is divisible by neither 2
nor 3.

Both ingredients are Lean-checked; the combination is an ordinary deduction and is not
separately formalised. The corollary excludes two ways of producing the targeted gain.
It does not show that a gain of that kind is necessary for a proof by linear forms at 3/2.

Corollary 3.5 excludes the twomultiplicative mechanisms above, and one candidate
pursued in the rest of this section is additive: rather thanmultiplying one rowby a scalar,
take an integer combination of several rows and ask that the combination be divisible

https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/ZudilinConeArithmetic.lean#L201
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/ZudilinConeArithmetic.lean#L215
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/ZudilinConeArithmetic.lean#L233
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/ZudilinConeArithmetic.lean#L251
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/ZudilinConeArithmetic.lean#L293


Erdős #1049: arithmetic boundaries at base 3/2 9

where the individual rows are not. The endpoint congruences are the first case of a
divisibility condition that can be imposed to any depth, and it is that condition, read
additively, which is counted below.

We first raise the two congruences to prime powers. Fix depths 𝑅, 𝑆 ≥ 0. For 𝑃 ∈
ℤ[𝑋] the bottom jet 𝐽3,𝑅(𝑃) is the residue of 𝐻𝑊(𝑃) modulo 3𝑅, and the top jet 𝐽2,𝑆(𝑃) is
its residue modulo 2𝑆; Theorem 3.1 computes them at 𝑅 = 𝑆 = 1. Their vanishing is
exactly the requested divisibility:

𝐽3,𝑅(𝑃) = 0 ⟺ 3𝑅 ∣ 𝐻𝑊(𝑃), 𝐽2,𝑆(𝑃) = 0 ⟺ 2𝑆 ∣ 𝐻𝑊(𝑃).

These are the checked bottom-jet divisibility criterion and top-jet divisibility criterion.
The four-jet signature of a coefficient pair (𝑈, 𝑉) is then the quadruple

(𝐽3,𝑅(𝑈), 𝐽3,𝑅(𝑉), 𝐽2,𝑆(𝑈), 𝐽2,𝑆(𝑉)) ∈ (ℤ/3𝑅ℤ)2 × (ℤ/2𝑆ℤ)2,

two residues for each of the twoprimes, one fromeach entry of the pair. By the displayed
criteria it vanishes exactly when 3𝑅 divides both specialised entries and 2𝑆 divides both.

For this candidate architecture, this turns the targeted local divisor into an additive
congruence-kernel problem: what is sought is no longer a common divisor of the two
evaluations, but a vector of small integer coefficients on which four residues vanish at
once. Since 𝐻𝑊 is linear in the coefficients of 𝑃, the four-jet signature of a combination is
the corresponding combination of signatures, which is what makes the following count
possible.

Theorem 3.6 (binary four-jet collision). Fix a width 𝑊 and depths 𝑅, 𝑆, and let (𝑈𝑗, 𝑉𝑗)𝑗<𝑀
be any 𝑀 pairs of integral polynomials. Call a subset of {0, … , 𝑀 − 1}, equivalently a vector of
{0, 1}𝑀, a binary selector. If the 2𝑀 binary selectors outnumber the finite four-jet target

(ℤ/3𝑅ℤ)2 × (ℤ/2𝑆ℤ)2,

then two distinct subsets have the same four-jet sum. Subtracting their indicator vectors gives a
nonzero coefficient vector in {−1, 0, 1}𝑀 cancelling all four jets. The target has exact cardinality

(3𝑅)2(2𝑆)2.

In particular, if 𝑅 > 0 and 4𝑅 + 2𝑆 ≤ 𝑀, such a collision exists.

Proof. Send each binary selector to the sum of the four-jet signatures it selects. The
claimed cardinal inequality and the pigeonhole principle give two distinct selectors in
the same fibre. The cardinality formula is the product of the four cyclic-modulus cardi-
nalities. For 𝑅 > 0,

(3𝑅)2(2𝑆)2 < (4𝑅)2(2𝑆)2 = 24𝑅+2𝑆 ≤ 2𝑀,

which proves the stated sufficient threshold.

The target count is the checked four-jet target cardinality; the abstract collision is the
checked four-jet pigeonhole kernel, and the linear sufficient condition is the checked
rank–depth collision threshold. The count is a routine pigeonhole; the reformulation

https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/ZudilinConeArithmetic.lean#L189
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/ZudilinConeArithmetic.lean#L195
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/ZudilinConeArithmetic.lean#L129
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/ZudilinConeArithmetic.lean#L140
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/ZudilinConeArithmetic.lean#L159
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above iswhatmakes it relevant. Pigeonhole cancellation itself requires no independence.
Additional information about the input family is needed to ensure that the resulting
nonzero selector difference has a nonzero combined polynomial pair and analytic re-
mainder. None of the statements proved here supplies such a family or proves either
nonvanishing conclusion.

Example 3.7. At depths𝑅 = 𝑆 = 1 the four-jet target is (ℤ/3ℤ)2×(ℤ/2ℤ)2, of cardinality
9 ⋅ 4 = 36, and the threshold reads 𝑀 ≥ 4 ⋅ 1 + 2 ⋅ 1 = 6. With six pairs there are 26 = 64
binary selectors against 36 targets, so two of them collide and their difference is a vector
in {−1, 0, 1}6, not identically zero, killing all four jets.

Informally, the theorem says only this: once there are at least 4𝑅 + 2𝑆 pairs and the
bottom depth 𝑅 is positive, some coefficient vector in {−1, 0, 1}𝑀, not identically zero,
kills all four jets of the corresponding combination. It does not say that the combination
is nonzero as a pair of polynomials, and it does not say that its remainder is nonzero.
Those are the two obligations Problem 8.1 carries.

One further exclusion is recorded here. It concerns the scalar parameters of Zudilin’s
cone rather than the coefficient polynomials.

Theorem 3.8 (scalar margin no-go). Let 𝐶1 > 0. If 𝐶0 ≤ 0 or 2𝐶0 ≤ 𝐶1, then

𝐶0 log 3 − 𝐶1 log 2 < 0.

Written multiplicatively, the conclusion is 3𝐶0 < 2𝐶1 . The inequality is immediate from
log 3 < 2 log 2 and 𝐶1 > 0, and is the checked three-halves scalar margin. The interest
is in the fence around it. The primary Zudilin theorem [5, Theorem 1, p. 154; Sec. 5,
pp. 161–162] supplies an integer-base irrationality-exponent estimate on its parameter
cone, and the elementary inequality 𝜇 ≥ 2 then forces 2𝐶0 ≤ 𝐶1 whenever 𝐶0 > 0; Lean
checks that implication separately. The primary theorem assumes an integer base 𝑝 =
1/𝑞. It does not state a rational 𝑝 = 3/2 theorem, so the all-scale coefficient construction
and rational specialisation remain external to the checked result, which is the scalar
parameter margin alone.

4 Failure of coordinatewise clearing at 3/2
This section and the next return to the elementary route and record what the residue 𝑠𝑛

costs there. We first isolate the arithmetic that the clearing scheme leaves behind, in a
form that does not mention the series. The point of doing so is that the clearing argu-
ment asks for two things at once, that a power of the numerator divide what has been
accumulated and that what survives be small, and these are easier to play off against
each other once the series has been discarded and only six natural numbers remain.

Definition 4.1 (coordinatewise corridor). Let 𝑎, 𝑏, 𝑁, 𝐾, 𝑄, 𝐷 be natural numbers. Say
that (𝑎, 𝑏, 𝑁, 𝐾, 𝑄, 𝐷) is a coordinatewise corridor when

𝑎 > 0, 𝑄 > 0, 𝐷 > 0, 𝐷 ≤ 𝑁 + 𝐾, 𝑎𝐾 ∣ 𝑄𝐷, 𝑄 𝑏 𝑁+𝐾+1 < 𝑎 𝐾+1.

https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/ZudilinConeArithmetic.lean#L323
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The reading is: 𝑎 and 𝑏 are the numerator and denominator of the base, playing the
roles of 𝑟 and 𝑠 in the introduction, so that (𝑎, 𝑏) = (3, 2) is the case of interest; 𝑁 is
the shift, 𝐾 is the width of the cleared window, 𝑄 is the accumulated clearing factor,
and 𝐷 is the final coefficient being cleared. The bound 𝐷 ≤ 𝑁 + 𝐾 is the only property
of the coefficient used; for the divisor-counting coefficient it holds because 𝜏(𝑛) ≤ 𝑛.
The divisibility 𝑎𝐾 ∣ 𝑄𝐷 is the requirement that clearing succeeded coordinatewise, and
the last inequality is the tail estimate that makes the trapped integer smaller than 1.
The name records the shape of the constraint: the divisibility bounds 𝑎𝐾 from above
by 𝑄(𝑁 + 𝐾), the tail estimate bounds 𝑎𝐾+1 from below by 𝑄 𝑏 𝑁+𝐾+1, and admissible
parameters must fit in the band between them. The definition is the corridor predicate.

Theorem 4.2 (corridor bound). If (𝑎, 𝑏, 𝑁, 𝐾, 𝑄, 𝐷) is a coordinatewise corridor, then

𝑏 𝑁+𝐾+1 < 𝑎 (𝑁 + 𝐾).

Proof. A routine divisibility computation. Since 𝑄𝐷 > 0 and 𝑎𝐾 ∣ 𝑄𝐷, we have 𝑎𝐾 ≤ 𝑄𝐷,
and 𝐷 ≤ 𝑁 + 𝐾 gives 𝑎𝐾 ≤ 𝑄(𝑁 + 𝐾). Hence

𝑄 𝑏 𝑁+𝐾+1 < 𝑎 𝐾+1 = 𝑎𝐾 ⋅ 𝑎 ≤ 𝑄(𝑁 + 𝐾) ⋅ 𝑎,

and cancelling the positive factor 𝑄 gives the claim.

Formalised as the power-versus-linear consequence.
The inequality of Theorem 4.2 is where the integer and rational cases part. At 𝑏 = 1

it reads 1 < 𝑎(𝑁 + 𝐾), which holds for every 𝑎 ≥ 2 and every nonempty window; this
necessary inequality imposes no obstruction. The other corridor hypotheses remain in
force. At 𝑏 ≥ 2 the left side is exponential in 𝑁 + 𝐾 and the right side is linear, so the
corridor can survive only for small 𝑁 + 𝐾. At (𝑎, 𝑏) = (3, 2) the crossing has already
happened at the smallest admissible window.

Example 4.3. Take the smallest window, 𝑁 = 𝐾 = 1, and numerator 𝑎 = 3. At 𝑏 = 1
the tuple (3, 1, 1, 1, 3, 1) is a corridor: 𝐷 = 1 ≤ 2, the divisibility reads 3 ∣ 3, and the
tail estimate reads 3 ⋅ 13 = 3 < 32 = 9. At 𝑏 = 2 no choice works. The tail estimate
becomes 𝑄 ⋅ 23 < 32, which forces 𝑄 = 1; the divisibility then reads 3 ∣ 𝐷, and the only
candidates are 𝐷 = 1 and 𝐷 = 2, neither divisible by 3. This is the proof of Theorem 4.2
in miniature: it derives 𝑎𝐾 ≤ 𝑄(𝑁 + 𝐾), here 3 ≤ 2.

Proposition 4.4. For every natural number 𝑥 ≥ 2 we have 3𝑥 < 2 𝑥+1.

Proof. A routine induction from 𝑥 = 2, where 6 < 8. For the step, 2𝑥+1 ≥ 22 > 3 when
𝑥 ≥ 1, so 3(𝑥 + 1) = 3𝑥 + 3 < 2𝑥+1 + 2𝑥+1 = 2𝑥+2.

Formalised as the exponential comparison.

Theorem 4.5 (no corridor at base 3/2). For all 𝑁 ≥ 1 and 𝐾 ≥ 1 and all natural 𝑄, 𝐷, the
tuple (3, 2, 𝑁, 𝐾, 𝑄, 𝐷) is not a coordinatewise corridor.

Proof. A corridor would give 2 𝑁+𝐾+1 < 3(𝑁 + 𝐾) by Theorem 4.2, contradicting Propo-
sition 4.4 applied to 𝑥 = 𝑁 + 𝐾 ≥ 2.

https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/RationalBaseLambert.lean#L113
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/RationalBaseLambert.lean#L121
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/RationalBaseLambert.lean#L142
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Formalised as the corridor exclusion at three halves.
Theorem 4.5 excludes the coordinatewise clearing scheme at 3/2, and nothing else:

it does not bound the denominator of 𝐹(3/2), it does not show that 𝐹(3/2) is irrational,
and it does not show that 𝐹(3/2) is rational. It also does not cover a clearing scheme of
a different shape, since the corridor fixes one divisibility pattern and one tail inequality.

5 The cleared-tail recurrence and the size of the forcing term
Theorem 4.5 says that one scheme fails. This section identifies the quantity responsible,
as an exact recurrence.

Let 𝑟, 𝑠, 𝐵, 𝐹 be rationals with 𝑟 ≠ 0 and let 𝑐 ∶ ℕ → ℚ be arbitrary. Define the prefix
and the cleared tail state by

𝑃𝑁 =
𝑁−1
∑
𝑚=0

𝑐(𝑚 + 1) 𝑠 𝑚+1

𝑟 𝑚+1 , 𝑈𝑁 = 𝐵 𝑟𝑁(𝐹 − 𝑃𝑁). (∗)

Thus 𝑃𝑁 is the partial sum of ∑𝑛≥1 𝑐(𝑛)(𝑠/𝑟)𝑛 through level 𝑁, and 𝑈𝑁 is the tail of a
putative value 𝐹 after that level, scaled by 𝐵𝑟𝑁 . These are the rational-base prefix and
the cleared tail state.

Theorem 5.1 (cleared-tail recurrence). Let 𝑟, 𝑠, 𝐵, 𝐹 ∈ ℚ with 𝑟 ≠ 0, let 𝑐 ∶ ℕ → ℚ, and
let 𝑃𝑁 and 𝑈𝑁 be as in (∗). Then for every 𝑁,

𝑈𝑁+1 = 𝑟 𝑈𝑁 − 𝐵 𝑐(𝑁 + 1) 𝑠 𝑁+1.

Proof. An immediate computation. Expanding 𝑃𝑁+1 = 𝑃𝑁 + 𝑐(𝑁 + 1)𝑠𝑁+1/𝑟𝑁+1 and
𝑟𝑁+1 = 𝑟𝑁 ⋅ 𝑟 in the definition of 𝑈𝑁+1 and clearing the denominator 𝑟𝑁+1, which is
nonzero, gives the identity.

Formalised as the cleared-tail recurrence.
The recurrence has a linear part 𝑟𝑈𝑁 and a forcing term 𝐵𝑐(𝑁 + 1)𝑠𝑁+1, the inho-

mogeneous term the state receives at each step. The direct-clearing route studied here
works only if the state remains in a bounded window, and the forcing term is what that
window must absorb. Its size is what separates the two denominator regimes.

Theorem 5.2 (the forcing term). Let 𝑠, 𝐵 be natural numbers and 𝑐 ∶ ℕ → ℕ, and put
𝐺𝑁 = 𝐵 𝑐(𝑁 + 1) 𝑠 𝑁+1.

1. If 𝑠 ≥ 2, 𝐵 ≥ 1 and 𝑐(𝑁 + 1) ≥ 1, then 2 𝑁+1 ≤ 𝐺𝑁 .

2. If 𝑠 = 1, then 𝐺𝑁 = 𝐵 𝑐(𝑁 + 1).

Proof. Both parts are routine. For the first, 2𝑁+1 ≤ 𝑠𝑁+1 = 1 ⋅ 𝑠𝑁+1 ≤ 𝐵𝑐(𝑁 + 1)𝑠𝑁+1,
using 𝐵 𝑐(𝑁 + 1) ≥ 1. The second part is the definition with 𝑠 = 1.

Formalised as the exponential lower bound and the integer-base collapse.
At 𝑠 = 1 the forcing term is 𝐵𝑐(𝑁 + 1), so it grows only as fast as the coefficient; for

the divisor function that is 𝑂(𝑁𝜀) for every 𝜀 > 0, and a bounded-state argument has
room. At 𝑠 ≥ 2 the same term is at least 2𝑁+1 whenever the coefficient is nonzero.

https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/RationalBaseLambert.lean#L155
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/RationalBaseLambert.lean#L168
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/RationalBaseLambert.lean#L181
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/RationalBaseLambert.lean#L187
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/RationalBaseLambert.lean#L204
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/RationalBaseLambert.lean#L218
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Example 5.3. Take 𝐵 = 1, 𝑐 = 𝜏 and 𝑁 = 9, so that the coefficient is 𝜏(10) = 4. At 𝑠 = 1
the forcing term is 4. At 𝑠 = 2 it is 4 ⋅ 210 = 4096, and part (1) of Theorem 5.2 already
guarantees at least 210 = 1024 without knowing the coefficient at all.

This is an exact lower bound on one quantity, and it is all that is proved. It is not a
proof that no bounded-state argument exists at 𝑠 ≥ 2; the theorem that one particular
scheme fails is Theorem 4.5, and the bound here records the size of the term that scheme
would have to absorb.

6 The height criterion at 7/2
In 1994 Bundschuh and Väänänen proved an irrationality criterion for a family of ratio-
nal bases cut out by a height condition [4, Theorem 2, p. 177; hypotheses pp. 175–176].
We keep their notation: 𝑞 is the base, and 𝛼 and 𝜆 are the parameters of the criterion. In
its special case 𝛼 = −1, the printed hypothesis is

𝜆 < (1
2 + 1

𝜋2 )
−1

.

At 𝑞 = 7/2 the Archimedean parameter is 𝜆 = log 7/ log(7/2). The criterion therefore
applies once the following strict inequality is checked.

Theorem 6.1 (the 7/2 height condition).

log 7
log(7/2) < (1

2 + 1
𝜋2 )

−1
.

Numerically the two sides are 1.5533 … and 1.6630 …, so the condition holds with a mar-
gin of about 0.11. The Lean proof factors the estimate through the explicit height-region
predicate and the integer certificate 218 < 77, the resulting logarithmic ratio bound
log 2/ log 7 < 7/18, the 𝜋-bound 1/𝜋2 < 1/9, and the strict margin

log 2
log 7 < 1

2 − 1
𝜋2 .

Thefinal height inequality then rewrites log(7/2) = log 7−log 2 and closes the displayed
condition.

This formalises the complete elementary parameter check at 𝑞 = 7/2; it does not
formalise Bundschuh and Väänänen’s analytic irrationality theorem, whose proof occu-
pies pp. 189–193 of the source. The conclusion that 𝐹(7/2) is irrational is consequently
cited from that theorem, not claimed as a Lean theorem here.

The criterion does not cover 3/2, and the results of Sections 4 and 5 give no evidence
either way about whether 𝐹(3/2) is irrational.

6.1 The 81/200 logarithmic region
Consider the rational-height region

log 𝑏
log 𝑎 < 81

200 (𝑎 > 𝑏 > 0).

https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/RationalBaseLambert.lean#L44
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/RationalBaseLambert.lean#L44
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/RationalBaseLambert.lean#L32
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/RationalBaseLambert.lean#L48
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/RationalBaseLambert.lean#L64
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/RationalBaseLambert.lean#L73
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/RationalBaseLambert.lean#L83
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No bibliographic source for an analytic irrationality theorem at this cutoff is asserted
here. The Leanmodule instead treats the displayed inequality as a definition and proves
elementary memberships and exclusions. In particular,

2
5 < log 4

log 31 < 81
200 < log 2

log 3.

The first two comparisons come respectively from 312 < 45 and 4200 < 3181; the last
comes from 381 < 2200. The lower bound is the checked theorem two-fifths lower
bound. Consequently 31/4, and every positive power (31/4)𝑟, lies in the enlarged region
(checked, power family). The same base lies strictly outside the earlier Bundschuh–
Väänänen region (checked), so the 81/200 inequality defines a strict set-theoretic en-
largement of the earlier recorded logarithmic region. Membership alone supplies no
irrationality theorem for 31/4.

It still does not approach 3/2. The exact comparison

381 < 2200 ⟹ 81
200 < log 2

log 3

is Lean-checked, as is the conclusion that 3/2 belongs to neither height region (bound-
ary, exclusion). Thus 81/200 is the larger of the two explicitly defined cutoffs used
below, while a cutoff that includes 3/2 must be strictly larger than log 2/ log 3 ≈ 0.6309.

7 Denominator exponents for a homogenisedPadé construction
A second external route builds the linear forms of Section 2 by Padé approximation.
Such a construction produces its coefficients as sums of rational summands, and to ob-
tain integer rows one multiplies through by a single common denominator. The book-
keeping obligation is then to check that no summand needs a larger denominator than
the one proposed, which is a comparison between the exponents alone. This section
does that comparison, and only that.

No source construction is named here for the exponent expressions below, and they
are checked as displayed polynomial identities rather than derived. Giving them Padé-
theoretic force would additionally require deriving the expressions from a stated ho-
mogenised coefficient formula, proving integrality of the coefficients after multiplica-
tion by the proposed common denominator, and establishing nonvanishing and decay
of the associated remainder. None of those three is claimed here.

For a homogenised construction over integer parameters the proposed common
denominator exponent is 𝐸𝑛 = (3𝑛2 − 𝑛)/2. Since only doubled exponents occur
below, every statement lives over ℤ and no parity bookkeeping is needed; we write
𝐸𝑛 = 2𝐸𝑛 = 3𝑛2 − 𝑛.

Proposition 7.1 (summand bound and exact gap). Let 𝐸𝑛 = 3𝑛2 − 𝑛 and put

𝑃̃(𝑛, 𝑘) = 2(𝑘(𝑛 − 𝑘) + 𝑛𝑘) + 𝑘(𝑘 − 1),

𝑄(𝑛, 𝑚) = 2(𝑛2 − 𝑛) + 𝑗2 + 2𝑗𝑚 + 𝑗 − 𝑚2 + 3𝑚, 𝑗 = 𝑛 − 𝑚 − 1.
Then, for integers 𝑛, 𝑘, 𝑚:

https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/ZudilinHeightRegion.lean#L67
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/ZudilinHeightRegion.lean#L67
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/ZudilinHeightRegion.lean#L45
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/ZudilinHeightRegion.lean#L62
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/ZudilinHeightRegion.lean#L94
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/ZudilinHeightRegion.lean#L108
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/ZudilinHeightRegion.lean#L108
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/ZudilinHeightRegion.lean#L125
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1. if 0 ≤ 𝑘 ≤ 𝑛, then 𝑃̃(𝑛, 𝑘) ≤ 𝐸𝑛, and the gap factors as 𝐸𝑛 −𝑃̃(𝑛, 𝑘) = (𝑛−𝑘)(3𝑛−𝑘−1);

2. 𝐸𝑛 − 𝑄(𝑛, 𝑚) = 2(𝑛 + 𝑚(𝑚 − 1)) identically;

3. if 𝑛 ≥ 0 and 𝑚 ≥ 1, then 𝑄(𝑛, 𝑚) ≤ 𝐸𝑛.

Part (1) is the summand exponent bound, part (2) the exact gap identity, and part (3)
the maximal exponent bound. The gap in (2) is an identity in ℤ[𝑛, 𝑚], so (3) follows
from 𝑚(𝑚 − 1) ≥ 0 and 𝑛 ≥ 0; the hypothesis 𝑚 ≥ 1 names the range in which the
corresponding summand does not vanish, and it is not the sharpest hypothesis under
which the inequality holds.

Example 7.2. At 𝑛 = 2 the proposed doubled exponent is 𝐸2 = 10, and 𝑃̃(2, 𝑘) takes
the values 0, 6, 10 at 𝑘 = 0, 1, 2. The three gaps are 10, 4, 0, matching the factorisation
(2 − 𝑘)(5 − 𝑘) of part (1); the summand at 𝑘 = 2 is the one that saturates the proposed
denominator. For part (2), at 𝑚 = 1 we have 𝑗 = 0 and 𝑄(2, 1) = 6, with gap 4 =
2(2 + 1 ⋅ 0).

These are routine inequalities between polynomials in the exponents. They estab-
lish that the proposed exponent 𝐸𝑛 dominates the two displayed summand exponent
expressions, and nothing further. Positivity of the remainder, its rate of decay, and the
comparison of that rate against the denominator height are the analytic obligations, and
none of them is treated here, so nothing in this section is an irrationality measure.

8 Complements and further questions
Problem #1049 remains open. Theorem 3.6 suggests the following precise sufficient sub-
problem for one common-width additive architecture. It is not asserted to be necessary
for every proof of irrationality.

Problem 8.1 (common-width simultaneous endpoint-jet construction). Exhibit an inte-
ger constant 𝐶 ≥ 1 and, for every sufficiently large positive integer 𝑛, positive integers
𝑊𝑛, 𝑅𝑛, 𝑆𝑛, 𝑀𝑛 such that

𝑛2 ≤ 𝑊𝑛, 𝑅𝑛, 𝑆𝑛 ≤ 𝐶𝑛2, 4𝑅𝑛 + 2𝑆𝑛 ≤ 𝑀𝑛 ≤ 𝐶𝑛2,

together with polynomial pairs (𝑈𝑛,𝑗, 𝑉𝑛,𝑗) ∈ ℤ[𝑋]2 for 0 ≤ 𝑗 < 𝑀𝑛, each of degree at
most the common declared width 𝑊𝑛, whose specialised integer rows are primitive:

gcd(𝐻𝑊𝑛
(𝑈𝑛,𝑗), 𝐻𝑊𝑛

(𝑉𝑛,𝑗)) = 1.

Find a nonzero vector 𝜆(𝑛) ∈ {−1, 0, 1}𝑀𝑛 for which, on putting

𝑈𝑛 = ∑
𝑗<𝑀𝑛

𝜆(𝑛)
𝑗 𝑈𝑛,𝑗, 𝑉𝑛 = ∑

𝑗<𝑀𝑛

𝜆(𝑛)
𝑗 𝑉𝑛,𝑗,

the pair (𝑈𝑛, 𝑉𝑛) is not (0, 0), all four common-width jets vanish,

𝐽3,𝑅𝑛
(𝑈𝑛) = 𝐽3,𝑅𝑛

(𝑉𝑛) = 0, 𝐽2,𝑆𝑛
(𝑈𝑛) = 𝐽2,𝑆𝑛

(𝑉𝑛) = 0,

https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/RationalPadeArithmetic.lean#L30
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/RationalPadeArithmetic.lean#L52
https://github.com/wcook04/plectis-lean-erdos249-257/blob/76b5b0a7ed5da7ebf3b9ed3bfd2fb480b6c38ee0/ErdosProblems/Erdos1049/RationalPadeArithmetic.lean#L60
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where every jet in this display is formed using the declared width 𝑊𝑛, and the resulting
divided integer linear form

𝐴𝑛 =
𝐻𝑊𝑛

(𝑈𝑛)
3𝑅𝑛2𝑆𝑛

, 𝐵𝑛 =
𝐻𝑊𝑛

(𝑉𝑛)
3𝑅𝑛2𝑆𝑛

, 𝜌𝑛 = 𝐴𝑛𝐹(3/2) − 𝐵𝑛

satisfies the explicit analytic condition

0 < |𝜌𝑛| < 1
𝑛.

The jet equations make 𝐴𝑛, 𝐵𝑛 integers. A solution would prove irrationality: if
𝐹(3/2) = 𝑎/𝑏 in lowest terms, every nonzero 𝜌𝑛 has absolute value at least 1/𝑏, con-
tradicting the displayed bound for 𝑛 > 𝑏. Theorem 3.6 supplies only a nonzero signed
relationwith the four jet equations once the pairs and size inequality are present; it does
not supply primitive input rows, a nonzero combined polynomial pair, or the nonvan-
ishing and decay of 𝜌𝑛.

Integer rescaling and a common divisor of the two specialised evaluations are the
two mechanisms excluded by Corollary 3.5. Polynomial factors before specialisation,
cross-row or determinant-specific arithmetic, cyclotomic factors, other additive con-
structions, and entirely different architectures remain outside that corollary and are not
decided either way.

The remaining linear-form programme therefore has two independent gates: first
find a four-jet collision that does not collapse algebraically or analytically; only then ask
whether its divisibility and decay beat its height. We state those gates separately below.

8.1 Exact kernel escape
Fix, for each 𝑛, a declared width 𝑊𝑛 and a specified family

(𝑈𝑛,𝑗, 𝑉𝑛,𝑗, ℛ𝑛,𝑗)𝑗<𝑀𝑛
,

where 𝑈𝑛,𝑗, 𝑉𝑛,𝑗 ∈ ℤ[𝑋] and ℛ𝑛,𝑗 is the corresponding remainder function. Normali-
sation must be fixed before the jet map is formed. Call the family polynomially primitive
when the common coefficient content of the pair in ℤ[𝑋]2 is divided out before special-
isation; as the Terminology paragraph records, that is a different operation from primi-
tive normalisation of a specialised integer row, which is what Problem 8.1 imposes. The
specialised row content

𝑔spec
𝑛,𝑗 = gcd(𝐻𝑊𝑛

(𝑈𝑛,𝑗), 𝐻𝑊𝑛
(𝑉𝑛,𝑗))

and the content of a final additive combination are separate quantities; they are not
silently divided out. If either is divided out later, both the height and the remainder
below are measured after that same division. Under the unit endpoint hypotheses, 𝑔spec

𝑛,𝑗
is coprime to 6, so such division does not manufacture or destroy the 2- and 3-primary
jet vanishing.

For target depths𝑅𝑛, 𝑆𝑛, let 𝐽𝑛(𝜆) be the four-jet signature of the pair∑𝑗 𝜆𝑗(𝑈𝑛,𝑗, 𝑉𝑛,𝑗),
and define

𝒞𝑛 = {𝜆 ∈ {−1, 0, 1}𝑀𝑛 \ {0} ∶ 𝐽𝑛(𝜆) = 0},
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𝐾poly
𝑛 =

⎧{
⎨{⎩

𝜆 ∈ {−1, 0, 1}𝑀𝑛 ∶ ∑
𝑗

𝜆𝑗𝑈𝑛,𝑗 = 0, ∑
𝑗

𝜆𝑗𝑉𝑛,𝑗 = 0
⎫}
⎬}⎭

,

𝐾rem
𝑛 =

⎧{
⎨{⎩

𝜆 ∈ {−1, 0, 1}𝑀𝑛 ∶ ∑
𝑗

𝜆𝑗ℛ𝑛,𝑗(3/2) = 0
⎫}
⎬}⎭

.

The second nullspace concerns the value at 3/2; an identically zero remainder function
is a still stronger collapse and is automatically bad.

The exact pigeonhole condition is

2𝑀𝑛 > 32𝑅𝑛22𝑆𝑛 , equivalently 𝑀𝑛 > 2𝑅𝑛 log2 3 + 2𝑆𝑛. (8.1)

Thus the least admissible integer rank is

𝑀min(𝑅, 𝑆) = ⌊2𝑅 log2 3 + 2𝑆⌋ + 1.

The checked condition 𝑀 ≥ 4𝑅 + 2𝑆 for 𝑅 > 0 is a convenient sufficient corollary, not
the exact threshold. Moreover, with 𝑁 = 2𝑀𝑛 and 𝑄 = 32𝑅𝑛22𝑆𝑛 , convexity of the fibre
sizes gives at least

1
2 (𝑁2

𝑄 − 𝑁) (8.2)

unordered equal-signature selector pairs. A normality estimate can therefore win by
showing that fewer than this many collision pairs land in the two bad nullspaces.

Problem 8.2 (four-jet kernel escape). For one literal polynomially primitive family sat-
isfying (8.1), prove, preferably by comparing the lower bound (8.2) with the bad-pair
multiplicities, that

𝒞𝑛 \ (𝐾poly
𝑛 ∪ 𝐾rem

𝑛 ) ≠ ∅

for all sufficiently large 𝑛.

Theorem 3.6 supplies only 𝒞𝑛 ≠ ∅. It gives a nonzero selector difference, but it
gives neither polynomial-pair nonvanishing nor remainder nonvanishing. Problem 8.2
is finite algebra and normality; it makes no asymptotic product-formula claim. It is the
first of the two gates in Problem 8.1: it asks for the two nonvanishing conclusions, and
not for the analytic condition stated there.

8.2 The first falsifiable families
An exploratory calculation suggests a contiguous 𝑎0-shift determinant at 𝑟𝑛 = 13𝑛 + 2,
after apparent failure of lower ranks 𝑟 ≤ 13𝑛 + 1. These computations are not Lean
theorems. More importantly, no literal definition of the matrix 𝐴𝑛,𝑟 is given here, so
writing merely “det𝐴𝑛,13𝑛+2 ≠ 0” would not yet be a public mathematical question.

Problem 8.3 (the first saturated determinant). Give the entrywise formula for the con-
tiguous 𝑎0-shift matrix 𝐴𝑛,𝑟, the exact relation 𝑀𝑛 = 𝑀(𝑛, 𝑟) between its size and the
number of coefficient pairs, and the declared width 𝑊𝑛. Then determine whether

det𝐴𝑛,13𝑛+2 ≠ 0
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for every sufficiently large 𝑛. At the first computable scales, report the rank, determi-
nant, coefficient-pair contents, specialised row contents, four endpoint jets, and the first
nonzero remainder coefficient. A negative answer must identify a systematic rank rela-
tion or the first exact failing 𝑛.

This formulation makes the matrix definition part of the problem statement rather
than relying on undeclared notation.
Problem 8.4 (minimal non-𝑎0 deformation). If the saturated contiguous family col-
lapses, enlarge it by exactly one 𝑎1-shiftwhile retaining the same source cone andwidths.
Does this one-direction extension increase the polynomial-pair rank and produce a col-
lision outside 𝐾poly

𝑛 ∪ 𝐾rem
𝑛 ? If every such one-shift extension collapses, prove that class-

wide obstruction before adding a second new direction.
This is the smallest specified deformation beyond the contiguous family; it replaces

the unbounded request for a “genuinely independent deformation.”

8.3 Asymptotic adequacy after kernel escape
Suppose a good collision has been found. Let 𝐷𝑛 = 3𝑅𝑛2𝑆𝑛 be the certified local divisor
(or replace it by the exact determinant-specific divisor), let 𝐻𝑛 be the coefficient or exte-
rior height after precisely the normalisation just declared, and let 𝐿𝑛 ≠ 0 be the resulting
analytic form or exterior remainder.
Problem8.5 (negative normalisedproduct-formulamargin). Prove the explicit estimate

lim sup
𝑛→∞

log𝐻𝑛 + log |𝐿𝑛| − 𝑅𝑛 log 3 − 𝑆𝑛 log 2
𝑛2 < 0. (8.3)

Every denominator, row content and final-combination content must already be in-
cluded in 𝐻𝑛 and 𝐿𝑛.

Nonvanishing alone does not address (8.3). Conversely, excellent formal decay
is irrelevant if every jet collision lies in a bad nullspace. The exploratory adjacent-
exterior calculation leaves a positive normalised exponent of about 110.850 𝑛2; this is
not a checked theorem. Any proposed improvement must remove this explicit deficit
rather than merely exhibit some extra divisibility.

8.4 One exact alternative-criterion test
A separate possible route is Mahler’s method. Its first applicability test is the following.
Problem 8.6 (finite Mahler-system test). For

ℒ(𝑧) = ∑
𝑛≥1

𝑧𝑛

1 − 𝑧𝑛 ,

determine whether ℒ belongs to a finite-dimensional ℚ(𝑧)-vector space stable under
both 𝑧 ↦ 𝑧2 and 𝑧 ↦ 𝑧3, with a regular functional system at 𝑧 = 2/3 to which a stated
special-value theorem applies. Supply the literal system and verify its hypotheses, or
prove that no such finite-dimensional regular system exists.

This question has a concrete positive and negative outcome. It does not infer a
special-value theorem from the already known fact that ℒ is not a rational function.
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8.5 The quantitative height frontier
The module HermitePadeNoGo defines an explicit rectangular two-parameter exponent
model. Writing 𝜎 = 1 + 𝜌 + 𝑢, its denominator-cleared gap has the exact expansion

−𝜋2𝜌2 − 𝜋2𝜌𝑢 − 2𝜋2𝜌 − 2𝜌2 − 10𝜌𝑢 − 4𝜌 − 6𝑢2 − 8𝑢.

Thus for 𝜌 ≥ 0 and 𝜎 ≥ 1 + 𝜌 the cleared gap is nonpositive, and it vanishes exactly
when 𝜌 = 0 and 𝜎 = 1 (exact expansion, nonpositivity, equality case). Equivalently,
within that model the displayed threshold never exceeds the classical one-function mar-
gin, with equality only at the classical endpoint (bound, equality). This is an algebraic
theorem about the four defined exponent expressions and only that explicit rectangu-
lar model. It does not construct polynomials, remainders, integrality, a determinant, or
asymptotics, and it is not amethod-universal no-go theorem. The separate 81/200 cutoff
of the preceding section satisfies

81
200 < log 2

log 3.

Thus “improve the height theorem” has a precise numerical target.

Problem 8.7 (optimal admissible height threshold). Specify a concrete class 𝒜 of
primitive, noncollapsed constructions, excluding scalar row rescaling, proportional
permutation-orbit forms, pure row-content gain, and constructions governed by the
rectangular exponent model above. For that class define

𝜃∗ = sup
𝛼∈𝒜

𝐶0(𝛼)
𝐶1(𝛼) .

Prove one of the following: 𝜃∗ > 81/200 by an explicit construction; an exact value for
𝜃∗; a converse 𝜃∗ < log 2/ log 3; or a class theorem showing that every member reduces
to one of the checked scalar or rectangular no-go mechanisms.

Reaching 3/2 requires a threshold strictly beyond log 2/ log 3 ≈ 0.6309, not merely
an improvement over 81/200 = 0.405. The unrestricted question of which rational bases
give irrational values remains open and is not reduced to any one of these problems.
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A Guide to the formal sources
Each linked phrase opens its Lean declaration at the pinned source revi-
sion 76b5b0a7ed5d. The declarations of this note live in five modules: RationalBase-
Lambert, RationalPadeArithmetic, ZudilinConeArithmetic, ZudilinHeightRegion,
and HermitePadeNoGo. The first contains the corridor, cleared-tail recurrence, and
elementary 7/2 certificate; the remaining four separate the Padé exponent arithmetic,
endpoint arithmetic, logarithmic comparisons, and rectangular exponent model. The
link coordinates are validated against that pinned revision, so they remain correct as
later work moves lines in the working tree.
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Statement Status Treatment here

Irrationality of 𝐹(3/2) Open Not proved; the results below exclude
only named proof architectures and
imply no arithmetic property of this
value.

Irrationality at some rational
non-integer base

Proved
elsewhere

The height criterion of [4]; cited, not
formalised.

Nonrationality of the Lambert
function ∑𝑛≥1 𝑧𝑛/(1 − 𝑧𝑛)

Proved
elsewhere

Rivin’s Corollary 6.4 [9, p. 9]; a
functional statement, not a
special-value theorem.

Integer scalar content is neutral
for the local-to-Archimedean
balance

Proved here Theorem 2.1, including the absolute
determinant height.

Homogeneous endpoint
residues at (3, 2)

Proved here Theorem 3.1.

Common divisor of the two
specialised evaluations avoids 2
and 3

Proved here Proposition 3.3; under unit endpoint
hypotheses.

No gain from integer scalar
content or from the stated
common divisor at 3/2

Deduced here Corollary 3.5; an ordinary deduction
from the two preceding rows, not
separately formalised.

Four-jet collision at
𝑀 ≥ 4𝑅 + 2𝑆 coefficient pairs

Proved here Theorem 3.6; sufficient, at positive
bottom depth.

Scalar margin on Zudilin’s
parameter cone

Negative under
source input

Theorem 3.8; the source inequality is
assumed.

Corridor forces
𝑠𝑁+𝐾+1 < 𝑟(𝑁 + 𝐾)

Proved here Theorem 4.2.

No corridor at base 3/2 Proved here Theorem 4.5; a statement about the
clearing scheme.

Cleared-tail recurrence Proved here Theorem 5.1, an exact identity.
Forcing term at least 2𝑁+1 for
𝑠 ≥ 2

Proved here Theorem 5.2; at 𝑠 = 1 the term is
𝐵𝑐(𝑁 + 1).

The elementary 7/2 height
condition

Proved here Theorem 6.1; the analytic theorem
of [4] remains external.

Membership of 31/4 and its
powers in the 81/200
logarithmic region

Proved here Exact elementary inequalities; no
analytic irrationality theorem is
inferred.

Exclusion of 3/2 from both
recorded height regions

Proved here 381 < 2200 gives 81/200 < log 2/ log 3.

Explicit rectangular
exponent-model threshold does
not improve the classical margin

Proved here Algebraic statement about the
displayed exponent formulas, with
equality only at the classical
endpoint.

Padé denominator-exponent
bounds

Proved here Section 7; exponent arithmetic only.

Padé remainder positivity and
decay

Not treated Section 7.

Common-width simultaneous
endpoint-jet construction

Candidate
sufficient route

Problem 8.1; not necessary for every
proof and not supplied by the
collision theorem alone.
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